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PREFACE. 


•TpHE  (pinions  of  the  modems  concerning  the  author  of  the 
^    Elements  of  Geometry,  which  go  under  Euclid's  name, 
are  very  different  and  contrary  to  one  another.    Peter  Ramus 
afcribes  the  Propofttions,  as  well  as  their  Pemonftrations,  to 
Theon  j  others  think  the  Propqfitions  to  be  Euclid's,  but  that 
the  Demonftrations  are  Tbcon's;  ^nd  others  maintain,  that  all 
the  Prp^ofitions  and  their  Demonftrations  are  Euclid's  <wn, 
John  Butco  and  Sir  Henry  Savile  are  the  authors  of  greateft 
note  who  affert  this  laft ;    and  the  greater  part  of  geometers 
have  ever  fince  been  of  this  opinion,  as  they  thought  it  thii, 
moft  probable.     Sir  Henry  Savile,  after  the  feveral  arguments 
4ie  brings  to  prove  it,  makes  this  conclufibn  (Page  13.  Praelefk,) 
*'  That,  excepting  a  very  few  interpolations,  explications,  and 
>'  additions,  Tbfeon  altered  nothing  in  Euclid."     But,  by  often 
.  coniidering  and  comparing  together  the  Definitions  and  De* 
monftrations  as  they  are  in  the  Greek  editions  we  now  have, 
I  found  that  Theon,  or  whoever  was  the  editor  of  the  prefent 
Greek  text,  by*  adding  fome  things,  fuppreifiing  others,  and 
mixing  his  own  with  Euclid's  Demonftrations,  had  changed 
more  things  to  the  worfe  than  is  commonly  fuppofed,  and. 
thofe  not  pf  fmall  momerit,  efpecially  in  the  fifth  and  eleventh 
Booksof  the  Elements,  which  this  editor  has  greatly  vitiated; 
for  inflance,  by  fubftitutrng  a  fhorter,  but  infufficient  Demon- 
ftration  pf  the  i8th  Prop,  of  the  5th  Book,  in  place  of  the  le- 
gitinmte  one  which  Euclid  had  given ;   and  by  taking  out  of 
this  Book|  befides  other  ^hings,  the  good  definition  which  Eu- 
doxus  or  Euclid  had  given  of  compound  ratio,  and  giving  an 
abfurd  one  in  place  Of  it  in  the  5th  Definition  of  the  6th 
iBook,   which  neither  Euclid,   Archimedes,   ApoUonius,  nor 
any  geometer  before  Theon's  time,  ever  made  ufe  of,  and  of 
which  there  is  not  to  be  found  the  leaft  appearance  in  any  of 
their  writings^   and,  as  this  Definition  did  much  embarrafs 
teginneifs^  and  is  quite  ufelefs,  it  is  now  thrown  out  of  the 
Elements,  and  another,  which|  without  doubt,   Euclid  had 
fiivenj  is  put  m  its  proper  place  amopg  the  Definitions  of  the 
'    '  5* 


VI  PREFACE. 

54  Book,  by  which  the  doflrine  of  compound  ratios  is  ren- 
dered plain  and  eafy.     Be/ides  among  the  Definitions  of  the 
nth  Book,  there  is  this,  which  is  the  loth,  viz.  **E(^ualand 
**  fimilar  folid  fiffurcs'^re  ^hofe  whiiph  ar,c  contained  by  fimilar 
"  planes  of  the  fame  number  and  magnitude."     Now  this 
Propofition  is  a  Theorem,  not  a  Definition ;  becaufe  the  equa-  • 
lity  of  figures  of  any  kind  muft  be  demonftrated,  and  not  af- 
fumed ;  and  therefore,  though  this  were  a  true  Propofition,  tt 
ought  to  have  been  demonftrated*     But,  indeed,  this  Propofi- 
tioo,  which  makes  the  loth  Definition  of  the  jixth  Book,  )s 
not  true  uniyerfelly,  except  in  the  cafe  in  wjiich  each  of  the 
folid  angles  of  the  figurjes  is  contained  by  no  more  thap  thr^ 
plane  angles ;  for  in  o.ther  cafes,  two  folid  figures  may  be  con- 
tained by  fimilar  planes  of  the. fame  number  and  magnitude, 
and  yet  be  unequal  to  one  another,  as  fhall  be  made  evideat 
in  the  Notes  fubjoined  to  thefe  Elements.     In  like  manner,  in 
the  Demonftration  of  the  26th  Prop,  of  the  uth  Book,  it  is 
taken  for  granted,  that  thofe  folid  angies  arc  equal  to  one  an- 
other which  are  coiuained  by  plain  angles  ©f  the  f*me  num^ 
ber  and  magnitude,  pjace4  in  the  fame  order ;  but  neither  is 
this  univerfally  true,  except  in  the  cafe  -in  whjch  the  t>lid  an- 
gles are  contained  by  no  more  than  fhree  plain  angles ;  nor  of 
this  cafe  is  there  any  Demonftration  in  the  Elements  we  now 
have,  though  it  be  quite  neceffary  there  fljiould  be  one*   -Nxiw, 
upon  the  loth  Definition  of  this  Book  dppe.ad  the  25th  :;and 
28th  Propofitions  of  it;  and,  upon  the  25th  and  5t6th  depend 
other  eight,  viz.  the  27th,  31ft,  32^,  33d,  34.th,  36t;h,  37th, . 
and  40th  of  the  fame  Bookj   and  the  12th  of  the  i2ih  Book 
depends  upon  the  eighth  of  the  fame  ;  and  thi$  eighth,  and  the 
Corollary  of  Propofition  i/ch  and  Propofition  i8tn  of  the.  12th 
Book,  depend  upon  t)ie  9th  Definition  of  the  f  i  th  Book,  which 
is  not  a  right  definition  j  becaufe  there  may  be  follds  contained 
by  the  fame  number  of  fimilar  plane  figures,  which  are  noj 
.  fimilar  to  one  another,  jn  the  true  fenfe  of  fimiiarity  receivct} 
by  geometers ;  and  all  fhefe  Propofitions  have,  for  thefe  reafons, 
been  infuiEcicntly  demonftrated  fince  Theon's  time  hitherto.  "^ 
Befides,  there  are  feveral  other  things,  which  have  nothing  of 
Euclid's  accuracy,  and  which  plainly  fhew,  that  his  Elements 
have  been  much  cofr.upted  by  unflcilful  geometers ;  and,  though  . 
thefe  are  not  fo  grofe  ^s  the  others  now  mentioned,  they  ought 
by  no  means  to  remain  uncorredled. 

Upon  thefe  accounts  it  appeared  neceflary,  and  I  hope  wilj 

prove  .acceptable,  to  all  lovers  of  accurate  reafoning, .  and  of 

mathematical  learning,  to  remove  fuch  bji^n^iQxcs,  and  reftorp 
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the  principal  Books  of  the  Elements  to  their  original  accuracy^ 
as  far  as  I  was  able ;   efpecially  fince  thefe  Elements  are  the 
foundation  of  a  fcience  by  which  the  inveftigatidn  and  difco- 
very  of  ufeful  truths,  at  leaft  in  mathematical  learning,  is  pro- 
trvoted  as  far  as  the  limited  powers  of  the  mind  allow  ;  and 
^vhich  like  wife  is  of  the  greateft  ufe  in  the  arts  both  of  peace 
^and  war,  to  many  of  which  geometry  is  ^bfolutely  neceffary. 
This  I  have  endeavoured  to  do,  by  taking  away  the  inaccurate 
and  falfe  reafonings  which  unfkilful* editors  have  put  into  the 
place  of  fome  of  the  genuine  Demonftratiorts  of  Euclid,   who 
has  ever  been  juftly  celebrated  ^s  the  moft  accurate  of  geome- 
ters, and'  by  reftoring  to  him  thofe  things  which  Theon  or 
others  have  fupprefled,  and  which  have  thefe  many  ages  beea 
buried  in  oblivion. 


,m  *■- 


In  this  twelfth  ddition^  Ptolemy's  Propofition  concerning 
a  "property  of  quadrilateral  figures  in .  a  circle,  is  added  at  the 
end  of  the  fixth  Book.  Alfo  the  Note  on^tbe  29th  Propofition,; 
Book  I  ft,  is  altered,  and  made  more  explicit,  and  a  more  gene- 
ral Dcmonftration  is  given,  inftead  of  that  which  was  in  the 
Note  on  the  lOthDefinitionof  Book  nth;  befides, the Tranf- 
lation  is  much  amended  by  the  friendly  alfiftance  of  a  learned 
gendeman. 

To  which  are  alfo  added,  the  Elements  of  Plane  and  Sphe- 
rical Trigonometry,  which  arc  commonly  taught  after  the 
£lements  of  Euclid. 
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BOOK    I. 


DEFINITIONS. 

A  I. 

Point  is  thatwhich  hathno  partSjOf  which  hathno  magnitude.  See  Notes. 

11- 

A  line  is  length'  without  breadth* 

IIL 
The  extremities  of  a  line  are  points. 

IV. 
A  ftraight  line  is  that  which  lies  evenly  between  its  extreme  points* 

/     .V. 
A  fuperficies  is  that  which  hath  only  length  and  ti^adth. 

^  VI. 

The  extremities  of  a  fuper^eies  are  lines* 

VIL 
A  plane  fuperficies  is  that  in  wlxich  any  two  points  being /takenj  S^e  K* 
the  ftrsdght  line  between  them  lies  wholly  in  that  fuperficies.  ^ 

VIII. 
<<  Aplanis  angle  is  the  inclination  of  two  Unes  to  one  another  in  a  See  N, 
«  plane,  which  meet  together,  but  are  not  In  the  fame  dire^ion.'' 

IX.  !  ' 

A  plane  re£Hlineal  angle  is  the  inclii^ation  of  two  ftraight  lines 
to  one  another,  which  meet  together,  but  are  not  in  the  fame 
ftndghtlint*       . 

A 


,.   * 


■  I II  m  •  'F-F-iT" 


THE    ELEMENTS 


Book  r. 


'O   Ji' 


1- 


'  N.B.  When  feveral  angles  are  at  one  point  B,  any  one  of  them 
»  is  exprefled  by  three  letters,  of  which  the  letter  that  is  at  the  ver- 
«  tex  of  the  angle,  that  is  at  the  point  in  which  the  ftraight  lines 

<  tliat  contain  the  angle  meet  one  another,  is  put  between  the 
«  other  two  letters,  and  one  of  thefe  two  is  fomewhere  upon  one 

<  of  thofe  fttaight  lines,  and  the  other  upon  the  other  line,  thus 

<  the  angle  which  is  contained  by  the  ftraight  lines  AB,  CB  is 

<  named  the  angle  ABC,  or  CB  A ;  that  vrhich  is  contained  by 
, «  AB,  DB  is  named  the  angle  ABD,  or  DBA;  and  that  which  is 
'<  contained  by  DB,  CB  is  called  the  atigle  DBC,  or  CBD.  but 

« if  there  be  only  one  angle  at  a  point,  it  may  be  exprefled  by  a 

*  letter  placed  at  that  point ;  as  the  angle  at  E.' 

X. 

When  a  ftraight  line  ftanding  on  another 
ftraight  line  makes  the  adjacent  angles 
equal  to  one  another,  each  of  the  an- 
gles is  called  a  right  angle;  and  the 
ftraight  line  which  ftands  on  the  other 
is  called  a  .perpendicular  to  it.  ■ 

/      XI. 

An  obtufe  angle  js  that  which  is  greater  than  a  right  angle. 


XII. 

An  acute  angle^  is  that  which  is  lefs  than  a  right  angle. 

XIIL 
<«  A  term  or  boundary,  is  the  extremity  of  any  thing.** 

XIV. 
A  figure  is  that  which  is  inclofed  by  one  or  more  boundaries 
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OF    E  IJ  CLI  D. 

XV.  Book 

A  circle  is  a  plain  figure  contained  by  one  line,  which  is  called 
the  circuinferencey  and  is  fuch  that  all  ftraight  lines  drawn  from 
a  certain  point  within  the  figure  to  the  ci/cunaferenve,  are  equal 
to  one  another. 
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XVI. 

And  this  point  is  c^ed  the  center  of  the  circle^  ^ 

XVII. 
A  diameter  of  a  circle  is  a  ftraight  line  drawn  thro*  dxe  cetttefi  $itN. 
and  terminated  both  ways  by  the  circumference.  *   ' 

XVIII. 
A  femicircle  is  the  figure  containdd  by  a  diameter  and  the  part  of 
the  circumference  cut  off  by  the  diameter. 

XlX. 
««  A  fegment  of  .a  circle  is  the  figure  contained  by  a  ftraight  lint 
«  and  the  circumference  it  cuts  off/*      - 

XX. 
Rectilineal  figures  are  thofe  which  are  contained  by  ftraigt^ 
lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  ftraight  lines. 

XXII. 
Quadrilateral,  by  four  ftraight  lines. 

XXIII. 
Multilateral  figures,  or  Polygons,  by  more  than  four  ftraight  lines. 

XXIV. 
Of  three  fided  figures,  an  equilateral  triangle  is  that  which  bat 
three  equal  fides. 

XXV. 
An  ifofceles  triangle,  is  that  which  has  only  two  fides  equal. 
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SeeN. 


XXVI. 

A  fcalene  triangle,  is  that  which  has  three  unequal  fides. 

XXVIL' 
A  right  angled  triangle,  is  that  wwh  has  a  right  angle. 

xxvm. 

An  obtufe  angled  triangle,  is  that  which  has  an  obtufe  angle. 


XXIX. 

An  acute  angled  triangle,  is  that  which  has  three  acute  angles. 

Of  four  Cded  figures,  a  fquare  is  that  which  has  all  its  fidbs 
equal^  iand  all  its  angles  right  angles. 


XXXI. 

An  oblong  is  that  which  has  all  its  angles  right  angles,  but  has 

not  all  its  fides  equal. 

XXXII. 
A  rhombus  is  that  which  has  all  its  fides  equal,  but  its  angles 

are  not  right  angles. 


XXXIII. 

A  rhomboid  is  that  which  has  its  oppofite  fides  equal  to  one  ano« 
ther,  but  aU  its  fides  are  not  equal,  nor  its  angles  right  angles. 


OFEUCLIO.  s 

XXXIV.  Book  I. 

All  other  four  fided  figures  befides  thefci  are  called  Trapeziums. 

XXXV. 
Parallel  ftraight  lines  are  fuch  as  are  in  the  fame  {)lane,  and 
ivhich^  being  produced  ever  fo  far  both  ways,  do  not  meet. 


POSTULATES. 

I. 

LET  it  be  granted  that  a  ftraight  line  may  be  drawn  from 
any  one  point  to  any  other  points 

II. 
That  a  terminated  ftraight  line  may  be  produced  to  any  length 
in  a  ftraight  line. 

III. 
And  that  a  circle  may  be  defcribed  from  any  center^  at  any 
diftance  from  that  center. 


AX  I  O  M  S. 
I. 

THINGS  which  are  equal  ta  the  fame  are  equal  to  one   , 
another. 

II. 
If  equals  be  added  to  equals,  the  wholes  are  equal. 

III. 
If  equals  be  taken  from  equals,  the  remainders  are  equal*  x 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V. 
If  equals  be  taken  from  unequals,  the  remainders  are  unequal* 

VI. 
Things  which  are  double  of  the  fame,  are  equal  to  one  another^/ 

Vll. 
Things  which  are  halves  of  the  iame,  are  equal  to  one  another. 

VIII. 
Magnitudes,  which  coincide  with  one  another,  that  is,  which 
exadlly  fill  the  fame  Ipace,  are  equal  to  one  another. 
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Took  X.  IX. 

The  whok  is  greater  than  its  part. 

X. 

Two  ftraight  line^  cannot  inclofe  a  fpaco« 

XI. 

All  right  angles  are  ^qual  to  one  another. 

XII. 

<<  If.  a  ftraight  line  meets  two  ftraight  lines,  fo  as  to  make  the 
«  two  interior  angles  on  the  famj^  fide  of  it  taken  together  lefs 
<<  than  two  right  angles,  thefe  ftraight  lines  being  continually 
«<  produced  (hall  at  length  meet  upon  that  fide  on  which  are 
«<  the  angles  which  are  lefs  than  two  right  angles.  See  tbc 
5«  notes  on  Prop^.2  j.  of  Boak  h^ 
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OF    EUCLID- 

PROPOSITION  I.    PROBLEM. 

O  ddcribe  an  equilateral  triangle  upon  a  given 
finite  ftraight  line. 


Book  1. 


a.  3d  Poftiw 
late. 


b.  2d  Poft* 


om. 


Let  AR  be  the  given  ftraight  line,  it  is  required  to  defcribe  an 
equilateral  triangle  upon  it. 

From  the  center  A,  at  the  di- 
ftance  AB  defcribe  •  the  circle 
BCD.  and'from  the  center  B,  at 
the  diftance  BA  defcribe  the  circle 
ACE  5  and  from  the  point  C  in 
which  the  circles  cut  one  another 
draw  the  ftraight  lines  b  CA,  CB 
to  die  points  A,  B.  ABC  ftiall  be 
an  equilateral  triangle. 

Becaufe  the  point  A  is  the  eenter  of  the  circle  BCD,  AC  is  equal 
*  to  AB.  and  becaufe  the  point  B  is  the  center  of  the  circle  ACE,  ^'  ^^|^.^* 
tec  is  equal  to  BA.  but  it  has  been  proved  that  CA  is  equal  to 
AB;  therefore  CA,  CB  are  each  of  them  equal  to  AB.  but  things 
which  are  equal  to  the  fame  are  equal  to  one  another  ^ ;  therefore  d.  xft  AnU 
C A  is  equal  to  CB.  wherefore  CA,  AB,  BC  are  equal  to  one  ano- 
ther, and  the  triangle  ABC  is  dierefore  equilateral,  and  it  is  defcrib- 
cd  upon  the  given  ftraight  line  AB.  Which  was  required  to  be  done. 

P  R  O  P^    II.      P  R  O  B. 

FROM  a  given  point  to  draw  a  ftraight  line  equal 
to  a  given  ftraight  line. 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line ;  it 
is  required  to  draw  from  the  point  A  a  ftraight  line  equal  to  BC 

From  the  point  A,to  B  draw  *  the 
ftraight  line  AB ;  and  upon  it  de- 
fcribe *>  the  equilateral  triangle  DAB, 
and  produce  « the  ftraight  lines  DA, 
PB  to  £  and  F  j  from  the  center  B, 
at  the  diftance  BC  defcribe  *  the 

•  •  •       r 

circle  CGH,  and  from  the  centar  D, 
at  the  diftance  DG  defcribe  ^  the 
circle  GKL*  AL  thall  be  equal  to 
BC. 

A4 
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Book  I.       Bccaufc  the  point  B  is  the  center  of  the  circle  CGH,  BC  is 

•■^V'^^  equal « to  EG.  and  becaufe  D  is  the  center  of  the  circle  GKL,  DL 

^ '  is  equal  to  DG,  and  DA,  DB  parts  of  them  are  equal;  therefore 

!•  3.  Ax,     ^jjg  remainder  AL  is  equal  to  the  remainder  ^  BG.  but  it  has  been 

fliewn  that  BC  is  equal  to  BG.j  wherefore  AL  and  BC  are  each 

of  them  equal  to  BG,  and  things  that  are  equal  tcr  the  fame  are 

equal  to  one  another ;  therefore  the  ftraight  line  AL  is  equal  to 

BC.  Wherefore  fromthe  given  point  A  a  ftraight  line  AL  has  been 

drawn  equal  to  the  given  ftraight  line  BC,  Which  was  to  be  done. 


F 


PROP.    in.      PR  OB. 

ROM  the  greater  of  two  given  ftraight  lines  to  wt 
off  a  part  equal  to  the  lefs. 

'  Let  AB  and  C  be  the  two  gi* 
vcn  ftraight  lines,  whereof  AB  is 
die  greater.  It  is  required  to  cut 
qff  from  AB,  the  greateri  a  part 
equal  tP  C  the  lefs. 

From  the  point  A  draw  ■  the 
ftraight  line  AD  equal  to  C  5  and 
from  the  center  A,  and  at  the  dif* 

tance  AD  defcribe  *  the  circle  DEF.  and  becaufe  A  is  the  center 
of  the  circle  DEF,  AE  (hall  be  equal  to  AD.  but  the  ftraight 
line  C  is  likewife  equal  to  AD.  whence  AE  and  C  are  each  of 
f .  X.  Ax.  them  equal  to  AD.  wherefore  the  ftraight  line  AE  is  equal  to  « 
C,  and  from  AB  the  greater  of  two  ftraight  lines,  a  part  AE  has 
been  cut  off  equal  to  C  the  lefs.     Which  was  to  be  done. 


t>  4.  !• 


b.  3.  Poft. 
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PJlOP.   IV,      THEOREM.. 

¥  two  triangles  have  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each ;  and  have 
likewife  the  angles  contained  by  thofe  fides  equal  to 
one  another:  they  {hall  likewife  have  their  bafes^  or 
ibird  ftdes^  equal;  and  the  two  triangles  (hall  be  equal; 
and  their  other  angles  fhall  be  equal,  each  to  eacb9  viz. 
thofe  to  which  the  equal  fides  are  oppofite. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides  AB, 
AC  equal  to  the  two  fides  DEj  DF,  each  to  each,  viz,  AB  to  PE^ 


•>v 
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and  AC  to  DF ;  and  the  an-     )|  T\  *®**  '• 

gle  BAG  equal  to  the  angle 

£DF.  the  bafe  BC  (hall  be  e- 

qual  to  the  bafe  £F  i  and  the 

triangle  ABC  to  the  triangle 

D£F ;  and  the  other  angles, 

to  which  the  equal  fides  are 

oppofite,  ihall  be  equal,  each  tT 

%o  each,  yiz.  the  angle  ABC 

to  the  angle  DEF,  and  the  angle  ACB  to  DFE, 

For  if  the  triangle  ABC  be  applied  to  DEf  fo  that  the  point  A 
may  be  on  D,  and  the  ftraight  line  AB  upon  DE;  the  point  B  fhall 
coincide  with  the  pointE,  becaufe  ABi«£qualjtp,D£.  and  AB.  coin* 
ciding  withDE,  AC  IhaDee4gg*dgj(^SrDF,  be'caufc  the  angle  BAG  /^^  *: 

II    is  equal  to  the  d5gle,EDF.  wherefore  alfo  the  point  C  flialj  coin-. 
y  cide  with  the  point  F,  becaufejhc-ftraighLline  AC  is  equal  to  pF>, 
out  the  point  B  coincides  with  the  point  £ ;  wherefore  the  t>afe 
BC  ihall  coincide  with  the  bafe  £F,  becaufe  the  point  B  coincid* 
ing  with  £|  and  C  with  F,  if  the  bafe  BC  does  not  coincide  with 
the  bafe  EF,  twb  ftraight  lines  would  inclofe  a  fpace,  which  is 
impoOible  *•    Therefore  the  bafe  BC  Ihall  coincide- with  the  a.  io.Ax« 
bafe  EF,  and  be  equal  to  it.   Wherefore  the  whole  trianglq  ABC 
ihall  coincide  with  the  whole  triangle  DEF,  and  be  equal  to  it ; 
and  the  other  angles  of  the  ona  ihall  coincide  with  the  remaining 
angles  of  th^  other,  and  be  equal  to  ij^eni,  viz.  the  angle  ABC- 
to  the  angle  D£F^  and  the  angl^ACB  toJDFE,^  Tliere/9re  if  ' 
two  triangles  have  Iwo  iides  of  the  one  equal  to  two  (ides  of 
,  the  other,  •each  to  each,  and  have  likewife  the  angles  contained 
by  thofe  iides  equal  to  one  another ;  their  bafes  ihall  likewife  be 
equal,  and  the  triangles  be  equal,  and  their  other  angles  to  which 
the  equal  iides  are  oppoiite,  (hall  be  equal,  each  to  each.    Which 
'Was  to  be  demonilrated* 

'  P  R  O  P.   V.      T  H  E  O  R. 

THE  angles  at  the  h^(i%{  an  Ifofceles  triangle  are 
equal  to  one  another ;  and  if  the  equal  fides  be 
produced,  the  angles  upon  the  other  fide  of  the  bafe 
ihall  be  equal* 

Let  ABC  be  ^  Ifofceles  triangle,  of  which  the^fide  AB  is  equal 
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Book  L  to  AC|  and  let  the  ftraight  lines  AB,  AC  be  produced  to  D  and 
£.  the  angle  ABC  (hall  be  equal  tt>  the  angle  ACB|  and  the  angle 
CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE,  the  greater,  cut  off  AG 
equal  •  to  AF,  the  lefs,  and  join  FC,  GB. 

Becaufe  AF  is  equal  to  AG,  and  AB  to  AC;  the  two  fides  FA, 
AC  are  equal  to  the  two  G  A,  AB,  each  to  each-,  and  they  contain  the 
angle  FAG  common  to  the  two  tri- 
angles AFC,  AGB-,  therefore  the  bafe 
FC  is  equal  «>  to  the  bafe  GB,  and  the 
triangle  AFC  to  the  triangle  AGB; 
and  the  remaining  angles  of  the  one* 
are  equal  *>  to  the  remaining  angles 
of  the  other,  each  to  each,  to  which 
the  equal  fides  are  oppofite ;  viz.  the 
angle  ACF  to  the  angle  ABG,  and  the 
angle  AFC  to  the  angle  AGB.  and  be- 
caufe the  whole  AF  is  equal  to^.the  *W^ 
whole  AG,  of  which  the  parts  AB,"aC 
c.  3.  Ax.  are  equal-,  the  remainder  BF  (hall  be  equal  « to  the  remainder  CG« 
and  FC  was  proved  to  be  equal  to  GB-,  therefore  the  two  fides  BF, 
FC  are  equal  to  the  two  CG,  GB,  each  to  each;  and  the  angle  BFC 
is  equal  to  the  angle  CGB;  and  the  bafe  BC  is  common  to  the  two 
triangles  BFC,  CGB;  wherefore  the  triangles  are  equal  *»,  and  their 
remaining  angles,  each  to  each,  to  which  thecqual  fides  are  oppofite. 
therefore  the  angle  FBC  is  equal  to  the  angle  GCB,andthe  angleBCF 
to  the  angle  CBG*  and  fince  it  hafi  beeii  dqmonftrated  that  the  whola 
angle  ABGis  equal  to  the  whole  ACF,  the  parts  of  which,  the  angles 
CBG,  BCF  are  alfo  equal;  the  remaining  angle  ABC  is  therefore 
equal  to  the  remaining  angle  ACB,  which  are  the  angles  at  the  bafe 
of  the  triangle  ABC.  and  it  has  alfo  been  proved  that  the  angle 
FBC  is  equal  to  the  angle  GCB,  which  are  the  angles  upon  the  other 
fide  of  the  bafe.  Therefore  the  angles  at  the  bafe,  &c.  ,Q^E.  D. 
.    Corollary.  Hence  every  equilateral  triangle  is  alfo  equiangular. 


PROP.    VI.      THE  OR, 

IF  two  angles  of  a  triangle  be  equal  to  one  another, 
the  fides  alfo  which  fubtend,  or  are  oppofite  to^  the 
«qual  angles  (hall  be  equal  to  one  another. 


O  F    E  U  C  L  I  D.  II 

Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the   Book  i, 
angle  ACB;  the  fide  AB  is  alfo  equal  to  the  fide  AC.  ^--^V^Si/ 

For  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than  the    ' 
other,  let  AB  be  the  greater,  and  from  it  cut  *  ofiTDB  equal  to  AC, ».  3.  u 
the  lefs,  and  joip  DC.  therefore  becaufe  in  ^ 
the  triangles  PBC,  ACB,  DB  is  equal  to 
AC,  and  BC  common  to  both„  the  two 
(idea  DB,  BC  are  equal  to  the  two  AC, 
CB,  each  to  each ;  and  the  angle  DBC  is 
equal  to  the  angle  ACB;  therefore  the 
bafe  DC  is  equal  to  the  bafe  AB,  and  • 
the  triangle  DRp  is  eqaal'^o  the  triangle 

*>  ACB,  the  lefe  to  the  greater;  which  Jcr''  '      ■   ■   ■  ■■     ->>  b.  4.  v 
is  abfurd*  .^hcrefore  AB  is  not  unequal  to  AC,  that  is,  it  is 
cquay^W^KTlicrefore  if  two  angles,  &c.     Q^  E.  D. 

Vol^tleQce  every  equiangular  triangle  is  alfo  equilateral. 

PROP.   VIL      THE  OR, 

UPON  the  fame  bafe,  and  on  the  fame  fide  of  it.  See n. 
there  cannot  be  two  triangles  that  have  their 
fides  which  are  terminated  in  one  extremity  of  the 
bafe  equal  to  one  another,  and  iikewife  thofe  which 
are  terminated  in  the  other  extremity. 

If  it  be  ppilible,  let  there  be  two  triangles  ACB,  ADB  upon  the 
fame  bafe  AB,  and  upon  the  fanle  fide  of  it,  which  have  their  fides 

CA,  DA,  terminated  in  the  extremity  A  of  the  bafe,  equal  to 
icme  another,  and  likewife  their  fides 

CB,  DB  that  are  terminated  in  B- 
Join  CD;  then,  in  the  cafe  in  which 

the  Vertex  of  each  of  the  triangles  .is 
without  the  other  triangle,  becaufe  AC 
is  equal  to  AD,,  the  angle  ACD  is 
equal  *  to  the  angle  ADC.  but  the 
angle  ACD  is  greater  than  the  angle 
BCD,  therefore  the  angle  ADC  is  great- 
er alfo  than  BCD  ;.  much  more  then  is 

the  angle  BDC  greater  Aan  the  angle  BCD.  ?igain,  becaufe  CB 
is  equal  to  DP,  the  angle  ^DQ  is  equal « to  the  angle  BCD^  but  it 
has  been  demonftrated  to  be  greater  than  it;  which  is  impoiTible* 
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Book  I.       But  if  one  of  the  Vertices,  as  D,  be  within  the  other  triangle 
^""O^^'^^  ACB;  produce  AC,  AD  to  E,  F.  therefore 
'     becaufe  AC  is  equal  to  AD  in  the  triangle 

ACD,  thp  angles  ECD^  FDC  upon  the 
ft*  5'  z.      other  fide  of  the  bafe  CD  are  equal  *  to 

one  another;  but  the  angle  ECD  is  greater 

than  the  angle  BCD,*  wherefore  the  angle 

FDC  is  likewife  greater  than  BCD ;  much 

more  then  is  the  angle  BDC  greater  than 

the  angle  BCD.  again,  becaufe  CB  is  e-^ 

qual  to  DB,  the  angle  BDC  is  equal  »  to**" 

the  angle  BCD; -but  BDC  has  been  proved  to  be  greater  than  the 

fame  BCD,  which  is  impoffible.     The  cafe  in  which  the  Vertex 

of  one  triangle  is  upon  a  fide  of  the  other,  needs  no  demonftration. 
Therefore  upon  die  fame  bafe,  and  on  the  fame  fid«o£itt  there 

cannot  be  two  triangles  that  have  their  fides  which  are  terminated 

in  one  extremity  of  the  bafe  equal  to  one  another,  and  likewife 

thofe  which  are  termiriated  in  the  other  extremity,    Q^E»  D,   « 


PROP.   Vm.  '   T  H  E  O  R, 

IF  two  triangles  have  two  fides  of  the  one  equal  tc 
two  fides  of  the  otber^  each  to  each,  and  have  like* 
wife  their  bafes  equal ;  the  angle  which  is  contained  by 
the  two  fides  of  the  one  fhall  be  equal  to  the  angle 
Contained  by  the  two  fides  equal  to  them^  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  fides  AB,  AC 
equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB  to  DE,  and 
ACtoDF-,«ndalfo 

the  bafe  BC  equal  ^  '       D      Gc 

to  the  bafe  EF. 
The  angle  BAC  is 
equal  to  the  angle 
EDF. 

For  if  the  trian- 
gle ABC  be  applied 

to  DEF  fo  that  the  B  ^  CB 

point  B  be  on  E,  and  the  ftrai^t  line  BC  upon  EF;  the  point  C 
ihall  alfo  coincide  with  the  point  F,  becaufe  BC  is  equal  to  EF* 


OF    EUCLID. 
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AereforeBCcoinpidingwithEFjBAandACfliallcomcidewithED    Book  i. 


and  DF.  fior  if  the  bafe  BC  coincides  with  the  bafe  EF,  but  the  fides  '"' V  - 
BA,  C  Ado  not  coincide  widi  the  fides  ED,Fp,  but  have  a  different 
fituation,  asEG^FG;  then  upon  the  fame  bafeEFand  upon  the  fame, 
fide  of  it  there  can  be  two  triangles  that  have  their  fides  which  are 
terminated  in  one  extremity  of  the  bafe  equal  to  one  another,  and 
likewife  their  fides  terminated  in  the  other  extijemity.  but  this  is 
impoffible  *.  therefore  if  the  bafe  BC  coincides  with  the  bafe  EF,  a.  7.  i. 
the  *des  B A,  AC  cannot  but  coincide  with '  the  fides  ED,  DF  5 
wherefore  likewife  the  angle  B  AC  coincides  with  the  angle  EDF, 
and  is  equal  *^  to  it.  therefore  if  twb  triangles,  &c.    Q^E.  D.      b.  8.  As. 

PROP.   IX.      PROB. 

TO  bifed  a  given  redilineal  angle,  that  is,  to  divide 
it  into  two  equal  angles. 

Let  BAC  be  the  given  redilineal  angle,  it  is  required  to  hik(k  it. 

Take  any  point  D  in  AB,  and  from  AC  cut  •  off  AE  equal  to  a.  3.  r. 
AD  'f  join  DE,  and  upon  it  defcribe  ^  .  h.  uu 

an  equilateral  trisingle  D£F,  then  join 
AF.  the  ftraight  line  AF  bifefts  the 
angle  BAC 

Becaufe  AD  is  equal  to  AE,  and  AF 
is  common  to  the^two  triangles  DAF, 
EAF;  the  two  fides  DA,  AF  are  equal 
to  the  two  fides  E  A,  AF,  each  to  each; 
and  the  bafe  DF  is  equal  to  the  bafe 
EP;  therefore  the  angle  DAF  is  equal 

«  to  the  angle  EAF.  wherefore  the  given  refiilineal  angle  BAC  «.  »•  r. 
is  bife^ied  by  the  ftraight  line  AF.     Which  was  to  be*  done. 

P  R  O  P.  -X.      PROB. 

TO  Wfeft  a  given  finite  ftraight  line,  that  is,  fo  di- 
vide it  into  two  equal  parts. 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  divide  it 
into  two  equal  parts. 

Defcribe  *  upon  it  an  equilateral  triangle  ABC,  and  bifefl:  hu.  i.u 
the  angle  ACB  by  'the  ftraight  line  CD.  Afi  is  <;ut  into  two  ^'  «•  '• 
€q}iil  {jrarts  in  the  point  D. 
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Becaufe  AC  is  equal  to  CB,  and  CD 
common  to  the  two  triangles  ACD, 
BCD ;  tlie  two  fides  AC,  CD  are  equal 
to  BC,  CD,  each  to  each;  ^nd  the  angle 
ACD  18  equal  to  the  angle  BCD;  there- 
fore the  bafe  AD  is  equal  to  the  bafe  ^ 
DB,  and  the  ftraight  line  AB  is  divided 
into  two  equal  parts  in  the  point  D.  j^  -r> 
Which  was  to  be  done.  '^^" 


B 


T 


PROP.    XI.      PROB. 

O  draw  a  ftraight  line  at  right  angles  to  a  given 
ftraight  line,  from  a  given  point  in  the  fame. 

Sec  N.  Let  AB  be  a  given  ftraight  line,  and  C  a  point  given  in  it ; 

it  is  required  to  draw  a  ftraight  line  from  the  point  C  at  right 
angles  to  AB. 

a.  3. 1.         Take  any  point  D  in  AC,  and  make  *  CE  equal  to  CU,  and 

b.  J.  I.     upon  DE  defqribe  ^  the  equilateral 

triangle  DF^,  and  join  FC  the  ^ 

ftraight  line  FC,  drawn  from  the 
given  point  C,  is  at  right  angles 
to  the  given  ftraight  line  AB. 

Becaufe  DC  is  equal  to  CE, 
and  FC  common  to  the  two  tri- 
angles DCF,  ECF ;  the  two  fides  /r  y| 
•     DC,  CF  are  equal  to  the'two  EC, 

CF,  each  to  each ;  and  the  bafe  DF  is  equal  to  the  bafe  EF ; 

c.  8.  I.      therefore  the  angle  DCF  is  equal  ^  to  the  angle  ECF ;  and  they 

ara  adjacent  angles,  but  when  the  adjacent  angles  which  one 
ftraight  line  makes  with  another  ftraight  line  are  equal  to  one 

d.  lo.  Def.  another  each  of  them  is  called  a  rigJKt  **  angle;  therefore  each  of 
'• '         the  angles  DCF,  ECF  is  a  right  angle,  wherefore  from  the  given 

point  C  in  the  given  ftraight  line  AB,  FC  has  been  drawn  at 
right  angles  to  AB.     Which  was  to  be  done. 

.  CoR.    By  help  of  this  Probleta  it  may  be  dcmonftratcd  that 
two  ftraight  line&  cannot  have  a  common  fegment. 

If  it  be  poffible,  let  the  two  ftraight  lines  ABC,  ABD  have  the 

*    fegment  AB  ^ommdn  to  hoth  of  them,  from  the  point  B  draw 

BE  at  right  angles  to  AB|  and  becaufe  ABC  is  a  ftraight  line,  the 


£  B 


OF    K  U  C  L  1  D. 

angle  CBE  is  equal  *  to  the  angle 
£BA,in  the  fame  manner,  becaufe 
A£D  is  a  (Iraight  line,  the  angle 
DBE  is  equal  to  the  angle  EBA,. 
'wherefore  the  angle  DBE  Is  equal 
to  the  angle  CBE,  the  lefs  to  the 
greater;  which  is  impoflible.  there- 
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fore  two  ftraight  lines  cannot  have  A 
a  common  fegment. 

PROP-   XIL     PR  OB. 

TO  draw  a  ftraight  line  perpendicular  to  a  given 
ftraight  line  of  an  unlimited  length,  from  a 
given  point  without  it. 

Let  AB  be  the  given  ftraight  line,  which  may  be  produced  to  any 
length  both  ways,  and  let  C  be  a  point  without  it.  It  is  required  to 
draw  a  ftraight  line  perpendicular 
to  AB  from  the  point  €• 

Take  any  point  D  upon  the 
other  fid^  of  AB^  and  from  the  v 
center  C,  at  the  diftance  CD9 
defcribe  ^  the  circle  EGF  meet- 
ing AB  in  F|  G;  and  bife£k 
«FG  in  H,  and  join  CF,  CH,  CG.J^ 
the  ftraight  line  CH  drawn  from 
the  given  point  C^  is  perpendicular  to  the  given  ftraight  line  AB. 

BecaufeFH4s  equal  toHG,  and  HCcommon  to  the  two  triangles 
FHC,  GRC,  th^  two  fides  FH,  H€  are  equal  to  the  two  GH,  HC, 
.  each  to  each;  and  the  bafe  CF  is  equal  ^  tathe  bafe  CG;  therefore  d.z5.Def.r. 
the  angle  CHF  is  equal  ^  to  the  angle  CHp;  and  they  are  adjacent  e.  s.  i^ 
tangles,  but  when  a  ftraight  line  ftanding  on  a  ftraight  line  makes  the 
adjacent  angles  equal  to  one  another,  each  of  them  is  a  right  angle, 
and  the  ftraight  line  which  ftands  upon  the  other  is  called  a  ^perpen*  f.  io.Def.(. 
dicular  to  it.  thereforefrom  thegiven  pointCa  perpendicular  CH  has  • 
been  drawn  to  th»  given  ftraight  line  AB.  Which  was  to  be  done. 

PROP.   XIII.     THE  OR. 

THE  angles  which  one  ftraight  line  makes  with 
another  upon  one  fide  of  it,  are  either  two  righc 
angles^  or  are  together  equal  to  two  right  angles* 
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Book  I.       Let  the  ftraight  line  AB  make  with  CD,  upon  one  fide  of  it* 
^     V        the  angles  CB  A,  ABD  •,  thefe  are  either  two  right  angles,  or  arc 

together  equal  to  two  right  angles, 
B.  Def.  !©•     For  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is  a  right  » 

A  K 


b.  XI*  I. 


c  2«Az. 


«[•  X.  Ax. 


J> B 


■b 


angle,  but  if  riot,  from  the  point  B  draw  BE  at  right  angles  »>  to  CD. 
therefore  the  angles  CBE,  EJBDare  two  ri^t  angles  *.  and  becaufe/ 
CBE  is  equal  to  the  two  angles  CBA,  ABE  together^  add  the  angle 
EBD  to  each  of  thefe  eqaal8,ftherefore  th^  angles  CBE,  EBD  are 
equal  ^  to  the  three  angles  CBA,  ABE,  EBB.  again,  becaufe  the 
angle  DBA  is  equal  to  the  two  angles  DBE,  EBA,  add  to  thefe 
equals  the  angle  ABC;  therefore  the  angles'DBA,  ABC  are  equal  to 
the  thlree  angles  DBE,  EBA,  ABC.  but  the  angles  CBE,  EBD  have 
been  demonftrated  to  be  equal  to  the  fame  three  angles;  and  things 
that  are  equal  to  the  fame  are  equal  ^  to  one  another;  therefore  the 
angles  CBE,  EBD  are  equal  to  the  angles  DBA,  ABC.  but  CBE, 
EBD  are  two  right  angles;  thereforeDB  A,  ABC  are  together  equal 
to  two  right  angles.  Wherefore  when  a  ftraight  line,  &c.  (^E.  D* 

PROP.   XIV:      THE  OR. 

IF  at  a  point  in  a  ftraight  line,  two  other  ftraight 
lines,  upon  the  oppofite  fides  of  it,  make  the  adja- 
cent angles  together  tqaal  to  two  right  angles,  thefe  two 
ftraight  licies  (hall  be  in  one  and  the  fame  ftraight  line. 

At  the  point  B  in  the  ftraight 
line  AB,  let  the  two  ftraight  lines,  -/^ 

BC,  BD  upon  the  oppofite  fides 
of  AB,  make  the  adjacent  angles 
ABC,  ABD   equal   together  to 
two  right  angles.  BD  is  in  the: 
fame  ftraight  line  with  CB.  ^ 

For  if  BD  be  not  in  the  fame  Q 
ftraight  Une  with  CB,  let  BE  be 
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in  the  fame  ilraight  line  with  it.  therefore  becaufe  Ac  ftraight  line    Boot  I* 
AB  makes  angles  with  the  ftraight  line  CBE,  upon  one  fide  of  it,  '*— v"^ 
the  angles  ABC,  ABE  are  togethet  equal  »  to  two  right  angles  5  »•  13*  »• 
but  the  angles  ABC,  ABD  are  likewife  together  equal  to  two  right 
angles;  therefore'the  angles  CBA,  ABE  are  equal  to  the  angles' 
CBA,  ABD.  take  away  the  common  angle  ABC  ^  the  remaining 
angle  ABE  is  equal  ^  to  the  remaining  angle  ABD,  the  lefs  to  the  '>•  3-  ^ 
greater,  which  is  impoffible.  therefore  BE  is  not  in  the  fame  ftraight 
line  with  BC.    And  in  like  manner,  it  may  be  demonftrated  that 
no  other  can  be  in  the  fame  ftraight  line  with  it  but  BD,  which 
therefore  is  in  the  fame  ftraight  line  with  CB.    Wherefore  if  at  a 
point,  &c.    Qi^E.  D. 

PROP.  XV.     THEOR- 

IF  two  ftraight  lines  cut  one  another,  the  vertical,  or 
cfpqfite^  angles  (hall  be  equal. 

Let  the  two  ftraight  lines  AB,  CD  cut  one  anothei*  in  the  point  B- 
the  angle  AEC  (hall  be  equal  to  the  angle  DEB,  and  CEB  to  AED« 

Becaufe  the  ftraight  line  A£  makes  with  CD  the  ingles  CEA, 
A£D,  thefe  angles  are  together 

equal  ■  to  two  right  angles,  again,  ••  ^J-  «• 

becaufe  the  ftraight  line  DE  makes  >, 
with  AB  the  angles  AED,  DEB;C 
thefe  alfo  are  together  equal »  to  y^S^^j" 

two  right  angles,  and  CEA,  AED  A     _^J  -  'S^^  B 

have  been  demonftrated  to  be  e-* 
qual  to  two  right  angles ;  where- . 
fore  the  angles  C^A,  AED  .are 

equal  to  the  angles  AEDj  DJiB.  take  away  th^  common  aqgfe 
A£D,  and  the  remaining  angle  CEA  is  equal  ^  to  the  remaining  b.  >  AM* 
angle  DEB.     In  the  fame  manner  it  can  be  demonftrated  that 
the  angles  CEB,  AED  are  equaL  therefore  if  two  ftraight  lines, 
&c.    (^E.  D- 

CoR.  I.  From  this  it  is  manifeft  that  if  two  ftraight  lines  cut 
•ne  another,  the  angles  they  niake  at  the  point  where  they  cut, 
are  together  equal  to  four  right  angles. 

CoR*  2.  Aad  confequentiy  that  all  the  angles  made  by  any 
number  of  lines  meeting  in  one  point,  are  together  oqual  to  four 
right  angles* 

B 


a*  t5.  I. 


b.  15.  I. 


c.  4«  z* 


/ 
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PROP.  XVI.    THEOR. 

IF  one  fide  of  a  triangle-  be  prod.uced,  the  exterior 
angle  is  greater  than  either  of  the  interior  oppo* 
fite  angles* 

Let  ABC  be  a  triangle,  and  let  its  fide  BC  be  produced  to  D. 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior  op- 
pofite  angles  CBA,  BAC. 

Bifeft  «  AC  in  E,  join  BE 
and  produce  it  to»F,  and  make 
EF  equal  to  BE ;  join  alfo 
FC,  and  produce  AC  to  G. 

Becaufe  AE  is  equal  to 
EC,  and  BE  to  EFj  AE,  EB 
are  equal  to  CE,  EF,  each  to 
each ;  and  the  angle  AEB  is 
equal  ^  to  the  angle  CEF,  be- 
caufe they  are  oppofite  verti- 
cal angles,  therefore  the  bafe 
AB  is  equal  «  to  the  bafe 
CF,  and  the  triangle  AEB  to  the  triangle  CEF,  and  the  remaining 
angles,  to  the  remaining  angles,  each  to  each,  to  which  the  equal 
fides  are  oppofite.  wherefore  the  angle  B  AE  is  equal  to  the  angle 
ECF.  but  the  angle  ECD  is  greater  than  the  angle  ECF,  there- 
fore the  angle  ACD  is  greater  than  BAE.  in  the  fame  manner, 
if  the  fide  BC  be  bifefted,  it  may  be  demonftrated  that  the  angle 
BCGs  that  is  ^,  the  angle  ACS),  is  greater  than  the  angle  ABC. 
therefore  if  one  fide,  &c.     Q^  E.  D. 


A 


PROP.   XVIL      THEOR. 

NY  two  angles  of  a  triangle  are  together  lefs  thaa 
two  right  angles. 


Let  ABC  be  any  triangle; 
any  two  of  its  angles  together  are 
lefs  than  two  tight  angles. 

Produce  BC  to  D;  and  be- 
caufe ACD  is  the  exterior  angle 
of  the  triangle  ABC,  ACD  is 
•.  t6,  u  greater  »  than  .the  interior  and 
oppofite  angle  ABC  j  to  each  of 
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tilde  add  the  angle  ACB,  therefore  the  angles  ACD,  ACB  arc   Book  i. 
greater  than  the  angles  ABC,  ACB.  but  ACD,  ACB  are  together  ^ — v— ', 
equal  **  to  two  riglit  angles ;  therefore  the  angles  ABC,  BCA  are  b.  13.  i. 
left  than  two  right  angles,  in  like  manner  it  may  be  demonftrated 
that  BAC,  ACB,  as  alfo  CAB,  ABC  are  lefs  than  two  right  an- 
gles, therefore  any  two  angles,  Sec.     C^£-  P« 


•• 


PROP.   XVIIL     THEOR. 

THE  greater  fide  of  every  triangle  is  oppofite  to  the 
greater  angle.       \ 

Let  ABC  be  a  triangle  of 
which  the  fide  AC  is  greater  than 
the  fide  AB ;  the  angle  ABC  is 
alfo  greater  than  the  angle  BCA. 

Becaufe  AC  is  greater  than 
AB;  make  *  AD  equal  t<3^  AB>  J^T'"'^  ^\^        a.  3.  u 

and  join  £D.  and  becaufe  ADB 
is  the  exterior  angle  of  the  tri-  * 

angle  BDC,  it  is  greater  ^  than  the  interior  and  oppofite  angle  b.  id.  i. 
DCB.   but  ADB  is  equal  ^  to  ABD,  becaufe  the  fidd^  AB  is  c.  5.  x. 
equal  to  the  fide  AD-,  therefore  the  angle  ABD  is  likewife  greater 
jthan  the  angle  ACB  \  wherefore  much  more  is  the  angle  ABC 
greater  than  ACB.  therefore  the  greater  fide,  &c.    Q^  E.  D. 

PROP.  XIX.     THEOR. 

THE  greater  angle  of  every  triangle  is  fubtended  by 
the  greater  fide,  or  has  the  greater  fide  oppoftte  to  it. 

Let  ABC  be  a  triangle  of  which  the  angle  ABC  is  greater  than 
the  angle  BCA.  the  fide  AC  is  likewife  greater  than  the  fide  AB. 

For  if  it  be  not  greater,  AC 
muft  either  be. equal  to  AB,  or  lefs 
than  it.  it  is  not  equal,  becaufe 
then  the  angle  ABC  would  be  e- 

qual  »  to  the  angle  ACB ;  but  it  a   «;  i 

is  not ;  therefore  AC  is  not  equal 
to  AB.  neither  is  it  lefis;  becaufe 
then  the  angle  ABC  would  be  lefs 

B  2 
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Book  I.    b  than  the  angle  ACB ;  but  it  is  not ;  therefore  the  fide  AC  i% 
"y"       not  lefs  than  AB.  and  it  has  been  (hewn  that  it  is  not  equal  to 
AB.  therefore  AC  is  greater  than  AB.  wherefore  the  greater 
angle,  &c.    Q^E.  D. 


SecN. 


PROP.   XX.     THEOR. 


ANY  two  fiftes  oj^a  triangle  aJe  together  greater 
than  the  t^ml^fide. 

Let  ABC  be  a  triangle;  any  two  fides  of  it  together  are  greater 
than  the  third  fide,  viz.  the  fides  BA,  AC  greater  than  the  fide 
BC;  and  AB,  BC  greater  than  AC;  and  BC,  CA  greater  than  AB. 

Produce  BA  to  the  point  D, 
t.  3. 1,      and  make  *  AD  equal   to  AC,  jj 

and  join  DC. 

Bedftufe  DA  is  equal  to  AC,  jR^ 

the  angle  ADC  is  likewife  equal 

b.  '5.  r.      b  to  ACD.  but  the  angle  BCD 

is  greater  than  the  angle  ACD^  g 
therefore  the  angle  BCD  is  great- 
er than  the*  angle  ADC.  and  becaufe  the  angle  BCD  of  die  tri- 

c.  xp.  X.     angle  DCB  is  greater  than  its  angle  BDC,  and  that  the  greater  « 

fide  is  oppofite  to  the  greater  angle,  therefore  the  fide  DB  is  greater 
than  the  fide  BC.  but  DB  is  equal  to  B  A  and  AC ;  therefore  the 
fides  BA,  AC  are  greater  than  BC.  in  the  fame  manner  it  may  bo 
demonftrated  that  the  fides  AB,  BC  are  greater  than  CA;  and  BC, 
CA  greater  than  AB.  therefore  any  two  fides,  &c.    Q^E,  D. 

PROP.   XXI.     THEOR. 

See  N.  TF  from  the  ends  of  the  fide  of  a  triangle  there  be 
X  drawn  two  ftraighc  lines  to  a  point  within  the 
triangle,  thefe  fliall  be  lets  than  the  other  two  fides  of 
the  triangle,  but  (hall  contain  a  greater  angle. 

Let  the  two  ftraight  lines  BD,  CD  be  drawn  from  B,  C,  the 
ends  of  the  fide  BC  of  the  triangle  ABC,  to  the  point  D  within  it. 
BD  and  DC  are  lefs  than  the  other  two  fides  BA,  AC*  of  the  tri* 
angle,  but  contain  an  angle  BDC  greater  than  the  angle  BAC. 

Produce  BD  to  E;  and  becaufe  two  fides  of  a  triangle  are  great- 
er than  the  third  fide,  the  two  fides  BA,  AE  of  the  triangle  ABE 
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are  greater  than  BE.  to  each  of  thcfc  add  EC,  therefore  the  fides   Eaok  I.  ^^ 

BA,  AC  are  greater  than  BE,  /^ 

EC'again,  becaufe  the  two  iides  *"* 

CE,  ED  of  the  triangle  CED 

are  greater  than  CD,  add  DB  to 

each  of  thefe;  therefore  the  fides 

CE,  £B  are  ^ater  than  CD, 

DB.  but  it  has  been  fhewn  that       _ 

BA,  AC  are  greater  than  BE,    S  ~^        gj 

EC}  much  more  then  are  BA,  AC  greater  than  BD,  DC. 

Again  becaufe  the  exterior  angle  of  a  triangle  is  greater  thaa 
the  interior  and  oppofite  angle,  the  exterior  angle  BDC  of  the  tri- 
angle CDE  is  greater  than  CED.  for  the  fame  rcafon,  the  exterior 
angle  CEB  of  the  triangle  ABE  is  greater  than  B AC.  and  it  has 
been  demonftrated  that  the  angle  BDC  is  greater  than  the  angle 
CEB ;  much  more  then  is  the  angle  BDC  greater  than  the  angle 
BAC  therefore  if  from  the  ends  of,  &c.  Q.  E..JX 


PROP.  XXn.     PROB. 

To  make  a  triangle  of  which  the  fides  fhall  be  equal  ^'^^* 
to  three  given  (Iraight  lines ;  but  any  two  what- 
ever of  thefe  mutt  be  greater  than  the  third  \  ••  »o-  <* 

Let  A,  B,  C  be  the  three  given  ftraight  lines,  of  which  any  two 
whatever  are  greater  than  the  third,  viz.  A  and  B  greater  than  C; 
A  and  C  greater  than  B  \  and  B  and  C  than  A.  It  is  required  to  make 
a  triangle  of  which  the  fides  fhall  be  equal  to  A,  B,  C,  each  to  each« 

Take  a  ftraight  line  D£  terminated  at  the  point  D,  but  unli- 
mited towards  £,  and  make 

*  DF  equal  to  A,  FG  to  B,  y^  ^S.     ^  ••  3-  «• 

and  GH  equal  to  C  -,  and 
from  the  center  F,  at  the 
diftancc  FD  defcribe  ^  the  n 
circle  DKL.  and  from  the 
center  G,  at  the  diftance 
GH  defcribe  ^  another  cir- 
cle HLK,  and  join  KF,KG- 
the  triangle*  KFG  has  its 
fides  equal  to  the  three  ftraight  lined  A,  B,  C. 

Becaufe  the  point  F  ia  the  center  of  the  circle  QKLg  FD  id 

B3 
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Book  I.    equal  <^  to  FK ;  but  FD  is  equal  to  the  ftraight  line  A ;  therefor* 
^        FK  is  equal  to  A.  again,  becaufe  G  is  the  center  of  the  circle,  LKH9 
c.  15.  Def.  gjj  jg  ^^^^  c  to  GK;  but  GH  is  equal  to  C,  therefore  alfo  GK 

is  equal  to  C.  and  FG  is  equal  to  B  5  therefore  the  three  iBjraight 
lines  KF,  FG,  GK  are  equal  to  tlic  three  A,  B,  G.  and  therefore 
the  triangle  KFG  has  its  three  fides  KF,  F{J,  GK  equal  to  the 
three  given  ftraight  lines  A)  B,  C.    Which  was  to  be  done. 

PROP.   XXIIL      PR  OB. 

AT  a  given  point  in  a  given  ftraight  line  to  make  a 
redilineal  angle  equal  to  a  given  redilineal  anglet 

Let  AB  be  the  given  ftraight  line,  and  A  the  given  point  in  it^ 

vmd  DC£  the  given  rectilineal  single ;  it  is  f^quir^d  to  make  a^^ 

^gle  at  the  given  point 

A  in  the  given  ftraight 

Jine   AB   that  (hall   be 

eaual  to  the  given  tcQ,U 

lineal  angle  DCE. 
Take  in  CD,  CE,  any 

points  D,E,  and  join  DE; 
4.  %z,  I.     and  make  *  the  triangle 

AFG  the  fides  of  which 

(hfiU   be    equal    to    the 

three  ftraight  lines  CD,  DE,  EC,  fo  that  CD  be  equal  to  AF,  CE 

to  AG,  and  DE  to  fG.  and  becaufe  DC,  CE  are  equal  to  FA, 

AG>  each  to  each)  and  the  bafe  DE  to  the  bafe  FG ;  the  angle 
1 ,  8. 1.      DCE  is  equal  ^  to  the  angle  FAG.  therefore  at  the  given  point  A 

in  the  given  ftraight  hne  AB,  the  angle  FAG  is  made  equal  to 

the  given  rectilineal  angle  DCE.     Which  vras  to  be  done. 

PROP.   XXIV.      THEOR. 

'wN#  Try  two  triangles  have  two  fides  of  the  one  equal  Jta 
X  two  fides  of  the  other,  each  to  each,  hut  the  angle 
contained  by  the  two  fides  of  one  of  them  greater  than 
the  angle  contained  by  the  two  fides  equal  to  them,  of 
the  other ;  the  bafe  of  that  which  has  the  greater  anglq 
Ihall  be  greater  than  the  bafe  of  the  other; 

]*^t  AQC^  DEF  be  two  triangles  which  have  the  two  £des  A&^ 
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AC  equal  to  the, two  DE,  DF,  each  to  each,  viz.  AB  equal  to  DE,  ^J^ 
wd  AC  to  PF  5  but  th^  angk  BAG  greater  than  the  angle  EDF, 
the  bafe  BC  is  alfo  greater  than  the  bafc  EF. 

Of  the  two  fides  DE,  DF,  let  DE  be  the  fide  which  is  not 
greater  than  the  other,  and  at  the  point  D  in  the  fttaight  line  DE. 
make  »  the  angle  EDO-equal  to  the  angle  BAC  •,  and  make  DG  »•  aj*  ^ 
equal  b  to  AC  or  DF,  and  join  EG,  GF.  *  '     ^-  3- 1- 

Becaufe  AB  is  eq^al  to  DE,  and  AC  to  DG,.thc  two  fides 
BA,  AC  are  equal  to  the  two  ED,  DO,  each  to  each,  and  the 
angle  BAC  is  equ^l  to 
the  angle  EDGsi  there-, 
fore   the   bafe  BC  is 
f  qual  ^  to  the  bafe  EG.  \    \.  \  Vv  *•  ^'  '• 


and  becaufe  DG  is  e- 
qual  to  DF,  th^  angle 
DFG  is  equal  «*  to  the 
angle  DGF ;  but  the 

angle  DGF  is  greaterB  ^  ^ '  ^"^^^ 

^an  the'aiigle  gGF,  4^ 

therefore  the  angle  DFG  is  greater  than  EGF ;  and  much  mote 
is  the  angle  ^FG  greater  than  the  angle  EGF.  and  becaufe  the 
angle  EFG  of  the  triangle  EFG  is  greater 'than  its  angle  EGF, 
and  that  the  greater  *  fide'  is  oppofite  to  the  greater  angle ;  the  e.  ip.  u 
fide  EG  is  therefore  greater  than  the  fide  EF..  but  EG  is  equal' 
.to  BC ;  and  therefore  alfo  BC  is  greater  than  EF.  therefore  if 
two  triangles,  &c.    Q^  E.  D. 

PROP.   XXV.     THEOR. 

IF  two  triangles  h^vc  two  fides  of  the  one  equal  to 
two  fides  of  the  other,  each  to  each,  but  the  bafe. 
of  the  one  greater  than  the  bafe  of  the  other ;  the  angle 
alfo  contained  by  the  fides  of  that  which  has  the  greater 
bafe,  (hall  be  greater  than  the  angle  contained  by  tfeo  ^ 
.fides  equal  to  tjiem,  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  fides  ABj^ 
AC  equal  to  the  two  fides  DE,  DF,  each  to  each,  viz.  AB  equal 
to  DE,  and  AC  to  DFj  but  the  bafe  CB  greater  than  the  bafc 
£F«  the  angle  SAC  is  litewife  greater  than  tba  angle  EDF. 

»4 
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For  if  it  be  not  greater,  it  muft  either  be  equal  to  It,  or  left, 
but  the  angle  BAC  is  not  equal  to  the  angle  EDF,  becaufe  then 
the  bafe  BC  would  be 
equ^l  a  to  EF.  but  it 
h  not  ^  therefore  the 
angle  BAC  is  not  e- 
qual  to  the  angle  EDF. 
neither  is  it  lefs;  be- 
caufe then  the  bafe  BC 
would  be  lefs  ^  than 

the  bafe  EF;  but  it  is      —  ^ 

not  5  therefore  the  an^  J>  \J     J^  Jt 

gle  BAC  is  not  lefs  than  the  angle  EI)F«  and  it  was  fhewn  that 
it  is  not  equal  to  it ;  therefore  the  angle  BAC  is  greater  than  tht 
angle  EDFt    Wherefore  if  twQ  triangles,  &c*   <^E.  D,  • 

PROP.   XXVI.     THEOR. 

IF  two  triangles  have  two  angles  of  one  equal  to  tw» 
angles  of  the  other;  each  to  each,  and  one  (ide  equal 
to  one  fide,  viz.  either  the  fides  adjacent  to  the  equal 
angles,  or  the  fides  oppofite  to  equal  angles  in  eiach ; 
then  ihall  the  other  fides  be  equal,  each  to  each,  and  alfo 
the  third  ^ngle  of  the  one  to  the  third  angle  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEF,  EFD,  viz.  ABC  to  DEF,  and  BCA 
to  EFD;  alfo  one  fide  equal  to  one  fide)  and  firft,  let  thofe  fides  be 
equal  which  are  adjacent  to  the  angles  that  are  equal  in  the  two  tri- 
angles, viz.  BC  to  EF.  the  other  fides  (hall  be  equal,  each  to  each^ 
viz.  AB  to  DE,  and 
AC  to  DF;  and  the 
third  angle  BAC  to  the 
third  angle  EDF. 

For  if  AB  be  not 
equal  to  DE,  one  of 
Ithe'm    muft     be     the 

greater.     Let  AB  be  />  T?  -rx 

the  greater  of  the  two,    -K  C/    £4  Jj 

«ld  m^ke  BG  equal  to  Dp,  5ind  join  CO,  therefpr^  l>^c»uf«  BG  h 
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equal  t>  BE,  and  BC  to  £F,  the  two  fides  GB,  BC  are  equal  to   Book  i. 
the  tva  DE,  EF,  each  to  eachj  and  the  angle  GBC  is  equal  to  the  ^  "V"   ' 
angle  D£F-»  therefore  the  bafe  GC  is  equal  *  to  the  bafe  DF,  and  »•  4*  x* 
the  riangle  GBC  to  the  triangle  DEF,  and  the  other  angles  to  the 
other  angles,  each  to  each,  to  which  the  equal  fides  are  oppofite; 
thenfoiFe  the  angle  GCB  is  equal  to  the  angle  DFE;  but  DFE  isj 
hj  the  hypothefis,  equal  to  the  angle  BC  A ;  wherefore  alfo  the 
angle  BCG  is  equal  to  the  angle  BCA,  the  lefs  to  the  gieater, 
which  is  impoffible.  therefore  AB  is  not  unequal  to  DE,  tha^  ii, 
it  is  eoial  to  it.  and  BC  is  equal  to  EF)  therefore  the  two  AB,  BC 
are  eqial  to  the  two  D£>  EF,  each  to  each ;  and  the  angle  ABC 
is  eqml  to  the  angle  DEF,  the  bafe  therefore  AC  is  equal  ^  to  the 
bafe  EF,  and  the  third  angle  BAC  to  the  third  angle  £DF. 

Nest^  let  the  fides 
which  are  oppofite  to 

equal  angles  in  each    jQ^  _   .  ^         1^ 

triangb  be  equal  to 
one  arother,  viz.  AB 
to  D£;  likewife  in 
this  cafe,  the  other 
fides  Avail  b^  equal, 
AC  t#  DF,  and  BC 

to  EF;  and  alfo  the     B  JBL  C     IS  'S 

third  angle  BAC  to  the  third  EDF. 

For  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater  of  thera^ 
and  m^ke  BH  equal  to  EF,  and  join  AH.  and  becaufe  BH  is  equal 
to  EF,  and  AB  to  DE  j  the  two  AB,  BH  are  equal  to  the  two 
DE,  £F,  each  to  each ;  and  they  contain  equal  angles ;  therefore 
the  bafe  AH  is  equal  to  the  bafe  DF,  and  the  triangle  ABH  to 
the  triangle  DEF,  and  the  other  angles  fhall  be  equal,  each  to 
each,  to  which  the  equal  fides  are  oppofite.  therefore  the  angle 
BHA  is  equal  to  the  angle  EFD.  but  EFD  is  equal  to  the  angle 
BC  A ;  therefore  alfo  the  angle  BHA  is  equal  to  the  angle  BCA, 
that  is,  the  exterior  angle  BHA  of  the  triangle  AHC  is  equal  to 
its  interior  and  oppofite  angle  BCA;  which  is  impoflible^.  where**  b.  z^.  i. 
fore  BC  is  not  unequal  to  EF,  that  is,  it  is  equal  to  it  ^  and  AB 
is  equal  to  DE  *,  therefore  the  two  AB,  BC  are  equal  to  the  twa 
DE,  EF,  each  to  each;  and  they  contain  equal  angles;  wherefore, 
the  bafe  AC  is  equal  to  the  bafe  DF,  a;id  the  third  angle  BAG 
to  tb?  third  angle  ED?,  therefore  '4  two  trisvngles^  Sec*  Q^£«  D^^ 
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Book  I.  PROP,  XXVII.    THEOR, 

F  a  ftfaight  line  fi^Uing  upon  two  other  ftrsight  Iuie» 
makes  the  atteriiate  angles  equal  to  one  another^ 
thefe  two  ftraight  lines  ihatl  be  parallel. 

Let  the  ftraight  line  EF  which  falls  upon  the  two  ftraigjit  lines 
AB,  CD  make  the  alternate  angles  AEf,  EFD  equal  to  oiie  ano-. 
ther ;  AB  is  parallel  to  CD. 

For  if  it  be  not  parallel,  AB  and  CD  being  produced  (hall  meet 
either  towards  BD  or  towards  AC-  let  them  be  produced  and  meet 
towards  BD  in  the  point  Gj  therefore  GEF  is  a  triangle,  md  its 
exterior  angle  AEF  is  greater  » than  the  interior  and  oppofitc  angle 
EFG  i  hut  it  Is  alfo  equal  to  •      *    / 

It,  which  is  impoflible,  there-  / 

fore  AB  and  CD  being  pro-  Al  .      jEt/ 
duced  do  not  meet  towards 
BD.  in  Hke  manner  it  may  be 
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demonftrated  that  they  do  not  |-t    /t%    '  -rw 

meet  towards  AQ.  but  thofe  ^  /  *  " 

ftraight  lines  which  meet  nei- 
b.  3$.  Dcf.  ther  way  tho'  produced  ever  fo  far  are  parallel  ^  to  one  another.  AB 
therefore  is  parallel  to  C]>.  wherefore  if  a  ftraight  line,  &c.  QJE.D. 

PROP.  XXVIII.     THEOR. 

IF  a  ftraight  line  falling  upon  two  other  ftraight  lines 
makes  the  exterior  angle  equal  to  the  interior  and 
oppofite  upon  the  fame  fide  of  the  line  i  or  makes  the 
interior  angles  upon  the  fame  fide  together  equal  to 
two  right  angles ;  the  two  ftraight  lines  ihall  be  parallel 
to  one  another. 

Let  the  ftraight  line  EF  which  falls  upon  the  two  ftraight  lines 
AB,  CD  make  the  exterior  angle      ]□» 
EGB  equal  to  the  interior  and  op- 
pofite angle  GHD  upon  the  fame 
fide^  or  make  the  interior  angles /x* 
f>n  the  fame  fide  BGH,  GHD  to^^ 
gether  equal  to  two  right  angles,  /h 
AB  is  parallel  to  CD. 

Becaufe  the  angle  EGB  is  equal 
to  the  angle  GUD^  and  the  angle  « 
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£GB  ^quai  >  to  the  angle  AGH,  the  angle  AGH  13  equal  to  the   Book  L 
angle  Gijl> i  and  t|icy  are  the  alternate  angles  ;  tbefefore  AB  i^  ^    *^*   * 
pwFaUel  *  to  CD,  again,  becaufe  the  angles  BCH,  GHp  aje  equal «  *'  */;  ]'  • 
to  two  right  angles,  and  that  AGH,  BGH  are  alfo  equal  ^  to  two  c.  By  Hyp. 
right  angles;  the  angles  AGH,.BGH  arc  equal  to  the  angles  BGH,  d.  13.  i, 
GHD.  take  away  the  common  angle  BGH,  therefore  the  remain- 
ing angle  AGH  is  equal  to  the  remaining  angle  GHD;  and  they 
are  alternate  angles ;  therefore  AB  is  parallel  to  CD.  whercfiwre 
if  a  ilraight  line,  &c.    Q^E.  D, 

PROP.   ^SXIX      THE6R.^ 

« 

F  a  ftraight  Une  falls  upon  two  parallel  ftraight  lin^,     ^^^  ^^ 

•  111  '    ,  1       .  «  Notes  on 

It  Qiakes  the  alternate  angles  equal  to  one  another ;.  this  j^ropo* 
and  the  exterior  angle  equal  to  the  interior  and  oppoiita  ^^^i(»* 
upon  the  fame  fide;  and  likewife  the  two  interior  angles 
vpon  the  fame  fide  together  equal  to  two  right  angles* 

Let  the  ftraight  lin^  £F  fall  upon  the  parallel  ftraight  Imes  ABf 
CD.  the  alternate  angles  AGH>  GHD  are  equal  to  one  another  i 
and  the  exterior  ai^le  EGB  is  equal  to  the  interior  and  pppofite> 
upon  the  fame  fide,  GHD ;  and  the 
two  interior  angles  BfcH,  GHD  upon  Jm 
the  fanae  fide,  are  together  equal  to^ 
two  right  angles.  >k        GrV  B 

For  if  AGH  be  not  equal  to  GHD, 
one  of  them  inuft  be  greater  than  the--^ 
other;  let  AGH  be  t^e  greater,  and  be-  ^ 
caufe  the  angle  AGH  is  greater  than 
the  angle  GHD,  add  to  each  of  them 
the  angle  BGH>  therefore  the  angles  AGH,  BGH  are  greater  than 
the  angles  BGH,  GHD.  but  the  angles  AGH,  BGH  are  equal  ^  to  a.  13.  i. 
two  right  angles ;  therefore  the  angles  BGH,  GHD^re  Icfs  than 
two  right  angles,  but  thofe  ftraight  line^hich  with  another  ftraight 
line  falling  upon  them  make  the  interipr  angles  on  the  fame  fide     ' 
kfs  than  tWQ  right  angles,  do  meet  *  together  if  continually  pro*  *  12.  Ax. 
du?ed;  therefore  the  ftraight  lines  AB,  CD  if  produced  far  enough      ^^®  *^ 
(hall  meet,  but  they  never  meet,  fince  they  are  parallel  by  the  Hy*  ^J^  ^^j^J*^ 
pothefis.  therefore  the  angle  AGH  is  not  unequal  to  the  angle  GHD,  fujon^ 
that  is,  it  is  equal  to  it.  but  the  angle  AGH  is  equal  ^^  to  the  angle  b.  15. ;, 
IC^'^  *€fef^?f  l*ewife  EQB  is  equal  to  CHP.  aW  X9  wh  pl 
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Book  I.  thefc  the  angle  BGH,  therefore  the  angles  EGB»  BGH  are  equal 
to  the  angles  BGH,  GHD ;  but  EGB,  BGH  are  equal  «  to  two^ 
right  angles;  therefore  alfo  BGH,  GHD  are  equal  to  two  right 
angles,  wherefore  if  a  ftraight  line,  &c.   (^E*  D. 

PROP.   XXX.     THEOR. 

STRAIGHT  lines  which  are  parallel  to  the  fame 
ftraight  line,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF-,  AB  is  alfo  parallel 
to  CD. 

Let  the  ftraight  line  GHE  cut  AB,  EF,  CD;  and  becaufe  GHK 
cuts  the  parallel  ftraight  lines  AB, 
EF,  the  angle  AGH  is  equal  *  to 
the  angle  GHF.  again,  becaufe  the 

ftraight  line  GK  cuts  the  parallelA^  '  ^  '^ 

ftraight  lines  ER  CD;  the  angle, 

GHF   is  equal'  »  to  the   angteE ^        F 

GKD.  and  it  was  fliewn  that  the|^  'KV  j^ 

angle  AGK  is  equal  to  the  anglc^^  ^ 

GHF  r  therefore  alfo  AGK  is  e- 
qual  to  GKD*  and  they  are  alter- 
nate angles;  therefore  AB  is  parallel  ^  to  CD.  wherefore  ftraight 
lines,  &c.    <^E.  D.   ' 

PROP.   XXXI.     PROB. 

TO  draw  a  ftraight  line  thro'  a  given  point  parallel 
to  a  given  ftraight  line.  ^. 

Let  A  be  the  given  point,  and  BC  the  given  ftraight  line;  it  is 
required  to  draw,  a  ftraight  line  thro* 
the  point  A,  parallel  to  the  ftraight" 
line  BC. 

In  BC  take  any  point  D,  and  join 
AD;  and  at  the  point  A  in  the  ftraight 
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line  AD  make  •  the  angle  DAE^e-B  D  C 

qual  to  the  angle  ADC ;  and  produce  the  ftraight  line  EA  to  Fi 
Becaufe  the  ftraight  line  AD  which  meets  the  two  ftraight 
lines  BC,  £F,  makes  the  alternate  angles  £  AD,  ADC  equal  to  one 
another^  £F  is  parallel  ^  Xo  BC*  therefore  the  fti^ight  line  £AF  it 
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drawn  thro'  the  given  point  A  parallel  to  the  given  ftralght  line   Book  I- 
BC.  Which  W9S  to  be  done. 

PROP.  XXXII.     THEOR. 

IF  a  fide  of  any  triangle  be  produced,  the  exterior 
angle  is  equal  to  the  two  interior  and  oppofite 
angles ;  and  the  three  interior  angles  of  every  triangle 
are  equal  to  two  right  angles. 

Let  ABC  be  a  triangle,  and  let  one  of  its  fides  BC  be  pro« 
duced  to  p.  the  exterior  angle  ACD  is  equal  to  the  two  interior 
and  oppofite  angles  CAB,  ABC ;  and  the  three  interior  angles  of 
the  triangle.  Viz.  ABC,  BCA,  CAB  arc  together  equal  to  two 
right  angles. 

Thro'  the  point  C  draw  CE  parallel  •  to  the  ftraight  line  AB..  t.  51.  i. 
and  becaufe  AB  is  parallel  to 
C£,  and  AC  meets  them,  the 
alternate  angles  B  AC,  ACE  are 
equal  K  again  becaufe  AB  is 
parallel  to  CE,  and  BD  falls 
upon  them,  the  exterior  angle 
SCD  is  equal  to  the  interior 

and  oppofite  angle  ABC.  butB  .  C  I^ 

the  angle  ACE  was  (hewn  to  be  equal  to  the  angle  BAC;  therefore 
the  whole  exterior  angle  ACD  is  equal  to  the  two  interior  and  op- 
pofite angles  CAB,  ABC.  to  thefe  equals  add  the  angle  ACB,  and 
the  angles  ACD,  ACB  are  equal  to  the  three  angles  CBA,  BAC, 
ACB.  but  the  angles  ACD,  ACB  are  equal  *  to  two  right  angles;  c  13.  i 
therefore  alfo  the  angles  CBA,  B AC,  ACB  are  equal  to  two  right 
angles,  wherefore  if  a  fide  of  a  triangle,  &c.    C^E.  D.  , 

CoR.  I.  All  the  interior  angles 
of  any  rectilineal  figure,  together 
with  four  right  angles,  are  equal 
to  twice  as  many  right  angles  as 
the  figure  has  fides. 

For  any  re^ilineal  figure  ABCDE 
can  be  divided  into  as  many  trian- 
gles as  the  figure  has  fides,  by 
drawing  ftraight  lines  from  a  point 
F  within  the  figure  to  each  of  its 
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fiook  t.  titles.  And,  by  the  pi^ceding  Propofitton,  all  the  angles  o^  tflefe 
*""'>"■'*  triangles  are  equal  to  twice  as  many  right  angles  as  there  are  tri- 
angles, that  is,  as  there  are  fides  of  the  figure,  and  the  fame  angles 
are  equal  to  the  angles  ^f  the  figure>  togcrfier  with  the  angles  at 
a.  a.  Cor.  jjje  point  F  which  is  the  common  Vertex  of  the  triangles;  that  is  », 
together  with  four  right  angles.  Therefore  all  the  angles  of  tSke 
figure,  together  with  four  right  angles,  are  equal  to  twice  as  many 
right  angles  as  the  figure  has  fides. 

Cor.  2.  All  the  exterior  angles  of  any  reftilineal  figure  are  to- 
^edier  equal  to  four  right  angles. 

Becaufc  every  interior  angle 
ABC  with  its  adjacent  extetior 
ABD  is  equal  <>  to  two  right  an-* 
gles ;  therefore  all  the  interior  to* 
gether  with  all  the  exterior  angles 
of  the  figure,  are  equal  to  twice 
as  many  right  angles  as  there  are 
fides  of  the  figure,  that  is,  by  the  -  ^^ 

foregoing  CoroUairy,  they  are  equal  Jj  JS 
to  all  the  interior  angles  of  the  figure,  togetlier  with  four  right 
angles,  therefore  all  the  el^terior  angles  are  equal  to  four  rigkt 
angles. 

PROP.  XXXin.     THEOlt- 

THE  ftraight  lines  which  join  the  extremities  of  two 
equal  and  parallel  ftraight  lines,  towards  the 
fame  parts,  arealfo  themfelves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  parallel  ftraight  lines,  and  joined  to- 
wards the  fame  parts  by  the  ftraight  A  J^^ 
lines  AC,  BD ;  AC,  BD  are  alfo     ^ 
equal  and  parallel. 

Join  BC,  and  beciufe  AB  is  pa- 
rallel to  CD,  and  BC  meets  t'hem; 

the  alternate  angles  ABC,  BCD       C^  ^  ^^ 

av  29.  J.    are  equal  *3  and  be^aufe  AB  is  equal  to  Cfi,  and  BC  common  to 

the /w0' triangles  .ABC,  DC B^  the  two  fides  AB,  BC  are  equal  to 

^  the  two  DC,  CB^  and  the  angle  ABC  is  equal  to  the  angle  BCD; 

fe*  4- 1-      therefore  the  bafe  AC  is  equal  ^  to  the  bafe  BD,  and  the  triangle 

ABC  to  the  triangle  BCD,  aad  the  other  angles  to  the  otJa^r  an- 
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gkl  ^9  each  to  t»h,  to  which  die  equal  fides  are  oppoiite*  Ai^te^'   ^^ook  t 
fore  the  angle  ACB  is  equal  to  the.  angle  CBD.  and  becaufe  the  '^'   ▼*  ' 
ftraight  line  BC  meets  the  two  ftraight  lines  AC>  BD  and  makes,  *  ^  '* 
the  alternate  angles  ACB,  CBD  equal  to  one  another,  AC  is  pa- 
rallel «  to  BD.  and  ft  was  ihcwn  to  be  equal  t»  it.  therefore^*  *7*  »* 
ftraight  lines,  &c.    Q^E,  D. 


PRO^  XXXJV.     TH£OR. 

THE  oppofite  fides  and  angles  of  parallelograms  art 
equal  to  one  another^  and  the  diametet  bifeds 
theiDy  that  is,  divides  thetti  iato  two  equal  pares. 

N.  B.  A  Parallelogram  it  a  four  ftded  figure  of  n»hitb 
the  oppofite  fides  are  paralleL  and  the  diameter  is  the 
firaight  line  jpining  two  of  its  oppofite  angles. 

Let  ABCD  be  a  parallelogram,  of  which  BC  is  a  diameter, 
the  oppofite  iides  and  angles  of  the  %ure  are  equal  to  one  ano« 
ther ;  and  the  diameter  BC  bife£ls  it. 

Becaufe  Afi  is  parallel  to  CD,  and  BC  meets  them,  the  alternate 
angles  ABC,  BCD  are  equal  •  to   ^  ^  a#  «^  i. 

one  another,,  and  becaufe  AC  is 
parallel  to  BD,  and  BC  meets 
them,  the  alternate  angles  ACB, 
CBD  are  equal  »  to  one  another, 
wherefore  the  two  triangles  ABC, 
CBD  have  two  angles  ABC,  BC  A 
in  one,  equal  to  two  angles  BCD,  CBD  in  the  other,  each  to  e^ch, 
and  one  (ide  BC  common  to  the  two  triangles,  which  is  adjacent 
to  their  equal  angles ;  therefore  their  mother  fides  Ihall  be  equal, 
each  to  each,  and  the  third  angle  of  the  one  to  the  third  angle  of 
the  other  *,  viz.  the  fide  AB  to  the  fide  CD,  and  AC  to  BD,  and  b.  a^- 1- 
the  angle  BAC  equal  to  the  angle  BDC.  and  becaufe  the  angle 
ABC  is  equal  to  the  angle  BCD,  and  the  angle  CBD  to  the  angle 
ACB ;  the  whole  angle  ABD  is  equal  to  the  whole  angle  ACD, 
and  the  angle  BAQhas  been  fhcwn  to  be  equal  to  the  angle  BDC; 
therefore  the  oppofite  fides  and  angles  of  parallelograms  arc  equal 
to  one  another,  alfo,  their  diameter  bifeds  them,  for,  AB  being 
equal  to  CD,  and  BC  common;  the  two  AB,  BC  are  equal  to  die 
two  DC,  CB,  each  to^each ;  and  the  angle  ABC  is  vqual  to  the 


N 
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Book  I.  angle  BCD;  therefore  the  triangle  ABC  is  equal « to  the  triangfe 
BCD,  and  the  diameter  BC  divides  the  parallelogram  ACDB  into 
two  equal  partsu   Q.  E.  D. 


Ok  4*  X. 


PROP.  XXXV.     THEOR. 

SeeK.      T^Arallelograms  upoH  the  fame  bafe  and  between 
X^     the  fame  parallels,  are  equal  to  one  another. 

4d  Md  *^a      ^^*  *^  parallelograms  ABCD,  EBCF  be  upon  the  fame  bafe 
Figures.     ^C  and  between  the  fame  parallels  AF,  BC.  the  parallelogram 
,  ABCD  fhall  be  equal  to  the  parallelogram  EBCF. 

If  the  fides  AD,  DF  of  the  parallelograms  ABCD,  DBCF  pppo^ 
fite  to  the  bafe  BC,  be  terminated  in  . 


ft.  34.  i« 


the  fame  point  D ;  it  is  plain  that  each  j^ 
of  the  parallelograms  is  double  *  of  the"- 
triangle  BDC ;  and  they  are  therefore 
equal  to  one  another. 

But  if  the  fides  AD,  EF  oppofite  to  the 
bafe  BC  of  the  parallelograms  ABCD, 
EBCF  be  not  terminated  in  the  fameB 
point ;  then  becaufe  ABCD  is  a  parallelogram,  AD  is  equal  *  to 
BC ;  for  the  fame  reafon,  EF  is  equal  to  BC  5  lyherefore  AD  is 
equal  ^  to  EF ;  and  DE  is  common;  therefore  the  whole,  or  the 
c*  a.  or  3.  remSiinder,  AE  is  equal  ^  to  the  whole,  or  the  remainder  DF ; 
^^        AB  alfo  is  equal  to  DC  j  and  the  two  E A,  AB  are  therefore  equal 


h.  tj  Ax. 


A       P  E 


F  A  E   D   T^* 


d*  ap'  X. 
e.  4.  x« 


to  the  two  FD,  DC,  each  to  each ;  and  the  exterior  angle  FDC 
is  equal  ^  to  the  interior  E  AB  \  therefore  the  bafe  EB  is  equal  to 
the  bafe  FC,  and  the  triangle  EAB  equal  «  to  the  triangle  FDC. 
take  the  triangle  FDC  from  the  trapezium  ABCF,  and  from  the 
fame  trapezium  take  the  triangle  EAB;  the  remainders  therefore  arc 
t  3.  Ax.  equal  %thati8,the  parallelogram  ABCDis  equal  to tlie  parallelogram 
EBCF.  therefore  parallelogranvs  upon  the  {^e  bafe^  &c.  QJ£.  D. 
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look  J, 

PROP.  XXXVI.     THEOR. 

f 

PARALLELOGRAMS  upon  equal  bafes  apd  between 
the  fame  pat-alleU,  are  equal  to  one  another. 

Let  ABCD,  EFGH  be  parallelograms  upon  equal  bales  BC,  FG, 
and  l>etveen  the  fame  pa-     .       -  r\    1?  t  r 

rallels  AH,  EG;  the  paral-  A .     Z'  ? 

lelogram  ABCD  is  equal 
to  EFGH. 

Join  BE,  CH ;  and  be- 
caufe  BC  is  equal  to  FG, 

and  FG  to  •  EH,  BC  is  d ^T         {}    '  — "^  »•  34«  U 

equal  to  EH;   and   they-^  K^  F  Ky 

are  parallels,  and  joined  towards  the  fame  parts  by  the  ftraight 
lines  BE,  CH«  but  ftraight  lines  which  Join  equal  and  parallel 
ftraight  lines  towards  the  fame  parts,  are  themfelves  equal  and 
parallel  >»  •,  therefore  EB,  CH  are  both  equal  and  parallel,  and  ^*  33*  <• 
£BCH  is  a  parallelogram;  and  it  is  equal  ^  to  ABCD,  becaufe  it  ^*  35*  '* 
is  upon  the  fame  bafe  BC,  and  between  the  fame  parallels  BCy 
AD.  for  the  like  reafon.the  parallelogram  EFGH  is  equal  to  the 
lame  EBCH.  therefore  alfo  the  parallelogram  ^BCD  is  equal  ta 
EFGH.    Wherefore  parallelograms,  &c.   Q^JL.  D. 

PROP.  XXXVII.     THEOR. 

TRIANGLES  upon  the  fame  bafe,  and  between  the 
fame  parallels,  are  equal  to  one  another. 

Let  the  triangles  ABGi  DBC  be  upon  the  fame  bafe  BC  and 
between    the    fame    patallelspi  A    Tl  W 

AD,  BC-  the  triangle  ABC  is**^  -tV  XF  T 

equal  to  the  triangle  DBC. 

Produce  AD  both  ways  to 
the  points  E,  F,  and  thro'  B 

draw  •  BE  parallel  to  CA;  \J/  \/  .  «.  31,  t, 

and  thro*  C  draw  ^  CF  parallel  t>  /^ 

to  BD.  therefore  each  of  the  H  i^ 

figures  EBC  A,  DBCF  is  a  parallelogram;  and  £BC  A  is  equal  t>  to  b.  35.  i. 
DBCF,  becaufe  they  are  upon  the  fame  bafe  BC,  and  between  the 
£une  parallels  BCj  EF;  and  the  triangte  ABC  is  the  half  of  the  pa« 
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Book  T.  rallelogram  EBCA,  becaufe  the  diameter  AB  bifefts  ^  it;  and  the 

^'^^VX-' triangle  DBC  is  the  half  of  the  parallelogram  DBCF,  becaufe 

c-  34'   •  .  ^jjg  diameter  DC  bifefts  it.  but  the  halves  of  equal  thii^s  are 

d.  7.  Ax.    equal  ^5  therefore  the  triangle  ABC  is  equal  to  the  triangle  DBC. 

Wherefore  triangle^,  &c.    Q^E.  D. 

PROP.  XXXVIH.     THEOR.      . 

TRIANGLES  upon  equal  bafes,  and  between  the 
fame  parallels^  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bafes  BC,  EF,  and 
between  the  fame  parallels  BF,  AD.  the  triangle  ABC  is  equal 
to  the  triangle  DEF. 

Produce  AD  both  ways  to  the  potnts  G,  H,  and  thro'  B  draw 

a.  31.  f.    BG  parallel  »  to  CA,  and  thro'  F  draw  FH  parallel  to  ED.  then 

each    of   the    figures^  _._, 

GBCA,  DEFH  is  iG A  D  ±t 

parallelogram  ;      and 

b.  36. 1,    they   are   equal  *  to 

one  another,  becaufe 

^  they  are  upon  equal 

bafes  BC,  EF  and  be- 

tween  the  fame  paral- 

c.  34-  I.     lels  BF,  GH ;  and  the  triangle  ABC  is  the  half  «  of  the  paral- 

lelogram GBCA,  becaufe  the  diameter  AB  bifefts  it  5  and  the 
triangle  DEF  is  the  half  ^  of  the  parallelogram  DEFH,  becaufe 
the  diameter  DF  bifefts  it.  but  the  halves  of  equal  things  are 

d.  7.  Ax.    equal**;   therefore  the  triangle  ABC  is  equal  to  the  triangle 

DEF.  Wherefore  triangles,  &c.    Q^E.  D. 


B  CE  F 
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PROP.   X5aaX.      THEOR. 

QIJAL  triangles  upon  the  fame  bafe,  and  upon  the 
fame  fide  of  it,  are  between  the  fame  parallels. 


Let  the  equal  triangles  ABC,  DBC  be  upon  the  fame  bafe  BC, 

and  upon  the  fame  Gde  of  it;  they  are  between  the  fame  parallels. 

Join  AD  5  AD  is  parallel  to  BCj  for  if  it  is  not,  thro'  die  point 

a.  31. 1.    A  draw  *  AE  parallel  to  BC,  and  join  EC*  the  triangle  ABC  id 


1 


^ual  ^  to  Ac  triangle  EBC,  becaufc  it  is  upon  the  fame  bafe  BC,   Book  L 
jind  between  the  fame  parallels  BC,  AE.   K  T\  •         v>V%^ 

but  the  triangle  ABC  is  equal  to  the  tri-    — ■*'  ^  ^''  *' 

angle  BDC;  therefore  alfo  the  triangle 
BDC  is  equal  to  the  triangle  EBQ  the 
greater  to  the  lefs,  which  is  impoffible. 
therefore  AE  is  not  parallel  to  BC.  in 
the  fame  manner  it  can  be  demonftrated 

that  no  other  line  but  AD  is  parallel  to  BC;  AD  is  therefore  pa- 
rallel to  it.   "Wherefore  equal  triangles  upon,  &c.   Q^E*  D, 


E 


PROP.   XL.     THEOR. 

QITAL  triangles  upon  equal  bafes,  and  towards  the 
fame  parts,  are  between  the  fame  parallels* 


t.  3t.  u 


Let  th^  eqMal  triangles  ABC,  DEF  be  upon  equal  bafes  BC,  EE^ 
^dad  towards  the  fame  parts ; 
they  are  between  the'  fame 
parallels. 

Join  AD  ;  AD  is  parallel 
to  BF.  for  if  it  is  not,  thro' 
A  dfaw  *  AG  parallel  to  BF, 

and  join   QF,   the  triangle  /^     T?  -o 

ABC  is  equal  *»  to  the  triangle  I>  V      JL  JW 

GEF,  becaufe  they  are  upon  equal  bafes  BC,  EF,  and  between  the  '^  *  '* 
fame  parallels  BF,  AG.  but  the  triangle  ABC  is  equal  to  the  tri- 
angle DEF ;  therefore  alfo  the  triangle  DEF  is  equal  to  the  tri- 
angle QEF,  the  greater  to  the  lefs,  which  is  impoflible.  therefore 
AG  is  not  parallel  to  BF.  and  in  the  fame  manner  it  can  be  demon- 
ftrated  that  there  is  no  other  parallel  to  it  but  AD,  AD  is  there- 
fore parallel  to  ,BF.'  Wlxerefore  equal  triangles,  ,^c.   QJE.  D. 


PROP.   XLI.     THEOR. 

IF  a  parallelogram  and  triangle  be  npon  the  fame 
hafe,  and  between  the  fame  parallels;,  the  paral- 
lelogram ihall  be  .double  of  tb^  triangles 

C  2 


3« 

Book  I. 


a.  37.  X. 


b.  34.  X, 


THE    ELEMENTS 

Let  the  parallelogram  A  BCD  and  the  triangle  EBC  be  upoit 
the  fame  bafe  BC,  and  between  the  fame  parallels  BC,  AE ;  the 
parallelogram  ABCD  is  double  of  the  a  Tl     T? 

triangle  EBC.  A  If     IS, 

Join  AC ;  then  the  triangle  ABC  is 
equal  ^  to  the  triangle  EBC,  becaufe 
they  are  upon  the  fame  bafe  BC,  and 
between  the  fame  parallels  BC,  AE. 
but  the  parallelogram  ABCD  is  double  *» 
of  the  triangle  ABC,  becaufe  the  dia- 
meter AC  divides  it  into  two  equal 
parts;  wherefore  ABCD  is  alfo  double  of  the  triangle  EBC.  there-: 
fore  if  a  parallelogram,  &c.   Q;^E.  D. 

PROP.  XLII.     PROB. 


a.  xo.  x« 

b.  «3.  X. 
c*  31. 1. 


TO  defcribe  a  parallelogram  that  (hall  be  equal  to 
a  given  triangle,   and  have  one  of  its  angles 
equal  to  a  given  re&ilineal  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  reftilineal  an- 
gle. It  is  required  to  defcribe  a  parallelogram  that  (hall  be  equal 
to  the  given  triangle  ABC,  and  have  one  of  its  angles  equal  to  D. 

Bifea  a  BC  in  E,  join  AE,  and  at  the  point  E  in  the  ftraight 
line  EC  make  b  the  angle  CEF  equal  to  Dj  and  thro'  A  draw  «  AG 
parallel  to  EC,  and  thro*  C  draw  «  A  T?        P 

CG    parallel    to   EF.    therefore  -^  ^        ^ 

FECG  is  a  parallelogram,  and  be- 
caufe BE  is  equal  to  EC,  the  tri- 
d.  38. 1,  angle  ABE  is  likewife  equal  ^  to 
the  triangle  AEC,  fincc  they  arc 
upon  equal  bafes  BE,  EC  and  be- 
tween the  fame  parallels  BC,  AG;^  -j^  ^ 
therefore  the  triangle  ABC  is  dou-"  -^  ^ 
ble  of  the  triangle  AEC.  and  the  parallelogram  FECG  is  likewife 
^x.  I.  double  «  of  the  triangle  AEC,  becaufe  it  is  upon  the  fame  bafe, 
and  between  the  fame  parallels,  therefore  the  parallelogram  FECG 
is  equal  to  the  triangle  ABC,  and  it  has  one  of  its  angles  CEF 
equal  to  the  givfen  angle  L^ wherefore  there  has  been  defcribed  a 


e. 
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parallelogram  FECG  equal  to  a  given  triangle  ABC,  having  one  of  Book  I, 
its  angles  C£F  equal  to  the  given  angle  D.  Which  was  to  be  done. 

PROP,  XLin.     THEOR- 

THE  complements  of  the  parallelograms  which  are 
about  the  diameter  of  any  parallelogram,  are 
equal  to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  AC, 
and  £H,FG  the  parallelograms  A         -jj-  -f\ 

about  AC,  that  is,  thrd  vihich  •^       "^  ^ 

AC  paffes,  and  BK,  KD  the 
other  parallelograms  which 
make  up  the  whole  figure 
AB|CD^  which  are  therefore 
called  the  complements,  the 
complement  BK  b  equal  to  _  _  _ 

the  complement  KD.  j3         Gr  vS 

Becaufe  ABCD  is  a  parallelogram,  and  AC  its  diameter,  the 
triangle  ABC  is  equal  •  to  the  triangle  ADC.  and  becaufe  EKH A  ••  34-  »• 
is  a  parallelogram,  the  diameter  of  which  is  AK,  the  triangle  AEE 
is  equal  to  the  triangle  AHK.  by  the  fame  reafon,  the  triangle 
KGC  is  equal  to  the  triangle  KFC.  then  becaufe  the  triangle  AEK 
is  equal  to  the  triangle  AHK,  and  the  triangle  KGC  to  KFC  5 
the  triangle  AEK  together  with  the  triangle  KQC  is  equal 
to  the  triangle  AHK  together  with  the  trianglq  KFC.  but  the 
whole.triangle  ABC  is  equal  to  the  whole  ADC  \  therefore  the 
remaimng  complement  BK  is  equal  to  the  remaining  complement 
KD*    Wherefore  the  complements,  &c.    Q^E.  D« 

PROP.   XLIV.      PROB- 

TO  a  given  ftraight  line  to  apply  a  parallelogram^ 
which  {hall  be  equal  to  a  given  triangle,  and  have 
one  of  its  angles  equal  to  a  given  redilineal  angle. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  triangle,  and 
D  the  given  reftilineal  angle.  It  is  required  to  apply  to  the 
ftraight  line  AB  a  parallelogram  equal  to  the  triangle  C,  and 
having  an  angle  equal  to  D* 

C3 
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ft-.  42.  I. 


%•  51.  I. 


C«   3p.  I. 


Make  * 
parallelogram 
BEFG  equal  to 
the  triangle  C 
and  having  the 
angle  EBG  e- 
qual  to  the  angle 
D,   fo   that   BE 

be   in  the  fame  '  JcL  A*  II 

ftraight  line  with  AB,  and  produce  FG  to  H ;'  and  thro'  A  draw 
^  Ah  parallel  to  BG  or  EF,  and  join  HB.  then  becaufe  the  ftraight 
line  HF  iFalls  upon  the  parallels  AH,  EFj  the  angles  AHF,  HFE 
ate  together  equal  ^  to  two  right  angles  5  wherefore  the.  angles 
BHF,  HFE  are  lefs  than  two  right  angles,  but  ftraight  line$ 
which  with  another  ftraight  line  make  the  interior  anglps  upon  the 

d.  u.  Ax.  fajne  fide  lefs  than  t*ro  right  angles,  do  meet  *  if  produced  far 
enough,  therefore  HB,  F£  ihaU  meet^  if  produced;  let  them  meet; 
in  K,  and  thro*  K  draw  KL  parallel  to  EA.or  FH,  and  produce 
HA,  GB  to  the  points  L,  M.  then  HLKF  is  a  parallelogram,  of 
which  the  diameter  is  HK,  and  AG,  ME  are  the. parallelograms 
jibout  HK  5  and  LB,  BF  are  the  complements ;  therefore  LB  is 
equal « to  BF.  but  BF  is  equal  to  the  triangle  C;  wherefore  LB  is 
equal  to  the  triangle  C.  and  becaufe  the  angle  GBE  is  equal  ^ 
to  the  angle  ABM,  and  like  wife,  to  the  angle  D;  the  angle  ABM 
is  equal  to  the  angle  D.  therefore  the  parallelogram  LB  is  applied 
to  the  ftraight  line  AB»  is  eqtial  to  the  triangle  C,  and  hat  the 

^  angle  ABM  equal  to  the  angle  D.    Which  was  to  be  done," 


e*  43*  I 
f.  15.  1. 


a.  4a.  X. 

b»  44.  I. 


PROP.     XLV,        PROB,         ^;; 

T'O  defcribe  a  parallelogram  equal  to  a  givemreSi- 
lineal  figure,  and  having  an  angle  equal  to  a 
given  reSilirieal  angle. 

Let  ABCD  be  the  given  reflilineal  figure,  and  E  the^given  rec^ 
tilincal  angle.  It  is  required  to  defcribe  a  parallelogram  equri  to 
ABCD  and  having  an  angle  equal  to  E.  < 

Join  DB,  and  defcribe  *  the  parallelogram  FH  equal  to  th^ 
triangle  ADB,  and  having  the  angle  HKF  cqUal  to  the  angle  E; 
and  to  the  ftraight  line  GH  apply  ^  the  parallelogram  QM  equal 
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to  the  triangle  DBC  haying  the  angle  GHM  equal  to  the  angle  E.  Bo^^U 
and.  becaufe  the  angle  E  is  equal  to  each  of  the  angles  FKH,  GHM, 
the  angle  FKH  is  equal  to  GHM;  add  to  each  of  thefe  the  angle 
KHG  ;    therefore  .  .^^  T?        ^     T 

the   angles   FKH.  A.  JJ  Jj         V     4^ 

KHG  are  equal  to    \  A'      / 

the  angles  KHG,      \  /  \    [E 

GHM.  but  FKH>         \        /      \ 

KHG  are  equal  «  \      /         \  /  /        /        c.  49.  x» 

to  two  right  an-  \/  \ 

glcsj  therefore  alfo  iL     "        X  ir      it    "«/r 

KHG,  GHM  are  3  C  jt    it   M 

equal  to  two  right,  angles,  and  becaufe  at  the  point  H  in  the  ftraight 
line  GH,  the  two  ftraight  lines  KH,  HM  upon  the  oppofite  fides 
of  it  make  the  adjacent  angles  equal  to  two  right  angles,  KH  is  in 
the  fame  ftraight  '  line  with  HM.  and  becaufe  the  ftraight  line  ^*  '4*  <• 
HG  meets  the  parallels  KM,  FG,  the  alternate  angles  MHG,  HGF 
are  equal  ^ ;  add  to  each  of  thefe  the  angle  HGL  ^  therefore  the 
angles  MHG,  HGL  are  equal  to  the  angles  HGFj  HGL.  but  th^ 
angles  MHG,  HGL  are  equal  ^  to  two  right  angles  \  wherefore 
alfo  the  angles  HGF,  HGL  are  equal  to  two  right  angles^  and  FG 
is  therefore  in  the  fame  ftraight  line  with  GL.  and  becaufe  KF  is 
parallel  to  HQ,  and  HG  to  MLj  KF  is  parallel « to  ML.  and  KM,  «•  30.  u 
FL  are  parallels;  wherefore  KFLM  is  a  parallelogram,  and  becaufe 
the  triangle  ABD  is  equal  to  the  parallelogram  HF,  and  the  tri* 
angle  DBC  to  the  parallelogram  GM;  the  whol^^  ref^ilineal  figure 
ABCD  is  equal  to  the  whole  parallelogram  KFLM.  therefore  the 
parallelogram  KFLM  has  been  defcribed  equal  to  the  given  rec* 
tilineal  figure  ABCD,  having  the  angle  FKM  equal  to  the  given 
angle  £•     Which  was  to  be  done. 

Cor.  From  this  it  is  manifeft  how  to  a  given  ftraight  line  to 
apply  a  parallelogram,  which  fliall  have  an  angle  equal  to  a  given 
reflilineal  angle,  and  fliall  be  equal  to  a  given  re£tilineal  figure, 
▼iz.  by  applying  ^  to  the  given  ftraight  line,  a  parallelogram  equal  ^  44*  2* 
to  the  firft  triangle  ABD,  and  having  an  angle  equal  to  the  given 
angle. 
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PROP.  XLVI.     PROB. 


H.  II.  I. 

b.  3.  u 

c.  31.  X. 


X  O  defcribe  a  fquare  upon  a  gtvea  ftraight  line. 

liCt  A  B  be  the  given  ftraight  line  j  it  is  required  to  defcribe  a 
fquare  upon  AB. 

From  the  point  A  draw  »  AC  at  right  angles  to  ABj  and  make 
b  AD  equal  to  AB,  and  thro*  the  point  D  draw  DE  parallel  ^  to 
it,  and  thro'  B  draw  BE  parallel  to  AD.  therefore  ADEB  is  a  pa- 
4.  34. 1,  rallelogramj  whence  AB  is  equal  ^  to,DE,  and  AD  to  BE.  but 
BA  is  equal  to  AD}  therefore  the  four  f^ 
ftraight  lines  BA,  AD,  DE,  EB  are  c-  ^ 
qual  to  one  another,  and  the  parallelo- 
gram ADEB  is  equilateral,  likewife  all  jD 
its  angles  are  right  angles;  becaufe  the 
ftraight  line  AD  meeting  the  parallels 
AB,  DE,  the  angles  BAD>  ADE  are 
f»  a^.  X.    equal  «  to  two  right  angles ;  but  BAD 

is  a  right  angle,  therefore  alfo  ADE  is    a 

a  right  angle,  but  the  oppofite  angles  A. 

of  parallelograms  are  equal  ^;  therefore  each  of  the  oppofite  angles 

ABE,  BED  is  a  right  angle;  wherefore  the  figure  ADEB  is  rec# 

tangular.  and  it  has  been  demonftrated  that  it  is  equilateral;  it  is 

therefore  a  fquare,  and  it  is  defcribed  upon  the  given  ftnight  tint 

ABt     Which  was  to  be  done. 

CoR.  Hence  every  parallelo^m  th^t  h^s  pn^  right  angle  lias 
all  its  angles  right  angles. 

PROP.  XLVII.     THEOR. 

IN  any  right  angled  triangle,  the  fquare  which  is  de* 
fcribed  upon  the  fide  fubtending  the  right  angle^ 
is  equal  to  the  fquares  defcribed  upon  the  fides  which 
contain  the  right  angle* 

Let  ABC  he  a  right  angled  triangle  having  the  right  angle 
BAG;  the  fquare  defcribed  upaa  the  fide  BCj  is  equal  to  the 
fquares  defcribed  upon  BA9  AC.  , 
8.  46,  u        On  BC  defcribe  *  the  fquare  BD£C|  and  on  BA,  AG  the  fquarea 
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GB,  HC;  and  thro*  A  draw  b  AL  parallel  to  BD  or  CE,  and  join  Boo^  ^' 
AD,  FC.  then  bccaufe  each  of  the  angles  BAG,  BAG  is  a  right 
»ngle  ^,  the  two  ftraight  lines 
AC,  AG  upon  the  oppofite 
Bdes  of  AB,  make  with  it  at 
the  point  A  the  adjacent  angksiji 
equal  to  two  right  angles; 
therefore  CA  is  in  the  fame 
ftraight  Une  *  with  AG.  for 
the  fame  reafon,  AB  and  AH 
sve  in  the  fame  ftraight  line, 
and  becaufe  the  angle  DBG  is 
equal  to  the  angle  FB  A,  eadi 
of  them  being  a  right  angle, 
add  to  each  the  angle  ABC, 
and  the  whole  angle  DBA  is 

equal  •  to  the  whole  FBC  and  becaufe  the  two  fides  AB,  BD  are  «•  «•  Aa. 
equal  to  the  two  FB,  BC,  each  to  each,  and  the  angle  DBA  equal 
to  the  angle  FBC  •..therefore  the  bafe  AD  is  equal  ^  to  the  bafe  FC,  ^  4-  J* 
ind  the  triangle  ABD  to  the  triangle  FBC.  now  the  parallelogram 
BL  is  double  f  of  the  triangle  ABD,  becaufe  they  are  upon  the  8-  4i-  »• 
fame  bafe  BD,  and  between  the  fame  parallels  B£i,  AL;  and  the 
fquare  GB  is  double  of  the  triangle  FBC,  becaufe  thcfe  alfo  arc 
upon  the  fame  bafe  FB,  and  between  the  fame  parallels  FB,  GC. 
but  the  doubles  of  equals  are  equal  ^  to  one  another.  thercfSre'the  ^'  ^'  ^ 
parallelogram  BL  is  equal  tb  the  fquare  GB.  and  in  the  fame 
manner,  by  joining  ^E,  BK,  it  is  demonftrated  that  the  parallelo- 
gram CL  is  equal  to  the:  fquare*HC.   Therefore  the  whole  fquare 
BDEC  is  equal  to  the  two  fquares  QB^  HG.  and  the  fquare  BDEC 
IS  defcribed  upon  the  ftraight  line.BC,  and  the  fquares'GB,  HC 
upon  BA,  AC.  wherefore  the  fquare  upon  the  fide  BC  is  equal 
to  the  fquares  upon  the  fides  BA,  AC,    Therefore  in  any  right 
angled  triangle,  &c.'  Q^E.  Dt 

PROP.  XLVm.     THEOR. 

IF  the  fquare  defcribed  upon  one  of  the  fides  of  a 
triangle^  be  equal  to  the  fquares  defcribed  upon 
the  other  two  fides  of  it ;  the  angle  contained  by  thefe 
two  iides  is  a  right  an^^le* 
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If  the  iquare  defcribed  upon  BC  one  of  the  fides  of  the  trian*. 
gle  ABC  be  equal  to  the  fquaves  upon  the  other  fides  B A^  AC  ^ 
,  the  angle  BAG  is  a  right  angle. 

From  the  point  A  draw  *  AD  at  righf  angks  to  AC,  and  naake 
AD  equad  to  B A,  and  join  DC.  them  becaufe  DA  is  equal  to  ABj 
the  fquare  of  DA  is  equal  to  the  fquare  oi 
ABj  to  each  of  thefe  add  the  {quare  of  AC, 
therefore  the  fquares  of  DA,  AC  are 
equal  to  the  fquares  of  BA,  AC.  but  the 
1j.  47. 1,  fquare  of  DC  is  equal  b  to  the  fquares  of 
DA,  AC,  becaufe  DAC  is  a  right  angle ; 
and  the  fquare  of  BC,  by  Hypothcfis,  is 
equal  to  the  fqiiates  of  BA,  ACj  therefore, 
the  fquare  of  DC  is  equal  to  the  fquare  ofJtS 
BC  -,  and  therefore  alfo  the  fide  DC  is  equal  to  the  fide  BC.  and 
becaufe  the  fide  DA  is  equal  to  AB,  and  AC  common  to  the  two 
triangles  D AC,  BAC,  the  two  DA,  AC  are  equal  to  the  two  BA, 
AC;  and  the  bafe  DC  is  equal  to  die  bafe  BC;  therefore  the  azi« 
gle  D AC  is  equal  ^  to  the  angle  BAC.  but  D AC  is  a  right  angle, 
therefore  alfo  BAC  is  a  tight  angle.  Therefore  if  the  fquare,  &<% 
(^E.  D. 
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DEFINITIONS, 

I. 

EVERT  right  i^gled  paralldogram  is  faid  to  be  contained 
hj  any  two  of  the  itraight  lines  which  contain  one  of  th* 
right  angles* 

11. 

In  every  parallelogrami  any  of  the  parallelograms  about  a  diame- 
ter, together  with  the  two 

complements,    is    called    a     A         E  j^ 

Gnomon.    <  Thus  the  pi-   "''^'*"   '  ^i-*/ 

<  rallelogram   HG  together 

<  with  the  complements  AF, 

<  FC  is  the  gnomon,  which  -tt- 

•  is ,  poore   briefly  exprefled    ' 
^by  the  letters  AGK^or  B 

♦  EHC  which  are  at  the  op- 

<  pofite  angles  of  the  parallelograms  which  make  the  gnomon.* 

« 

PROP.  I.     THEOR, 

I 

IF  thfere  be  two  ftraight  lines,  one  of  which  is  divided 
jAto  any  nutnber  of  parts }  the  re6;ai)gie  contained 
by  the  two  ftraight  lines,  is^  equal  to  the  refbngles 
contained  by  the  undivided  line^  and  the  feveral  p«tt< 
pf  the  divided  line*    • 
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Let  A  and  BC  be  two  ftraight  lines;  and  let  BC  be  divided  into  * 
any  parts  in  the  points  D,  E  j  the  reftangle  contained  by  the 
ftraight  lines  A,  BC  is  equal  to,^ 
the  reftangle  contained  by  A,  BD;-" 
and  to  that  contained  by  A,  D£; 
and  alfo  to  that  contained  by  Aj 
EC. 

From  the  point  B  draw  *  BF^* 
at  right  angles  to  BC,  and  make 
BG  equal  *>  to  A ;  and  thro*  G  p 
draw  «  GH  parallel  to  BC;  and 

thro*  D,  E,  C  draw  «  DK,  EL,  CH  parallel  to  BQ.  then  the 
reaanglc  BH  is  equal  to  the  reftangles  BK,  DL,  EH  -,  and  BH 
is  contained  by  A,  BC;  for  it  is  contained  by  GB,  BC,  and  GB 
is  equal  to  As  and  BK  is  contained  by  A,  BD,  for  it  is  contained 
by  GB,  BD,  of  which  GB  is  equal  to^  j  and  DL  is  contained 
by  A,  DE,  becaufe  DK,  that  is  ^  BG,  is  equal  to  A;  and  in  like 
manner  the  reaanglc  EH  is  contained  by  A,  EC.  thcrdforc  the 
reftangle  contained  by  A,  BC  is  equal  to  the  feveral  re^anglc^s 
contained  by  A,  BD,  and  by  A,  DE,  and  alfo  by  A,  EC  Where- 
fore if  there  be  two  ftraight  lines,  &c.   C^E.  D. 

PROP.  n.     THEOR. 

IF  a  ftraight  line  be  divided  iato  any  two  parts,  the 
redangles  contained  by  the  whole  and  ead^  of  the 
parts,  are  together  c^wkl  to  the  fquire  of  the  wfiole  line. 

Let  tlie  ftraight  line  AB  be  divided  into  Ml 
any  two  parts  in  the  point  C;  the  reaangle"^ 
contained  by  AB,  BC  together  with  the 
redangle  •  AB,  AC  fliall  be  cqu^  to  the 
fquare  of  AB. 

Upon  AB  defcribe  •  the  fquare  ADEB, 
and  thro'  C  draw  b  CF  parallel  to  AD  or 
BE.  then  AE  is  equal  to  the  rcftangles  AF 
CE;  and  AE  is  the  fquare  of  AB9  and 


*  N.  B.  To  avoid  repeating  the  word  Contained  too  frequently,  the  reAangle 
contained  by  two  ftraight  lines  AB,  AC  is  fometimcs  'fimply  called  the  reaanglc 
ABf  AC 
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U  the  re£%angle  contained  by  BA,  AG ;  for  it  is  contained  by  Book  ir. 
DA)  AC,  of  which  AD  is  equal  to  AB;  and  CE  is  contained  by 
AB,  BC,  (or  BE  is  equal  to  AB.  therefore  the  re£l:angle  contained 
by  AB,  AC  together  with  th«  re£langle  AB»  BC,  is  equal  to  the 
fquare  of  AB.   If  therefore  a  ftraight  line,  &c.   C^E.  D. 


PROP.  in.     THEOR. 


I 


IF  a  ftraight  line  be  divided  into  any  two  parts,  the 
re&angle  contained  by  the  whole  and  one  of  the 
parts,  is  equal  to  the  redangle  contained  by  the  two 
parts,  together  with  the  fquare  of  the  forefaid  part. 


A  C 


B 


Let  the  ftraight  line  AB  be  diridcd  into  any  two  parts  in  the 
point  C-,  the  redangle  AB,  BC  is  equal  tp  the  reftangle  AC,  CB 
together  with  the  fquare  of  BC. 

Upon  BC  defcribe  •  the  fquare 
CDEB,  and  produce  ED  to  F,  and 
thro*  A  draw  ^  AF  parallel  to  CD 
or  BE.  then  the  reftangle  AE  is 
equal  to  the  reflrangles  AD,  CE ; 
and  AE  is  the  reftangle  contain- 
ed by  AB,  BC,  for  it  is  contained 

by  AB,  BE,  of  which  BE  is  equal  _^ 

to  BC  J  and  AD  is  contained  by    X         U  t*d 

AC,  CB,  for  CD  is  equal  to  CB ;  and  DB  is  the  fquare  of  BC. 
therefore  the  redangle  AB,  BC  is  equal  to  the  reftangle  ACj,  CB 
together  with  the  fquare  of  BC.  If  thierefore  a  ftraight  line,  &c. 
C^E.  D.     '  ^ 

PROP.  IV.     THEOR. 

IF  a  ftraigbt  line  be  divided  into  any  two  parts,  the 
fquare  of  the  whole  line  is  equal  to  the  fquares 
of  the  two  parts,  together  with  twice  the  reftangle  con* 
tained  by  the  parts. 

Let  the  ftraight  line  AB  be  divided  mto  any  two  parts  in  C^ 
the  fquare  of  AB  is  equal  to  the  fquares  of  AC9  CB  and  to 
twice  the  rectangle  contained  by  AC>  CB; 
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Upon  AB  defqrijbe  »  the  fq^are  ADEB,  and  join  BD,  and 
thro*  C  draw  «>;CGFiparallei  to  AD  or  BE,  and  tbrp'  Q  draw  HK 
parallel  tp  AB  or  PE.  and  becanfe  CF  is  parallel  to  AD-,  and  BJ) 
falls  ,\ipon  them,  the  ,exterior  angle  BGG  is  equal  « to  the  bterior 
and  oppof;te  angle  ADBj  but  ADBis  equal  ^  to  the  angle  ABD, 
becaufe  BA  is  equal  to  AD,  being  fides  of  a  fquarej  wherefore  the 
angle  CGB  is  equal  to  the  angle  QBC^      j^  g^      -y^ 

and  therefore  the  fide  BC  is  equal  *  to    *^^-  —  ^—  -^ 
the  fide  CO.  but  QB  is  equ^  ^fo  ^  to       j 
XIK,  and  CO  to  BK>  wherefore  the  *Jp 
figure  CGKB  is  equilateral,  it  is  like-  ^^ 
wife  reftangular  5  for  CG  is  parallel  to 
BK,  and  CB  meets  them,  th^  angles 
rEBC,  GCB  are  therefore  qqual  to  two  " 
jfight  angles ;  and  KBC  is  a  right  an-  -t^  Jd 

gle,  wherefore  GCB  is  a  right  angle ;  and  tl^Jrefbre  alfo  the  an- 
gles-' CGK,  GKB  oppofite  to.thefe  are  right  angles,  and  CGKB 
is  reaangular.  but  it  is  alfo  equilateral,  as  was  demonftrateAj 
wherefore  it  is  a  fquare,  and  it  is  upon  the  fide  CB.  for  the  fame 
re^fon  HF  alfo  is  a  Tquarc,  and  it  is  upon  the  fide'HG  whi^h  is 
cqpal  to  AC»«  therefore  HE,  CJC^are  the  fguares  of  AC,  CB.  and 
becaufe  the  complement  AG  is*  equal  e  to  the  complement  GE, 
ana  that  AG  is  the  reftangle  contained  by  AC,  CB,  for  GC  is 
equal  .to  CB ;  therefore  GE  is  alfo  equal  to  the  redangle  AC, 
CB }  wherefore  AQ,  GE  are  equal  to  twice  the  reftangle  AC, 
CB.  and  HF,  CKare  the  fquares  of  AC,  CB;  wherefore  the  foiir 
figures  HF,  CK^  AG,  GE  are  equal  to  the  fquaressof  AC,  .CB 
and  to  twice  the  reftangle  AC,  CB.  but  HF,  CK,  AQ,  GE  make 
up  the  whole  figure  AD£;B  which  ^s  the  fquare  of  XB.  thereLre 
the  fquare  of  AB  is  ecjlial  to  the  fquares  of  AC,  CB  a^id  twice 
the  reftangle  AC,  CB.  Wherefore  if  a  ftraight  line,  &c. 
Q^H.  D. 

CoK.  From  the  demonftration  it  is  manifeft,  thaV«kfc  paralle- 
lograms about  the  diameter  of  a  fquare  are  likewife/quarcs* 
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IF  a  ftraight  line  be  divided  into  two  equal  parts^ 
and  alfo  into  two  unequal  parts }  the  re&angle 
contained  hf  the  unequal  parts,  together  with  the 
fquare  of  the  line  between  the  point$  of  fe&ion,  is  equal 
to  the  fquare  of  half  the  line. 

Let  the  ftraight  line  AB  be  divided  into  two  equal  parts  In  the 
jx>int  C,  and  into  two  unequal  parts  at  the  point  D;  the  re£Ungle 
AD,  DB  together  with  the  fquare  of  CD>  is  equal  to  the  fquaris 
ofCB. 

Upon  CB  dcfcribe  >  the  fquare  CEFB,  join  BE,  and  thro*  D  »•  ^^-  '• 
draw  *>  DHG  parallel  to  CE  or  BFj  and  thro'  H  draw  KLM  pa-  **•  3»-  »• 
rallel  to  CB  or  £F ;  and  alfo  thro'  A  draw  AK  parallel  to  CL  or   . 
BM.  and  becaufe  the  complement  CH  is  equal  <^  to  the  complc-  ^'  43*  <• 
ment  HF,  to  each  of  tbefe      -^  .  f^        T\     R 

add  I5M,  therefore  die  whole    "-  ^  XJ     l> 

CM  is  equal  to  the  swhole        ■  j^         il  l/T  J%ir 

DF  •,  but  CM  is  equal  ^  to  K"^  t" A'  lM[  ^-  3^-  »• 

All,  becaufe  AC  is  equal  to 

CB ;  therefore  alfo  AL  is  e« 

qual  to  DF.  to  each  of  thefe 

add  CH,  and  the  whole  AH 

is  equal  to  DF  and  CH.  but 

'AH  is  the  re£tangle  contained  by  AD,  DB,  for  DH  is  equal  « to  e.  Cor.  4.  a. 

DB;  and  DF  together  with  CH  is  the  gnomon  CMG;  therefore 

the  gnomon  CMG  is  equal  to  (he  redangk  AD,  DB.  to  each  of 

thefe  add  LG,  which  is  equal  ^  to  the  fquare  of  CD,  therefore  the 

gnomon  @MG  together  with  LG  is. equal  to  the  re&angle  AD^ 

iDB  together  with  the  fquare  of  CD.  but  the, gnomon  CMG  and 

LG  make  up  the  whole  figure  CEFB,  which  is  the  fquare  of  CB. 

therefore  the  re£langle  AD,  DB  together  with  the  fquare  of  CD 

is  equal  to  the  fqiiaxe  of  iG^.    Whi^refdre  if  aiftraight  line,  &c« 

C^E.  D. 
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PROP-  VI.     THEOR. 

IF  a  ftraight  line  be  bifefted,  and  prodaced  to  any 
point ;  the  tedangle  contained  by  the  whole  tine 
thus  produced,  and  the  part  of  it  produced,  together 
with  the  fquare  of  half  of  the  line  bifeAed,  is  equal  to 
the  fquare  of  the  ftraight  line  which  is  made  up  of  the 
half  and  the  part  produced. 

Let  the  ftraight  line  AB  be  bife£l:ed  in  C,  and  prddiided  to  the 
point  D ;  the  reftangle  AD,  DB  together  with  the  fquare  of  CB, 
is  equal  to  the  fquare  of  CD* 

Upon  CD  defcrlbe  •  the  fquare  CEFD,  join  DE,  and  thro'  B 
draw  ^  BHG  parallel  to  CE  or  DF,  and  thro*  H  draw  KLM  paral- 
lel to  AD  or  EF,  and  alfo  thro'  A  draw  AK  parallel  to  CL  or  DM, 
and  becaufe  AC  is  eq[ual  to  CB,  the  reftangle  AL  is  equal  *  to 
CH;  but  CH  is  equal  *  to       A  0  jt%        -yv 

HF;  therefore  alfo  AL  is    'As.  ^  ^        *^ 

equal  to  HF.  to  each  -of 
thefe  add  CM,  therefore 
the  whole  AM  is  equal  to 
the  gnomon  CMG.  and 
AM  is  the  rectangle  con- 
tained by  AD,  DB,  for 
DM  is  equal  «  to  DB. 
therefore  the  gnomon  CMG  i«  equal  to  the  reftangle  AD,  DB. 
add  to  each  of  thefe  LG,  which  isf  equal  to  the  fquare  of  CB  \ 
therefore  the  re&angle  AD,  DB  together  with  the  fquare  of  CB 
is  equal  to  the  gnomon  CMG  and  the  figure  LG.  but  the  gnomon 
CMG  and  LG  make  up  the  whole  figure  CEFD,  which  is  the 
fquare  of  CD ;  therefore  the  re£bangle  AD,  DB  together  with 
the  fquare  of  CB,  is  equal  to  the  fquare  of  CD.  Wl^erefore  if  a 
ftraight  line,  &c.     QJE..  D. 

PROP.  Vn.     THEOR. 

r'  a  (Iraigfat  Ime  be  divided  into  any  two  parts,  the 
fquares  of  the  whole  line,  and  of  one  of  the  parts  are 
equal  to  twice  the  redangle  contained  by  the  whole  and 
that  part,  together  with  ihe  fquare  of  the  other  part. 
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Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the   Boo*^  «• 
point  C;  the  fquares  of  AB,  BC  tre  equal  to  twice  the  re£langle        ^     ' 
AB,  BC  together  with  the  fquare  of  AC. 

Upon  AB  defcribe  »  the  fquare  ADEB,  and  conftruft  the  figure  »•  4^*  *• 
as  in  the  preceding  Propofitions.  and  becaufe  AO  is  equal  *»  to  GE>  *>.  43.  x* 
add  to  each  of  them  CK,  the  whole  AK  is  therefore  equal  to  the 
whole  CE;   therefore   AK,  CE   are 
double  of  AK.  but  AK,  CE  ate  the 

gnomon  AKF  together  with  the  fquare  Jiu  C         B 

CK  -y  therefore  the  gnomon  AKF  to- 
-gether  with  the  fquare  CK  is  double  XT 
of  AK.  but  twice  the  rectangle  AB, 
^  is  double  of  AK,  for  BK'is  equal  < 
to  BC.  therefore  the  gnomon  AKF 
together  with  the  fquare  CK  is  equal 
to  twice  the  refkangle  AB,  BC.  to  U 
each  of  thefe  equals  add  HF,  which  is 

equal  to  the  fquareof  AC;  thereforethe  gnomon  AKF  together  with 
the  fqtiaies  CK,  HF  is  equal  to  twice  the  reflangle  AB,3C-ai:^ 
the  (Square  of  AC.  but  the  gnomon  AKF  togcther%ith  the  fquare$ 
CK,  HF  make  up' the  whole  figure  ADEB  and  CK,  which  are 
the  fquares  of  AB  and  BC.  therefore  the  fquares  of  AB  and  BC 
are  equal  to  twice  the  re£langle  AB,  BC  together  with  the  fquaore 
of  AC.     Wherefore  if  a  ftraight  line,  See.   Q^E.  D. 


c.  Cor.  4.  a* 


PROP.  VIII.      THEOR. 

IF  a  ftraight  line  be  divided  into  any  two  parts,  four 
times  the  reftangle  contained  by  the  whole  line, 
and  one  of  the  parts,  together  with  the  fquare  of  the 
other  part,  is  equal  to  the  fquare  of  the  ftraight  line 
which  is  toade  up  of  the  whole  and  that  part. 

Let  the  ftraight  line  AB  be  divided  into  any  two  parts  in  the 
point  C  J  four  times  the  reilangle  AB,  BC,  together  with  the  fquare 
of  AC,  is  equal  to  the  fquare  of  the  ftraight  line  made  up  of  AB 
and  BC  together. 

Produce  AB  to  D  fo  that  BD  be  equal  to  CB,  and  upon  AD 
defcribe  the  fquare  AEFD ;  and  conftruft  two  figures  f^ch  as  in 
the  preceding.  Becaufe  CB  is  equal  to  BD,  and  that  CB  is  equal "  *•  34-  »• 
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Book  If.  to  GK,  and  BD  to  KN ;  therefore  GK  is  equal  to  KN.  fqr  the 
fame  reafon  PR  is  equal  to  RO.  and  becaufe  CB  is  equal  to  BI>5 
and  GK  to  KN,  the  re£langlc  CK  is  equal  ^  to  BN,  and  GR  to 
RN.  but  CK  13  equal  ^  to  RN,  becaufe  they  are  the  complements 
of  the  paxallclogipam  CO;  therefore  alfo  BN  is  equal  to  GR.  and 
the  four  reftangles  BN,  CK,  GR>  RN,  are  therefore  equal  to  one 
another,  and  fo  are  quadruple  of  one  of  them  CK.  again,  becauib 
CB  is  equal  to  BD,  and  that  BDis 

d.  Cor.  4. 2.  equal  <i  to  DK,  that  is  to  CG ;  and 

CB  equal  to  GK,  that  <*  is  to  GP ;     A 
therefore  CG  is  equal  to  GP»  and 
becaufe  CG  is  equal  to  GP,  and  PR  M 
to  RO>  the  rectangle  AG  is  equal  -xr 
to  MP,  and  PL  to  RF.  but  MP  is  -^ 

c.  43.  X.  equal  *  to  PL,  becaufe  they  are  the 
complements  of  the  parallelogram 
ML;  wherefore  AG  alfo  is  equal  to 
RF«  therefore  the  four  refboigtes 
AG>  MP,  PL,  RF  are  equal  to  one 

another,  and  fo  are  quadruple  of  one  of  them  AG.  And  it  was 
demonftrated  that  the  four  CK,  BN,  GR,  RN  are  quadruple  of 
CK.thercforethe  eight  re£langles which  contain  the  gnomon  AOH, 
are  quadruple  of  AK.  and  becaufe  AK  is  the  re£tangle  contained 
by  AB,  BC,  for  BK  is  equal- to  BC;  four  times  the  reftangle  AB, 
BC  is  quadruple  of  AK.  but  the  gnomon  AOH  was  demonftrated 
to  be  quadruple  of  AK ;  therefore  four  times  the  reftangle  AB, 
BC  is  equal  to  the  gnomon  AOH.  to  each  of  thefe  add  XH,  which 

^.  Cor.  4.  J.  is  equal  **  to  the  fquare  of  AC;  therefore  four  times  the  reftangle 
AB,  BC  together  with  the  fquare  of  AC  is  equal  to  the  gnomon 
AOH  and  the  fquare  XH.  but  the  gnomon  AOH  and  XH  make 
up  the  figure  AEFD  which  is  the  fquare  of  AD.  therefore  four 
times  the  reftangle  AB,  BC  together  witli  the  fquare  of  AC  is 
equal  to  the  fquare  of  AD,  that  is,  of  AB  and  BC  added  together 
in  one  ftraight  line.    Wherefore  if  a  ftraigbt  lipe,  &c.  Q^E.  D. 
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PROP.  IX.     THEOR. 
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XI.  i; 

5.  !• 

3»*  !• 


IF  a  ftraight  line  be  divided  into  two  equal,  and  alfo 
into  two  unequal  parts;  the  fquares  of  the  two 
unequal  parts,  are  together  double  of  the  fquare  of  half 
the  line,  and  of  the  fquare  of  the  line  between  the 
points  of  fedipn. 

Let  the  ftraight  line  AB  be  divided  at  the  point  C  into  two 
equal,  and  at  D  into  two  unequal  parts,  the  fquares  pf  AD,  DB 
are  together  double  of  the  fquares  of  AC,  CD. 

From  the  point  C  draw  *  CE  at  right  angles  to  AB,  and  make  it 
equal  to  AC  or  CB,  and  join  EA,  EBj  thro'  D  draw »» DF  parallel 
to  CE,  and  thro'  F  draw  FG  parallel  to  AB;  and  join  AF.  then 
becaufe  AC  is  equal  to  CE,  the  angle  EAC  is  equal  ^  to  the  angle 
AEC;  and  becaufe  the  angle  ACE  is  a  right  angle,  the  two  others 
A£C,  EAC  together  make  one  right  angle  'j  and  they  are  equal 
to  one  another ;  each  of  them  therefore  is  half  of  a  right  angle* 
ibr  the  fame  reafon  each  of  the  an- 
gks  CEB,  EBC  is  half  a  right  an- 
gle; and  therefore  the  whole  AEB 
Is  a  right  angle,  and  becaufe  tlie 
angle  GEF  is  half  a  right  angle, 
and  EGF  a  right  angle,  for  it  is 
equal  •  to  the  interior  and  oppo-  ^ 
fite  angle  ECB,  the  remaining  an-'^ 

gle  EFG  is  half  a  right  angle ;  therefore  the  ingle,  GEF  is  equal 
to  the  angle  EFG,  and  the  fide  EG  equal  ^  to  the  fide  GF.  again, 
becaufe  the  angle  at  B  is  half  a  right  anglp,  and  FDB  a  right  an- 
gle, for  it  is  equal  *  to  the  interior  and  oppofite  angle  ECB,  tlie 
remaining  angle  BFDis  half  a  right  angle;  therefore  the  angle  at 
B  is  equal  to  the  angle  BiD^  and  the  fide  DF  to  ^  the  fide  DB.  and 
becaufe  AC  is  equal  to  CE,  the  fquare  of  AC  is  equal  to  the  fquare 
of  CE;  tlierefore  the  fquares  of  AC,  CE  are  double  of  the  fquare 
of  AC  but  the  fquare  of  EA  is  equal «  to  the  fquares  of  AC,  CE,  «•  47«  ^ 
becaufe  ACE  is  a  right  angle;  therefore  the  fquare  of  EA  is  double 
of  the  fquare  of  AC.  again,  becaufe  EG  is  equal  to  GF,  the  fquare 
of  EG  is  equal  to*  the  fquare  of  GF;  therefore  the  fquares  of  EG, 
GF  are  double  of  the  fquare  of  CF ;  but  the  fquare  of  EF  is 
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a.  II.  ti 


Uook  11.  equal  to  the  fquares  of  EG,  GF  5  therefore  the  fquare  of  EF  is 
"  double  of  the  fquate  GF.  and  GF  is  equal  h  to  CD-,  therefore  the 
fquare  of  EF  is   double  of  the 
fquare  of  CD.  but  the  fquare  of  J^ 

AE  is  likewife  double  of  the  fquare 
of  AC;  therefore  tlie  fquares  of 
AE,  EF  are  double  of  the  fquares 
of  AC,  CD.  and  the  fquare  of 
AF  is  equal  s  to  the  fquares  of  A^ 
AE,  EF  becaufe  AEF  is  a  right^^ 

angle;  therefore  the  fquare  of  AF  is  double  of  the  fquares  of  AC, 
CD.  but  the  fquares  of  AD,  DF  are  equal  to  the  fquare  of  AF, 
becaufe  the  angle  ADF  is  a  right  angle ;  therefore  the  fquares  of 
AD,  DF  are  double  of  the  fquares  of  AC,  CD.  and  JDF  is  equal 
to  DB;  therefore  the  fquares  of  AD,  DB  are  double  of  the  fquares 
of  AC,  CD.     If  therefore  a  ftraight  line,  &c.   Q^E.  D. 

PROP.  X.     THEOR. 

IF  a  ftraight  line  be  bifeSed,  and  prodiiiced  to  any  pointy 
the  fquare  of  the  whole  line  thus  produced,  and  the 
fquare  of  the  part  of  it  produced  are  together  double 
of  the  fquare  of  half  the  line  bife£ted,  and  of  the  fquare 
of  the  line  made  up  of  the  half  and  the  part  produced* 

Let  the  ftraight  line  AB  be  bifefted  in  C,  and  produced  to  the 
point' D;  the  fquares  of  AD,  DB  are  double  of  the  fquares  of 
AC,  CD. 

From  the  point  C  draw  »  CE  at  right  angles  to  AB,  and  make 

b.  31. 1,     it  equal  to  AC#r  CB,  and  join  AE,  EB;  thro'  E  draw  ^  EF  parallel 

to  AB,  and  thro*  D  draw  DF  parallel  to  CE.  and  becaufe  the 
ftmight  line  EF  meets  the  parallels  EC,  FD,  the  angles  CEF, 

c.  19.  I.     EFD  are  equal  ^  to  two  right  angles ;  and  therefore  the  angles? 
*  BEF,  EFD  are  lefs  than  two  right  angles,  but  ftraight  lines  which 

with  another  ftraight  line  make  the  interior  angles  upon  the  fame 

d.  i».  Ax.  fide  lefs  than  two  right  angles,  do  meet  ^  if  produced  far  enough. 

therefore  EB,  FD  ftiall  meet,  if  produced^  toward  BD.  let  them 
meet  in  G,  and  join  AG.  then  becaufe  AC  is  equal  to  CE,  the 

e.  5*  u      angle  C£A  is  equal  ®  to  the  angle  EAC;  and  the  angle  AC£  is  a 

right  angle ;  therefore  each  of  the  angles  C£ A^  EAC  is  half  a 


c.  29.  I4 
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right  angle  *•  for  the  fame  reafon,  each  of  the  angles  CEB,  EBC 
is  half  a  right  angles  therefore  AEB  is  a  right  angle,  and  becaufe 
EBC  is  half  a  right  angle,  DBG  is  alfo  ^  half  a  right  angle,  for 
they  are.  vertically  oppofite ;  but  BDG  is  a  right  angle,  becaufe  it 
IS  equal  ^  to  the  alternate  angle  DCE^  therefore  the  remaining  an- 
gle DGB  is  half  a  right  angle,  and  is  therefore  equal  to  the  angle 
DBG }  wherefore  alfo  the  fide  BD  is  equal  «  to  the  fide  DG. 
again,  becaufe  EGF  is  half  ar 
right  angle,  and  that  the  an- 
gle at  F  is  a  right  angle,  be- 
caufe it  is  equal  *  to  the  op- 
pofite angle  £CD,  the  re- 
maining angle  FEG  is  half  a 
right  angle,  and  equal  to  the 
angle  EGF  5  wherefore  alfo 
the  fide  GF  is  equal  <  to 
the  fide  F£.  And  becaufe  EC  is  equal  to  CA,  the  fquare  of  EC 
is  eqws4  to  the  fquare  of  C  A ;  therefore  the  fquares  of  EC,  C  A 
arc  double  of  the  fquare  of  CA.  but  the  fquare  of  EA  is  equal  *  *•  ^7-  '• 
to  the  fquares  of  EG,  CA ;  therefore  the  fquare  of  E A  is  double 
of  the  fquare  of  AC,  again,  becaufe  GF  is  equal  to  FE,  the  fquare 
of  GF  is  equal  to  tlie  fquare  of  F£j  and  therefore  the  fquares  of 
GF,  FE  arc  double  of  the  fquare  of  EF.  but  the  fquare  of  EG  is 
equal  *  to  the  fquares  of  GF,  FE ;  therefore  |he  fquare  of  EG  is 
double  of  the  fquare  of  EF,  and  EF  is  equal  to  CD,  wherefore 
the  fquare  of  EG  is  double  of  the  fquare  of  CD.  but  it  was  de- 
monftrated  that  the  fquare  of  £A  is  double  of  the  fquare  of  AC  i 
therefore  the  fquares  of  A£,  EG  are  double  of  the  fquares  of  AC, 
CD.  and  the  fquare  of  AG  is  equal »  to  the  fquares  of  AE,  EG  j 
therefore  the  fquare  of  AG  is  double  of  the  fquares  of  AC,  CD. 
bufthe  fquares  of  AD,  DGare  equal  »  to  the  fquare  of  AG; 
therefore  the  fquares  of  AD,  DG  are  double  of  the  fquares  of  AC, 
CD.  but  DG  is  equal  to  DB  ^  tlierefore  the  fquares  of  AD,  DB 
are  double  of  the  fquares  of  AC>  CD.  Wherefore  if  a  ftraight 
Hue,  &c.   (^E.  D. 


L  47.  u 


D 


a*  46,  T. 

b.  xo.  I. 

c.  3.  I. 


i.  6,  9. 


e.  47*  i< 


TH£    KLEMl^NTS 

PROP.  XI.     PROB. 

TO  divide  a  given  ftraight  line  into  two  parts,  fo  that 
the  redangle  contained  by  the  whole,  and  one  of 
the  parts,  (hall  be  equal  to  the  fquare  of  the  other  part. 

Let  AB  be  the  given  ftraight  line  4^  it  is  required  to  divkk  it 
into  two  parts,  fo  that  the  re£langle  contained  by  tlie  whole,  and 
one  of  the  parts,  fliall  be  equal  to  the  fquaire  of  the  other  part. 

Upon  AB  defcribe  »  the  fquare  ABDC,  bifeft  ^  AC  in  E,  and 
join  BE  •,  produce  C  A  to  F,  and  make  «  EF  equal  to  EB ;  and 
upon  AF  defcribe  *  the  fquare  FGHA,  and  produce  GH  to  K« 
AB  is  divided  in  H  fo,  that  the  re£langie  AB^  BH  is  equal  to 
the  fquare  of -AH. 

Becaufe  the  ftraight  line  AC  is  bifeiSbed  in  E,  and  pi^uced  to 
the  point  F,  the  reflanglc  CF,  FA,  together  with  the  fquare  of 
AE,  is  equal  ^  to  the  fquare  of  £^.  but  EF  is  eqital  to  EB}  there^ 
fore  the  reSangleCF,  FA,  together  with'tji  ^ 

the  fquare  of  AE  is  equal  to  the  fquare  of*^l  "^'""'■"  "'  (i^^ 
EB.  and  Uie  fquares  of  BA,  AE  are  equal  ^ 
to  the  fquare  of  EB,  becaufe  the  angle  E  AB 
is  a  right  angle;  therefore  the  reftangle  CF,  A 
FA,  together  with  the  fquare  of  AE  is  equal"^^ 
to  the  fquares  of  BA,  AE.  take  away  the 
fquare  of  AE,  which  is  com^mon  to  both,] 
therefore  the  remaining  reftangle  CF,  FA 
is  equal  to  the  fquare  of  AB.  and  the  figure 
FK  is  the  redangle  contained  by  CF,  FA,^ 
for  AF  is  equal  to  FG;  and  AD  is  theC/ 
fquare  of  AB;  therefore  FK  }s  equal  to 
AD.  take  away  the  common  part  AK,  and  the  remainder  FH  is 
equal  to  the  remainder  HD.  and  HD  is  the  reftangle  contained 
by  AB,  BH,  for  AB  is  equal  to  BD ;  and  FH  is  the  fquare  of 
AH.  therefore  the  reftangle  AB,  BH  is  equal  to  the  fquare  of 
AH.  wherefore  the  ftraight  line  AB  is  divided  in  H,  fo  that  the 
reftangle  AB,  BH  is  equal  to  the  fquare  of  AH.  Which  was 
^  be  done* 
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PROP.  Xn,     THEOR, 


IN  obtufie  angled  triangles,  if  a  perpendicular  be 
drawn  from  any  of  the  acute  angles  to  the  oppo- 
fke  fide  produced,  the  fquare  of  the  fide  fub  tending 
the  obtufe  angle,  is  greater  than  the  fquares  of  the 
iides  containing  the  obtufe  angle,  by  twice  the  redan* 
gle  contained  by  the  fide  upon  which  when  produced 
the  perpendicular  falls,  and  the  ftraight  line  intercepted 
vrkbout  the  triangle  between  the  perpendicular  and  the 
obtufe  angle. 

Let  ABC  he  an -obtufe  «ingkd  triangle,  having  the  obtufe  angle 
ACB,  and  from  th^  point  A  let  AD  be  ikawn  *  perpendicular  to  *•  "•  '• 
BC  produced,  the  fquare  of  AB  is  greater  than  the  fquares  of  AC^ 
CB  by  twice  the  reftangle  BC,  CD. 

Becaufe  the  ftraight  line  BD  is  divided  into  two  parts  in  the 
point  C)  the  fquare  of  BD  is  equal 

»>  to  the  fquares  of  BC,  CD,  and  '  tL      b.  4.  a. 

twice  the  reftangle  BC,  CD.  to 
each  .of  thefe  equals  add  the  fquare 
of  DA ;  und^die  fquare*  of  BD,  DA 
are  equal  to  the  fiquarcs  of  BC,  CD, 
DA,  and  twice  the  rectangle  BCj 
CD.  but  the  fquare  of  BA  is  equal 
«  to  the  iquares  of  Iii\  DA,  be-  rj  j^  ^  Tr%  e.  47.  i. 

can^e  the  angle  at  D  is  a  right  an- 

gk^  and  the  fquare  of  CA  is  equal « to  the  fquares  of  CD,  D A, 
therefore  the  fquare  of  BA  is  equal  to  the  fquares  of  BC,  CA, 
and  twice  the  redangle  BC,  CD ;  that  is,  the  fquare  of  B A  is 
greater  than  the  fquares  of  BC,  CA,  by  twice  the  reftangk  BC, 
CD.    Therefore  in  obtufe  angled  triangles,  &c.    Q^E.  D. 
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b.  7*  V 


IN  every  triangle  the  fquare  of  the  fide  fubtending 
any  of  the  acute  angles,  is  lefs  than  the  fquares  of 
the  fides  containing  that  angle,  by  twice  the  reftangle 
contained  by  either  of  thefe  fides,  and  the  ftraight  line 
intercepted  between  the  perpendicular  let  fall  upon  it 
from  the  oppofite  angle,  and  the  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  acute 
angles,  and  upon  BC  one  of  the  fides  containing  it  let  fall  the 
perpendicular  *  AD  from  the  oppofite  angle,  the  fquare  of  AC 
oppofite  to  the  angle  B,  is  lefs  than  the  fquares  of  GB,  BA  by 
twice  the  reftangle  CB,  BD. 

Firft,  Let  AD  fall  within  the  triangle  ABC  j  and  becaufe  the 
ftraight  line  CB  is  divided  into  two 
parts  in  the  point  D,  the  fquares  of 
CB,  BD  are  equal  ^  to  twice  the 
reftangle  contained  by  CB,  BD, 
and  the  fquare  of  DC.  to  each  of 
thefe  equals  add  the  fquare  of  AD,  * 
therefore  the  fquares  of  CB,  BD, 
DA  are  equal  to  twice  the  reftangle 
CB,  BD,  and  the  fquares  of  AD,-j|j  _. 

c.  47.  «.     DC.  but  the  fquare  of  AB  is  equal « JtS  -U- 

to  the  fquares  of  BD,  DA,  becaufe^  the  angle  BDA  is  a  right 
angle ;  and  the  fquare  of  AC  is  equaPto  the  fquares  of  AD,  DC, 
therefore  the  fquares  of  CB,  BA  are  equal  to  the  fquare  of  AC, 
and  twice  the  re£kangle  CB,  BD;  that  is,  the  fquare  of  AC  alone 
is  lefs  dian  the  fquares  of  CB,  BA  by  twice  die  reftanglc  CB, 
BD. 

Secondly,  Let  AD  fall  without 
the  triangle  ABC.  then  becaufe  the 
angle  at  D  is  a  right  angle,  the 
angle  ACB  is  greater  **  than  a  right 
angle ;  and  therefore  the  fquare  of 
AB  is  equal  *  to  the  fquares  of  AC, 

CB  and  twice  the  reftangle  BC,      ^ 

CD.  to  thefe  equals  add  the  fquare  ^  O 

of  BC|  and  the  fc^uares  of  AB^  BQ 
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arc  equal  to  the  fquarc  of  AC,  •and  twice  the  fquarc  of  BC,  and  fi»^  ^^^ 
twice  the  reaanglc  BC,  CD.  but  bccaufe  BD  is  divided  into  two 
parts^  in  C,  the  reftangk  DB,  BC  is  equal '  to  the  reaaaglc  BC,  ^  3- «« 
CD  and  the  fquare  of  BC.  and  the  doubles  of  thefc  arc  equaL 
therefore  the  fquares  of  AB,  BC  are  equal  to  the  fquare  of  AC> 
and  twice  the  redangle  DB,  BC.  therefore  the  fquare  of  AC 
alotic,  is  lefs  than  the  fquares  of  AB,  BC,  by  twice  the  reftanglc 
DB,  BC  J^ 

I^ftly,  let  the  fide  AC  be  perpendicular  to 

BC ;  then  is  BC  the  ftraight  line  between  the 

perpendicular  and  the  acute  angle  at  B.  and  it 

is  manifeft  that  the  fquares  of  AB,  BC  arc  e^ 

qual  <^  to  the  fquare  of  AC,  and  twice  the  fquare 

of   BC.    .Therefore  in.  every   triangle,    &c. 
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PROP.  XIV,     PROS. 

TO  defcribc  a  fquare  that  ihall  be  equal  to  a  given  ^^  ^^ 
re&ilineal  figure. 

Let  A  be  the  given  reftilineal  figure ;  it  is  required  to  defcribc 
a  fquare  that  Ihall  be  equal  to  A. 

Defcribe  *  the  re£kangular  parallelogram  BCDE  equal  to  the  rec*  t.  45.  u 
tilineal  figure  A.  If  then  the  fides  of  it  BE,  ED  are  equaHo  one  ano- 
ther, it  is  a  fquare^  a  ^ *.,„^^  XT 

ai0   what   was   re-  ^^'^  ^vJX 

quired  is  now  done, 
but  if  they  are  not 
equal,  produce  one 
of  them  BE  to  F, 
and  make  EF  equal 
to  ED,  and  bifeft 
BF  in  G  -,  and  from  the  center  G,  at  the  diftance  GB  or  GF  de- 
fcribe the  femicircle  BHF,  and  produce  DE  to  H,  and  join  GH. 
therefore  becaufe  the  ftraight  line  BF  is  divided  into  two  equal 
parts  in  the  point  G,  and  into  two  unequal  at  E,  the  re£tangle  BE, 
EF,  together  with  the  fquare  of  EG,  is  equal  ^  to  the  fquare  of  GF.  W  $•  «•< 
but  GF  is  equal  to  GH;  therefore  the  reftangle  BE,  EF,  together 
with  the  fquare  of  EQ,  is  e^ual  to  the  fquare  of  GH.  but  M  fquarca 
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Book  H.  of  HE)  EG  afe  ^equal  <:  to  the  fqiiare  of  GH^  fherefone  the  reo 
tangle  BE,  £F  together  j/Ml  the  fquare  of  EG  is  equal  to  tlie 
fquaies  of  HE,  EG. 
ftafae  away  the  S^uaare 

mou  to  hodi)  and 
liie  Temabnang  Tec- 
tangle  BE,  EF  is  e- 
qiial  to  the  fquare  trf 
EH.  but  the  re£lan>- 

gle  contained  by  BE,  £F  is  tfae  insaUelogram  (BID,  beoavfe  £F  is 
equal  to  ED*,  therefore  BD  is  equal  to  die  fquare  of  EH.  bot  BD 
is  equal  to  the  re£)alnieal  figure  A^  therefore  the  re£tiluieal  figure 
A  IS  equal  to  the  :£i]uare  of  EH.  wherefore  a  fquare  has  been 
made  eqtnl  to  the  given  re£i:ilineal  figure  A,  viz.  the  fi|uare  dc- 
icribed  upon  EH.    Which  was  to  be  done* 
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©fiFlNlTlONS. 

I, 

EQ^ALordes  are  t!hde of  vMch  the  diameters  are  eqaal^ 
or  from  the  centsers  of  ^ich  the  ftraigfat  lines  to  the 
circumferences  are  equal* 

^  This  is  not  a  Definition  but  a  Theorem,  th^  trudi  tjf  which 
*  is  eviflent;  for  if  the  circles  be  applied  to  one  another,  fo  that 
«  tli^ir  centers  coincide,  the  circles  muift  tikewife  coincide,  Cnce 
^  the  iljraight  lines  JErom  their  centers  are  equal.* 

II. 
^  ftraight  line  Is  iTaid  to  touch 
a  cirolcy.  «4ien  it  meets  the 
circle    and    being   produced 
does  not  cut  it. 
III. 
Cirdes  are  Caid  ^to  touch  one 
another,  wlii^  niect  but  80 
jiot  cut  one  another. 

IV. 
Straight  lines  are  faid^o  be  equally  diftant 
from  the  center  of  a  circle,  when  the 
perpendiculars  drawn  to   them  ^m 
the  center  are  equal. 

•    V. 
And  the  ftrai^>line  on  ^^hidh  the  greater 
;    pei^^idiGidar  folk,  is  ^aid  to  %e  fa^r- 

4ltfr  U^^  ^  o^r. 
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Book  m.  VI. 

^'  -v"'  ^  A  fcgmcnt  of  a  circle  is  the  figure  con- 
tained by  a  ftraight  line  and  the  cir- 
cumference it  cuts  off.  * 

VII. 

«  The  ahglc  of  a  fegmq;nt  is  that  which  is  contained  by  the  ftvaight 
<«  line  and  the  circumference." 

VIII. 
An  angle  in  a  fegment  is  the  angle  con- 
tained by  two  ftraight  lines  drawn 
from  any  point  in  the  circumference 
of  the  fegment,  to  the  extremities  of 
the  ftraight  line  which  is  the  bafe  of 

the  fegment. 

IX. 
And  an  angle  is  faid  to  inCft  or  ftand 
upon  the  circumference  intercepted 
between  the  ftraight  lines  that  con- 
tain the  angle* 

X. 

The  fcftor  of  a  circle  is  the  figure  con- 
tained by  two  ftraight  lines  drawn 
from  the  center^  and  the  circumfe- 
rence between  them. 

XI. 

Similar  fegments  of  a  circle,  ._ 

are  tliofe  in  which  the  an*    ^^  ^^^^ 
gles    are    equal,    or    which  /  ^^y^      V^    /^^v^J\ 
contain  equal  angtes.  •  y^  i   r        ^"^^^^ 


•      -  PROP,  I.     PROB, 

A  O  find  the  center  of  a  given  circle. 

Let  ABC  be  tl>e  given  circle ;  it  is  required  to  find  its  center. 
».  xo.  X.  Draw  within  it  any  ftraight  line  AB,  and  bife£b  *  it  in  D;  from 
V,  IX.  I.     the  point  D  draw  *>  DC  at  ri^t  angles  to  AB,  aAd  produce  it  to  E^ 

and  bife£k  *C£  in  F.  the  point  F  is  the  ceuter  of  the  circle  ABp. 
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Fpr  if  It  be  not,  let,  if  poflible,  G  be  the  center,  and  join  G  A,  Book  ni 
GD,  GB.  then  becaufe  DA  is  equal  to  DB,  and  DG  common 
to  the  two  triangles  ADG,  BDG,  the 
two  fides  AD,  DG  are  equal  to  the 
t^wo  BD,  DG,  each  to  each;  and  the 
bafe  GA  is  equal  to  the  bafe  GB,  be- 
cause they  are  drawn  from  the  center 
G  *.  therefore  the  angle  ADG  is  equal 

^  to  the  angle  GDB.  but  when  a  ftraight    A  ^       /  •     \  As»..c.  «.  i. 
line  Handing  upon  another  ftraight  line,  •**• 
makes  the  adjacent  angles  equkl  to  one 
another,  each  of  the  angles  is  a  right  JH^ 

angle  ^.  therefore  the  angle  GDB  is  a  right  angle,  but  FDB  is  ^•'<=>*^f-'' 
likewife  a  right  ^ngle ;  wherefore  the  angle  FDB  is  equal  to  the 
angle  GDB,  the  greater  to  the  lefs,  which  is  impoffible.  therefore 
G  ia  not  the  center,  of  the  circle  ABC.  in  the  fame  manner  it 
can  be  (hewn,  that  no  other  point  but  F  is  the  center ;  that  Is,  F 
is  the  center  of  the  circle  ABC.    Which  was  to  be  found. 

Cor.  From  this  it  is  manifeft,  that  if  in  a  circle  a  ftraight  line 
bife£l:  another  at  right  angles,  the  center  of  the  circle  is  in  the  line 
which  bifefts  tha  other. 

PROP.   11.  ^THEOR. 

IF  any  t^o  points  be  taken  in  the  circumference  of  a 
circle,  the  ftraight  line  which  joins  them  fhall  fall 
within  the  circle. 

Let  ABC  be  a  circle-,  ind  A,  B  any  two  points  in  the  circum- 
ference ;  the  ftraight  line  drawn  from  A 
to  B  fhall  fall  within  the  circle. 

For  if  it  do  not,  let  it  fall,  if  poffible, 
without,  as  AEB;  find  »  D  the  center  of 
the  circle  ABC,  and  join  AD,  DB,  and 
produce  DF  any  ftraight  line  meeting  the 
circumference  AB,  to  E.  then  becaufe 
DA  is  equal  to  DB,  the  angle  DAB  is 
equal  *>  to  the  angle  DBA ;  and  becaufe     "^  ^      "***       "*^     !>•  5*  ^* 

*  N.  B.  Whenever  the  expreffion  **  ftraight  lines  from  the  center**  or  ^  drawn 
•'  from  the  center"  occurs,  it  is  to  be  undcfllood  that  ihcy  arc  drawn  to  the  cir- 
cumference. 
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Book  m.  AE  a  Tidp  of  the  tnwg\t  IXAJ&  i&  produced  to  B,  the  angle  DflEB 
'  is  greater  «  than  the  *rngte  DAE  >  bi¥i  DAE  i*  €q^al  to  the  ^ngl« 
DBE,  therefore  the  angU  DEB  i$  grej^te*  th^  the  2^gk  DBE- 
but  to  the  greater  angle  the  greater  gdf  ia  ^ppofijte  ^;  DB  is  there* 
fore  greater  than  BE.  bud  DR  i*  eq^^^J  to  DJ  j  wherefore  DF  19 
greater  ifcmi  DE,  the  lef&  tkan.  the  greater,  which  is  impoffiWe. 
therefore  the  ftraight  Kne  drawn  froitt  A  ten  B  dloes  not  faU  with- 
ouit  the  eir^le.  in  the  fame  aa^nner,  it  may  be  demonArated  that  it 
does  not  faU  upon  the  circumference,  it  falls  therefore  within  it. 
Wherefore  if  any  two  points^  &:c.    Q^E.  D. 

PROP.   m.     TllEOR. 

IF  a  ftraight  line  drawn  thro*  the  center  of  a  circle, 
bifed;  a  ftraight  line  in  it  which  does  not  pafs  thro' 
the  center^  it  fhall  cut  it  at  right  angles,  and  if  it  cuts 
it  at  right  angles,  it  (ball  bifeft  it* 

Let  ABC  he  a  chrck ;  and  let  CD  a  ftraight  line  drawn  thro' 
the  center  hikSk  any  ftraight  line  AB,  which  does  not  pais  thro' 
the  center,  in  the  pc»nt  F.  it  cuts  it  alfo  at  right  angles. 
••  t*  3»  Take  *  E  the  center  of  the  circle,  and  join  E  A,  EB.  then  be- 

caufe  AF  is  equal  to  FB,  and  ^E  common  to  the  two  triangles 
AFE,  BFE,  there  are  two  fides  in  the  one  equal  to  two  fides  in 
the  other,  and  the  bafe  E A 13  equal  to  the 
bafe  EB;  therefore  the  angle  AFE  is  equal 
b  to  the  angle  BFE.  but  when  a  ftraight 
line  ftanding  upon  another  makes  the  ad- 
jacent angles  equal  to  one  another,  each 
I-  of  them  is  a  right  «  angle,  therefore  each 
of  the  angles  AfE,  BFE  is  a  right  angle ; 
wherefore  the  ftraight  line  CD  drawn  thro' 
the  center  bifefting  s^nother  AB  that  doc» 
not  pafs  thro'  the  center,  <;uts  the  fame  at 
right  angles. 

But  let  CD  cut  AB  at  right  angles }  CD  alfo  bife£is  it,  that 
is,  AF  is  equal  to  FB.   * 

The  fame  c6nftru£lion  beiiig  made,  becaufe  EA,  EB  from  the 

*!•  S*  *•      center  are  equal  ^o  one  another,  the  angle  EAF  is  equal  **  to  the 

angle  EBF ;  and  the  r^ht  angle  AFE  is  equal  to  the  right  angle 

BFE.  therefore  in  the  two  triangles  EAF,  EBF  there  are  two  s^j(b> 

i 
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gfea  itt  one  equal  to  two  asgka  ia  tlie  odier^  aad  the  fide  EF  which  Book  IB. 
is  oppofite  to  one  of  the  equal  angles  in  €ach»  is.comnoii  to- both;        ^^^^ 
therefore  the  other  fides  are  equad  S  AF  thefefbse  ia  equal  to  FBu  <*  *^'  <* 
Whei-efbfe  if  a  ftraight  line,  &c.   Q^E.  D. 

PROP.   IV.     THEOR. 

IF  in  a  circle  two  ftraight  tines  cut  one  another  which 
do  not  both  pafs  thro'  the  center,  they  do  not  bi« 
k&  each  the  other. 

Let  ABCD  be  a  circle^  and  AC,  Bt)  two  ftraight  lines  in  it 
which  cut  one  another  iiv  the  poiat  £,  and  do  not  both  pafs  thro' 
the  center.  AC,  BD  do  not  bifed  one  another. 

For,  if  it  is  poffibk,  let  A£  be  equal  f  o  EC,  and  SE  to  ED.  if 
one  of  the  lines  pafs  thro'  the  center^  it  is  plain  that  it  cannot  be 
bife£l;ed  by  the  other  which  does  not 
pals  thro'  the  center,  but  if  neither  of 

them  pafs  thro*  the  center,  take » F  the        ^  X         *•  »•  > 

center  of  the  circle,  and  }otn  EF.  and 
becaufe  FE  a  ftraight  line  thrO"'  ^e  ^ . 
center,  biieds  another  AC  which  docsx^\ 
not  pafs  thro'  the  center,  it  {ballot  it      -^^^^   p  ^      -  - 

"•  at  right  «>  angles ;  wherefore  FEA  is  a  ^*'*-*— — -<^C 

right  angle,  again,  becaufe  the  ftraight 

line  FE  bife£ls  the  ftraight  line  BD  which  does  not  pafs  thro'  the 
center,  it  ftiall  cut  it  at  right  ^  angles  \  wherefore  FEB  b  a  right 
angle,  and  FEA  was  ftiewn  to  be  a  right  angle ;  therefore  FEA  is 
equal  to  the  angle  FEB,  the  lefs  to  the  greater,  which  is  impof- 
fiblc.  therefore  AC,  BD  do  not  bifeft  one  another.  Wherefore 
if  in  a  circle,  &c.    C^E.  D. 


r 


PROP.   V.     THEOR. 

two  circles  cut  one  another,  they  Ihall  not  have 
the  fame  center. 


Let  the  two  circles  ABC,  CDG  put  one  another  In  the  points 
^  C  'f  they  have  not  the  fame  center. 
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Book  lit.      For,  if  It  be  poffible,  let  E  be  their  center ;  join  EC,  and  draw 
*^'    ▼        any   ftraight  line   EFG   meeting 

them  in  F  and  G.  and  becaufe  £ 

is  the  center  of  the  circle  ABC, 

CE  is  equal  to  £F.  again,  becaufe 

E  is  the  center  of  the  circle  CDG, 

CE  is  equal  to  EG.  but  CE  was 

fliewn  to  be  equal  to  EF ;  there- 
fore EF  is  equal  to  EG,  the  lefs 

to  the  greater,  which  is  impoilible. 

therefore  E  is  not  the  center  of 

the  circles  ABC,  CDG.  V?;herefore  if  two  circles,  &c.  (^E.  D, 


I 


PROP.   VL     THEOR. 

F  two  circles  touch  one  •  another  internally,  they  ihall 
not  have  the  fame  center. 


Let  the  two  circles  ABC,  CDE  touch  one  another  internally 
in  the  point  C.  they  have  not  the  fame  center. 

For  if  they  can,  let  it  be  F ;  join  FC,  and  draw  any  ftraight 
line  FEB  meeting  them  in  E  and  B. 
and  becaufe  F  is  the  center  of  the 
circle  ABC,  CF  is  equal  to  FB?  alfo 
becaufe  F  is  the  center  of  the  circle 
CDE,  CF  is  equal  to  FE.  ^nd  CF 
was  (hewn  equal  to  FB;  therefore  aI 
FE  is  equal  to  FB,  the  lefs  to  the 
greater,  which  is  impoffible.  where* 
fore  F  is  not  the  center  of  the  cir- 
cles ABC,  CDK    Therefore;  if  two  circles,  &c.   QJE..  D. 
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PROP.  VII.     THEOR. 

IF  any  point  be  taken  in  the  diameter  of  a  circle 
which  is  not  the  center,  of  all  the  (Iraight  lines 
v^hich  can  be  drawn  from  it  to  the  circumference,  the 
greatefl  is  that  in  which  the  center  is,  and  the  other 
part  of  that  diameter  is  the  lead ;  and  of  any  others, 
that  which  is  nearer  to  the  line  which  pafles  thro*  the 
center  is  always  greater  than  one  more  remote,  and 
.from  the  fame  point  there  can  be  drawn  only  two 
ftraight  lines  that  are  equal  to  one  another,  one  upon 
each  fide  of  the  fhorteft  line. 

Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let  any 
point  F  be  taken  which  is  not  the  center,  let  the  center  be  £ ;  o( 
all  the  ftraight  lines  FB,  FC,  FG,  &c.  that  can  be  drawn  from  F 
to  the  circumference,  FA  is  the  greatefl,  and  FD  the  other  part  , 
of  the  diameter  AD  is  the  leaft  ^  and  of  the  others,  FB  is  greater 
than  FC,  and  FC  than  FG. 

Join  BE,  CE,  GE;  and  becaufe  two  fides  of  a  triangle  are 
greater  •  than  the  third,  BE,  EF  are  greater  than  BF;  but  AE  is  a-  «♦.  i- 
equal  to  EB,  therefore  AE,  EF,  that 
is  AF,  is  greater  than  BF.  again,  be- 
caufe BE  is  equal  to  CE,  and  FE 
common  to  the  triangles  BEF,  CEFj 
the  two  fides  BE,  EF  are  equal  to  the 
two  CE,  EF ;  but  the  angle  BEF  is 
greater  than  the  angle  CEF,  therefore 

the  bafe  BF  is  greater  ^  than  tlie  bafe  \^/^    ^^^"^^^       ^'  *4*  ^* 

FC.  for  the  fame  reafon,  CF  is  grea- 
ter than  GF.  again,  becaufe  GF,  FE 

are  greater  *  than  EG,  and  EG  is  equal  to  ED;  GF,  FE  are  greater 
than  ED.  take  away  the  common  part  FE,  and  the  remainder  GF 
is  greater  than  the  remainder  FD.  therefore  FA  is  the  greatefl:,  and 
FD  the  leaft  of  all  the  fttaight  lines  from  F  to  the  circumference 5 
and  BF  is  greater  than  CF,  and  CF  than  GF.    . 

AJfo  there  can  be  drawn  only  two  equal  ftraight  lines  from  the 
point  F  to  the  circumference)  one  upon  each  fide  of  t^e  fhorteft  line 

E 
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Book  HI.  FD.  at  the  point  E  in  the  ftraight  line  EF,  make  « the  angle  FEH 

equal  to  thq  angk  GEF,  and  join  FH. 

then  becaufe  GE  is  equal  to  EH,  and 

EFcommonto  the  two  triangles  GEF, 

HEF;  the  two  fides  GE,  EF  are  equal 

to  the  two  HE,  EF  5  and  the  angle 

GEFis  equal  to  the  angle  HEF,  there- 
^'  ^  ^'      fore  the  bafe  FG  is  equal  ^  to  the 

bafe  FH.  but  befides  FH  no  other 

ftraight  line  can  be  drawn  from  F  to 

the  circumference  equal  to  FG.  for 

if  there  can,  let  it  be  FK,  and  becaufe  FK  is  equal  to  FG;  and  FG 

to  FH,  FK  is  equal  to  FH,  that  is,  a  line  nearer  to  that  which 

pailes  thro'  the  center  is  equal  to  one  which  ifs  more  remote  ^  which 

is  impoffibje.    Therefore  if  any  point  be  taken,  &c.   Q^E.  D. 

PROP.   VIII.     THEOR. 

IF  any  point  be  taken  without  a  drcle,  and  ftraight 
lines  be  drawn  from  it  to  the  circumference^ 
whereof  one  paffes  thro*  the  center ;  of  thofe  which  fall 
upon  the  concave  circumference  the  greatcft  is  that 
which  paffes  thro'  the  center;  and  of  the  reft^  that 
which  is  nearer  to  that  thro*  the  center  is  always^ 
greater  than  the  more  remote,  but  of  thofe  which  fall 
upon  the  convex  circumference,  the  lead  is  that  be- 
tween the  point  without  the  circle,  and  the  diameter  ; 
and  of  the  reft,  that  which  is  nearer  to  the  leaft  is  air- 
ways lefs  than  the  more  remote,  and  only  two  equal 
ftraight  lines  can  be  drawn  from  the  point  unto  the 
circumference,  one  upon  each  fide  of  the  leaft* 

Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
let  the  ftraight  lines  DA,  DE,  DF,  DC  be  drawn  to  the  circumfe- 
rence, whereof  DA  paffes  tliro'  the  center,  of  thofe  which  fall  upon 
the  concave  part  of  tht  circumference  AEPC,  the  greatcft  is  AD 
which  paffes  th»>'  the  center;  and  the  nearer  to  it  is  always  greater 
than  the  more  remote,  viz.  DE  than  DF,  and  DF  than  DC.  but 
of  thofe  which  fall  upon  the  convex  circumference  HLKG,  th^ 
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Ijeaft  is  DG  between  the  point  D  and  the  diameter  AG ;  and  tlie  Book  in. 
nearer  to  it  is  always  Icfs  than  the  more  remote,  viz.  DK  than  ^"^'^^^ 
DL,  and  DL  than  DH. 

Take  »  M  the  center  of  the  circle  ABC,  and  join  ME,  MF,  MC,  »•  '•  3> 
MK,  ML,  MH.  and  becaufe  AM  is  equal  to  ME,  add  MD  to  each, 
tlierefore  AD  is  equal  to  EM,  ML) ;.  but  EM,  MD  are  greater  *»  ^-  «o.  i^ 
than  ED,  therefore  alfo  AD  is  greater  than  ED.  again,  becaufe 
ME  is  equal  to  MF,  and  MD  common  to  the  triangles  EMD, 
FMDj  EM,  MD  arc  equal  to  FM, 
MD;  but  the  angle  EMD  is  greater 
than  the  angle  FMD,  therefore  the 
bafe  ED  is  greater  ^  than  the  bafe 
FD.  in  like  manner  it  may  be  Jhewn 
that  FD  is  greater  than  CD*  there- 
fore DA  is  the  greateft ;  and  DB 
greater  than  DF,  and  DF  than  DC. 
and  becaufe  MK,  KD  are  greater  ^ 
than  MD»  and  MK  is  equal  to  MG, 
the  remainder  KD  is  greater  ^  than    • 
the  remainder  GD,  that  is,  GD  is  ^ 
lefs  than  KD.  and  becaufe  MK,  DK 
are  drawn  to  the  point  K  within  the 
triangle  MLD  from  M,  D  the  ex- 
tremities of  its  fide  MD;  MK,  KD 
are  lefs  *  than  ML,  *LD,  whereof 

MK  is  equal  to  ML,  therefore  the  remainder  DK  is  lefs  than  the 
remainder  DL.  in  like  manner  it  may  be  (hewn  that  DL  is  lefs  than 
DH.  therefore  DG  is  the  lead,  and  DK  lefs  than  DL,  and  DL  than 
DH.  Alfo  there  can  be  djrawn  only  two  equal  ftraight  lines  from 
the  point  D  lo  the  circumference,  one  upon  each  fide  of  the  lead.' 
at  the  point  M  in  the  ftraight  line  MD,  make  the  angle  DMB  equal 
to  the  angle  DMK,  and  join  DBw  and  becaufe  MK  is  equal  to  MB, 
and  MD  common  to  the  triangles  KM\^,  HMD,  the  two  fidej 
KLM,  MD  are  equal  to  the  two  BM,  MD;  and  the  angle  KMD  is 
equal  to  the  angle  BMD,  therefore  the  bafe  DK  is  equal  ^  to  the  ^-  4- « 
^fe  DB.  but  befides  DB  there  can  be  no  ftraight  line  drawn  from 
D  to  the  circumference  equal  to  DK.  for  if  there  can,  let  it  be  DN; 
and  becaufe  DK  is  equal  to  DN,  and  alfo  to  DB,  therefore  DB 
Is.  equal  to  DN,  that  is  the  nearer  to  the  leaft  equal  to  the  more 
xemote,  which  is  impoliible.  .If  therefore  any  point,  &€•  Q^E.  D. 

E  a 
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PROP.  IX.     THEOR. 


IF  a  point  be  taken  within  a  circle,  from  which  there 
fall  more  than  two  equal  ftraight  lines  to  the  cir- 
cumference, that  point  is  the  center  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC,  from  which 
to  the  circumference  there  fall  more.than  two  equal  ftraight  lines^ 
viz.  DA,  DB,  DC.  the  point  D  is  the  center  of  the  circle. 

For  if  not,  let  E  be  the  center, 
join  DE  and  produce  it  to  the  cir- 
cumference in  F,  G;  then  FG  is. a 
diameter  of  the  circle  ABC.  and  be- 

caufe   in  FG  the  diameter  of  the  p^| — ^Ib^ JG» 

circle  ABC  there  is  taken  the  point 
D  which  is  not;  the  center,  DG  fhall 
be  the  greateft  line  from  it-  to  the 
circumference,  and  DC  greater  *  than 
DB,  and  DB  than  DA.  but  they  are 

like  wife  equal,  which  is  impoffible.  therefore  E  is  not  the  center 
of  the  circle  ABC.  in  like  manner  it  may  be  demonftratcd  that  no 
other  point  but  D  is  the  center;  D  therefore  is  the  center.  Where- 
fore if  a  point  be  taken,  &c.    Q;^E.  D. 


O 


PROP.   X.      THEOR. 

NE  circumference  of  a  circle,  cannot  tMt  another 
in  more  than  two  points. 


»•  9'  S« 


If  it  be  poflible,   let  the  <iircum- 

ference  ABC  cut  the  circumference 

»  » 

DEF  in  more  than  two  points,  viz. 
in  B,  G,  F ;  take  the  center  K  of  the  « 
circle  ABC,  and  join  KB,  KG,  KF.-p 
and  becaufe  within  the  circle  DEI'' 
there  is  takep  the  point  K  from  which 
to  the  circumference  DEF  fall  more 
than  two  equal  ftraight  lines  KB,  KG, 
KF,  the  point  K  is  *  the  center  of  jthe 
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circle  DEF.  but  K  is  alfo  the  center  of  the  circle  ABC}  therefore  Book  in. 
the  fame  point  is  the  center  of  two  circles  that  cut  one  another^  Vi^V^^ 
which  is  impoffible  *>,     Therefore  one  circumference  of  a  circle  b.  5.  3* 
cannot  cut  another  in  more  than  two  points.    (^E.  D. 

PROP.   XI.     THEOR. 

IF  two  circles  touch  each  other  internaUy,  the  firaight 
line  which  joins  their  centers  being  produced  fliall 
pafs  through  the  point  of  contad. 

IiCt  the  two  circles  ABC,  ADE  touch  each  other  internally  in 
the  point  A,  and  let  F  be  the  center  of  the  circle  ABC,  and  G  the 
center  of  the  circle  ADE.  the  ftraight 
line  which  joins  the  centers  F,  G  be- 
ing produced  pafles  thro'  the  point  A. 
,  For  if  not,  let  it  fall  otherwile,  if 
pbffible,  as  FGDH,  and  join  AF,  AG. 

and  becaufe  AG,  GF  arc  greater  *       \^    Qt^^f\^      I  \       »•  «o.  u 
than  FA,  that  is  than  FH,  for  FA  is 
equal  to  FH,   both  being  from  the 
fame  center;  take  away  the  common 
part  FG,  therefore  the  remainder  AG 

is  greater  than  the  remainder  GH.  but  AG  is  equal  to  GD,  there- 
fore  GD  is  greater  than  GH,  the  lefs  than  the  greater,  which  is 
impoffible.  therefore  the  ftraight  line  which  joins  the  points  F,  G 
cannot  fall  otherwife  than  upon  the  point  A,  that  is,  it  muft  pafs 
thro'  it.    Therefore  if  two  circles,  &c.   Q.  E.  D. 

PROP.   XIL     THEOR. 

IF  two  circles  touch  each  other  externally,  the  (Iralight 
line  which  j<^ins  their  centers  (hall  pafs  thro*  the 
point  of  contafr. 

Let  the  two  circles  ABC,  ADE  touch  each  other  externally  in 
the  point  A ;  and  l?t  F  be  the  center  of  the  circle  ABC,  and  G 
the  center  of.  ADE.  the  ftraight  line  which  joins  the  points  F,  G 
(hall  pafs  thro'  the  point  of  contaft  A, 

-For  if  Jiot,  let  it  pafs  otherwife,  if  poflible,  as  FCDG,  and  join 

E3 
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Book  III.  FA,  AG.  and  becaufe  F  is  the  center  of  the  circle  ABC,  AF  is 
equal  to  FC.  alfo  becaufe 
G  is  the  center  of  the  cir- 
cle xA^DE^  AG  is  equal  to 
GD.  therefore  FA,  AG 
arc  equal  to  FC,  DG5 
wherefore  the  whole  FG 
is  greater  than  FA,  'AG. 
but  it  is  alfo  lefs  ■ ;  which 

is  impoffible.  therefore  the  ftraight  line  which  joins  the  points  F, 
G  ihall  not  pafs  otherwife  than  thro'  the  point  of  contadl  A,  that 
is,  it  muft  pafs  thro*  it.  Therefore  If  two  circles,  &c.  C^E.  D, 


It   30.  I. 


fee  N, 
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PROP.   XIII,     THEOR- 

NE  circle  cannot  toucb  another  in  mofe  points  than 
one,  whether  it  touches  it  on  the  infide  or  outfide* 


F<^,'  if  it  be  po0ible,  let  the  circle  EBF  touch  the  circle  ABC 

in  mpre  points  than  one,  and  firft  on  the  infide,  in  the  points  B,  D  j 

t«  10.11. 1,  join  BD,  and  draw  *  GH  bifefting  BD  at  right  angles,  therefore 

begaufe  the  points  B,  D  are  in  the  circumference  of  each  of  th© 


b-  »•  3-      circles,  the  ftraight  line  BD  falls  within  ^  each  of  them,  .and  their 

c.  Cor.  1.3.  centers  are  ^  in  the  ftraight  line  GH  which  bifedls  BD  at  right 

4^  II.  3.     angles;  therefore  GH  pafles  thro*  the  point  of  contaft  ^.  but  it 

does  not  pafs  thro'  it»  becaufe  the  points  B,  P  are  without  the 

ftraight  Kne  GH,  which  is  abfurd.  therefore  one  circle  cannot 

touch  another  on  the  infide  in  more  points  than  one. 

Npr  can  two  circles  touch  one  another  pn  the  wtfidc  in  mox^ 
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than  one  point.  for»  if  it  be  poffxble,  let  the  circle  ACK  touch  the  ^°^^J^ 
circle  ABC  in  th<?  points  A>  C,  and  join  AC.  therefore  bccaufe  the 
two  points  A,  C  are  in  the  circumference 
of  the  circle  ACK,  the  ftraight  line  AC 

which  joins  them  ihall  fall  within  *>  the        /  \         b.  a.  3- 

circle  ACK.  and  the  circle  ACK  is  withr 
out  the  circle  ABC,  and  therefore  the 
ftraight  line  AC  is  without  this  laft  cir- 
cle *,  but  becaufe  the  j^oints  A,  C,  are  in 
the  circumference  of.  tl^e  circle  ABC,  the 
ftraight  line  AC  muft  be  within  ^  the 

fame  circle,  which  is  s^bfurd.  therefore  one   \  /  W 

circle  cannot  touch  another  on  the  out-Ttt 
fide  in  more  tlian  one  point,  and  it  has 
been  (hewn  that  they  cannot  touch  on  the  infide  in  more  poiftts 
than  one.  therefore  one  circky  &c.   (^E.  D. 

PROPv   XIV,     THEOR. 

EQUAL  ftraight  lines  in  a  circle  are  eqwilly  diftant 
I    from  the  center;   and  thofe  which  are  equally 
diftant  from  the  center,  are  equal  to  one  another. 

Let  the  ftraight  lines  AB,  CD  in  the  circle  ABDC  be  equal  to 
one  another  j  they  are  equally  diftant  from  the  center. 

Take  E  the  center  of  the  circle  ABDC,  and  from  it  draw  EF, 
EG  perpendiculars  to  AB,  CD.  then  becaufe  the  ftraight  line  EF 
pailing  thro'  the  center  cuts  the  ftraight  line  AB,  which  does  not 
pafs  thro*  the  center,  at  right  angles,  it 

alib  bifefts  •  it.  wherefore  AF  is  equ^i    JV  >»^''**'~?^S^  •'  ^  ^* 

to  FB,  and  AB  double  of  AF.  for  the        ^  /  \  n. 

fame  reafon  CD  is  double  of  CG.  and 

« 

AB  is  equal  to  CD,  therefore  AF  is  equ«[ 
to  CG.  and  becaufe  AE  is  equal  to  EC, 
the  fquare  of  AE  is  equal  to  the  fquare 
of  EC,  but  the  fquares  of  A?,  FE  are 
equal  **  to  the  fquare  of  AE,  becaufe  the  t-  47-  ^» 

angle  AFE  is  a  right  angles  and  for  the 

like  reafon  the  fquares  of  EG,  GC  are  equal  to  the  fquare  of  EC. 
therefore  \i^  fquares  of  AF,  FE  are  equal  to  the  fquares  of  CG» 

E  4 
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Book  III.  GE,  6f  which  the  fquare  of  AF  is  equal  to  the  fquare  of  CG,  bc- 
^^^^^'''^^  caufe  AF  is  equal  to  CG;  therefore  the  remaining  fquare  of  FE  is 
equal  to  the  remaining  fquare  of  EG,  and  the  ftraight  line  FE  is 
therefore  equal  to  LG.  but  ftraight  lines  in  a  circle  are  faid  to  be 
equally  diftant  from  the  center,  when 
the  perpendiculars  drawn  to  them  from 
fe;4.Def.3,  ^he  center  are  equal  ^,  therefore  AB, 
CD  arc  equally  diftant  from  thfe  centen 
Next,  if  the  ftraight  lines  AB,  CD 
be  equally  diftant  from  the  center,  that 
is,  if  FE  be  equal  fo  EG ;  AB  is  equal  .^ 
to  CD.  for,  the  fame  conftru£kion  be-  ** 
ing  made,  it  may,  as  before^  be  demon- 
ftrated  that  AB  is  double  of  AF  and  ' 

CD  double  of  CG,  and  that  the  fquares  of  £F,  FA  are  equal  to 
the  fquares  of  EG,  GC;  of  which  the  fquare  of  FE  is  equal  to 
the  fquare  of  EG,  becaufe  FE  is  equal  to  EG ;  therefore  the  re- 
maining fquare  of  AF  is  equal  to  the  remainl6g  fquare  of  CG  9 
and  the  ftraight  line  AF  is  therefore  equal  to  CG.  and  AB  is 
double  of  AF^  and  CD  double  of  CG ;  wherefore  AB  is  equal  to 
CD.     Therefore  equal  ftraight  lines,  &c.   Q^E.  D, 


8eeN, 


PROP.   XV.     THEOR, 


THE  diameter  is  the  greateft  ftraight  line  in  a  circle; 
and  of  all  others,  that  which  is  nearer  to  the 
center  is  always  greater  than  one  m6re  remote;  and 
the  greater  is  nearer  to  the  center  than  the  lefs. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  AD,  and.  center 
Ej  and  Jet  BC  be  neater  to  the  center  than  FG.  AD  is  greater 
than  any  ftraight  line  BC  which  is  not  a 
diameter,  aild  BC  greater  than  FG. 

From  the  center  draw  EH,  EK  per* 
pendiculars  tq  BC,  FG,  and  join  EBy 
EC,  EFj  and  becaufe  AE  is  equal  to 
EB,  and  ED  to  EC,  AD  is  equal  to 
1^  ao.  I,  EB,  EC.  but  EB,  EC,  are  greater  »  than 
BC,  wherefore  alfo  AD  is  greater  than 
BC. 

An4  becaufe  BC  is  nearer  to  the  qca^i 
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ter  than  FG,  EH  is  lefs  *>  than  EK.  but,  as  was  demonftratcd  iq  Boc*  in. 

the  preceding,  BC  is  double  of  BH,  and  FG  double  of  FK,  and  ^'-^•*^''"^*^ 

the  fquares  of  EH,  HB  are  equal  to  the  fquares  of  EK,  KF,  of  '^'       ^' 

which  the  fquare  of  EH  is  lefs  than  the  fquare  of  EK,  becaufe 

EH  is  lefs  than  EK ;  therefore  the  £quare  of  BH  is  greater  than 

the  fquare  of  FK,  and  the.ftraight  iine  BH  greater  than  FK;  ^ 

and  therefore  BC  is  greater  than  FO. 

Next,  let  BC  be  greater  than  FG;  BC  is  nearer  to  the  center 
than  FG,  that  is,  the  fame  conftruftioa  being  madej  EH  is  leis 
than  EK.  becaufe  BC  is  greater  than  FGi  BH  likewife  is  greater 
than  FK.and  the  fquares  of  BH,  HE  are  equal  to  the  fquares  of 
FK,  KE,-of  which  the  fquare  of  BH  is  greater  than  the  fquare  of 
FK,  becaufe  BH  is  greater  thaii  FK  i  therefore  the  fquare  of  EJi. 
is  lefs  than  the  fquare  of  £K,.and  the  (Irafight  line  EH  lefs  than 
EK.     Wherefore  the  diameter^  &c.  Q^^E,  D. 

PROP.  XVI.     THEOR, 

THE  ftraight  line  drawif  at  right  angles  to  the  dia-  See  n, 
meter  of  a  circle^  from  the  extremity  of  it,  falls 
without  the  circle ;  and  no  ftraight  line  can  be  drawn 
between  that  ftraight  line  and  the  circumference  from 
the  extremity,  fo  as  not  to  cut  the  circle;  or,  which 
is  the  fame  thing,  no  ftraight  line  can  make  fo  great 
an  acutb  angle  with  the  diameter  at  its  extremity,  or 
fo  fmall  an  angle  with  the  ftraight  line  which  is  at  right 
angles  tb  it,  as  not  to  cut  the  circle. 

Let  ABC  be  «  circk  tbe^icjentfer  of  which  is  D,  and  the  diameter 
AB;  the  ftraight  line  drawn  at^ight 
angles  to  AB  from  it?  extremity.  Ai 
fliall  fall  without  the  circle. 

For  if  it  does  not,  let  it  fall,  if  pof- 
fible,  within  the  circle  as  AC,  and  "O 
draw  DC  to  the  point  C  where  it  • 
meets  the  circumference,   and*  be^ 
caufe  DA  is  equal  to  DC,  the  angle 

D  AC  is  equal  »  to  the  angle  ACD ;  "^^  a.  5.  x. 

but  f)AC  i$  a  right;  angl^,  therefore  ACD  is  a  right  angWi  and 
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Book  in.  ^t  angles  D  AC,  ACD  are  therefore  equal  to  two  right  angles  ; 

^^^*^^^*^  Urhich  16  impoffible  *>.  therefore  the  ftraight  line  drawn  from  A  at 

^  *'* ''    right  angles  to  BA  docs  not  fall  within  the  circle,  in  the  fame 

manner  it  may  be  demonftrated  that  it  does  not  fall  upon  the  cir« 

cumference ;  therefore  it  muft  fall  without  the  circle,  as  AE. 

And  between  the  ftraight  line  AE  and  the  circumference  no 
ftraight  line  can  be  drawn  from  the  point  A  which  does  not  cut 
the  circle,  for,  if  poffible,  let  FA  be  between  them,  and  from  the 

c.  12. 1,    point  D  draw  «  DG  perpendicular  to  FA,  and  let  it  meet  the  cir- 

cumference in  H.  and  becaufe  AGD  is  a  right  angle,  and  DAG 
Icfs  *>  than  a  right  angle,  DA  is  great* 

d,  ip.  X.     er* than  DG.  but  DA  is  equal  to  DHj 

therefore  DH  is  greater  than  DG,  th^ 
lefs  than  the  greater,  which  is  impof- 
fible. therefore  no  ftraight  line  can  be 
drawn  from  the  point  A  between  AE 
and  the  circumference,  which  does 
^  not  cut  the  circle,  or,  which  amounts 
to  the  fame  thing,  however  gresfl  an 
acute  angle  a  ftraight  line  makes  with 
the  diameter  at  the  point  A,  or  however  fmall  an  angle  it  makes 
with  AE,  the  circumference  paffes  between  that  ftraight  line  and 
the  perpendiculJf  AE.    <  And  this  is  all  that  is  to  be  "underftood, 

<  when  in  thie  Greek  text  and  tranflations  from  it,  the  angle  of  the 

<  femicircle  is  faid  to  be  greater  than  any  acute  redilineal  angle, 
«  and  the  remaining  angle  lefs  than  any  refbilineal  angle.' 

'  CoR.  From  this  it  is  manifeft  that  the  ftraight  line  which  is 

drawn  at  right  angles  to  the  diameter  of  a  circje  from  the  extremity 

of  it,  touches  the  circle ;  and  that  it  touches  it  only  in  one  point, 

becaufe  if  it  did  meet  the  circle  in  two,  it  would  fall  within 

c.  3. 3,      it  «.     <  Alfo  it  is  evident  that  there  can  be  but  one  ftraight  line 

<  which  touches  the  circle  in  the  fame  point.* 

PROP.   XVIL     PROB. 

TO  draw  a  ftraight  line  from  a  given  point,  either 
without  or  in  the  circumference,  which  fhall 
touch  a  given  circle. 

Rrft,  Lejt  A  be  a  given  point  withoHt.thc  given  circle  BCDi  it 
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is  required  to  draw  a  ftraight  line  from  A  which  (hall  touch  the  Bode  m. 
circle.  ♦■  V^VVy 

Find  •  the  center  E  of  the  circle,  and  join  AE  5  and  from  the  *•  »•  3» 
center  E,  at  the  diftance  EA  defcribe  Ac  circle  AFG;  from  the 
point  D  draw  ^  DF  at  right  angles  to  EA,  and  join  EBF,  AB.  ^-  "•  »• 
AB  touches  the  circle  BCD, 

Becdufe  £,ii  tlie  center  of 

the  drdes  BCD,  AFG,  EA  is                >.-''--"*"'"'"""V.     ii 
equal  to  EF,  and  ED  to  EB  5  /^    IV^  A 

therefore  the  two  fides  AE,  EB 

are  equal  to' the  two  FE,  ED, 

and  they  contain  the  angle  at  G 

E  common  to  the  two  triangles 

AEB,  FED;  therefore  the  bafc 

DF  is  equal  to  the  bafe  AB, 

and  the  triangle  FED  to  the 

triangle  AEB,'  and  the  other 

angles,  to  the  other  angles  «.  ^  4-  «• 

therefore  the  angle  EBA  is  equal  to  the  angle  EDF.  but  EDF  is  a 

right  angle,  wherefore  EBA  is  a  right  angle,  and  EB  is  drawn 

from  the  center  \  but  a  ftraight  line  drawn  from  the  extremity  of 

a  diameter,  at  right  angles  to  it,  touches  the  circle  <*.  therefore  AB  <l.Gor.id.3, 

touches  the  circle;   and  it  is  drawn  from  the  given  point  A. 

Which  was  to  be  done. 

But  if  the  given  point  be  in  the  circumference  of  the  circle,  as 

the  point  D,  draw  DE  to  the  center  E,  and  DF  at  right  angles 

to  l^SL  5  DF  touches  the  circle  ^, 

PROP,   XVIII.     THEOR.  V  bfeL,^ 

IF  a  ftraight  line  touches  a  circle,  the  ftraight  line 
drawn  from  the  center  to  the  point  of  oontad, 
ihall  be  perpendicul^  to  the  line  touching  the  circle. 

liCt  the  ftraight  line  DE  touch  the  circle  ABC  in  the  point  C, 
take  the  center  F,  and  draw  the  ifraight  line  FC  •,  FC  is  perpen* 
diculat  to  DE. 

For  if  It  be  not,  from  the  point  F  draw  FBG  perpendicular  to 
DE5  and  becaufe  FGC  is  a  right  angle,  GCF  is  ^  an  acute  angle;  b,  17.  x. 
and  to  the  greater  angle  the  greateit «  fide  is  c^pofite.  therefore  FC  c.  1$.  u 
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Book  III.  is  greater  than  FG;  but  FC  is  e- 
qual  to  FB;  therefore  FB  is  greater 
than  FG,  the  lefs  than  the  greater, 
which  is  impoffible.  wherefore  FG 
is  not  perpendicular  to  DE.  in  the 
fame  manner  it  may  be  fhewn,  that 
no  other  is  perpendicular  to  it  be- 
fides  FC,  that  is,  FC  is  perpendi- 
culair  to  DE.  Therefore  if  a  ftraight 
line,  &c:    Q^^E,  D. 

PROP.   XIX.      THEOR. 

IF  a  ftraight  line  touches  a  circle,  and  from  the  point 
of  contad  a  ftraight  line  be  drawn  at  right  angles 
to  the  touching  line,  the  center  of  the  circle  iball  be 
in  that  line. 

Let  the  ftraight  line  DE  touch  the  circle  ABC  in  C,  and  from 
C  let  CA  be  drawn  at  right  angles  to  DE  j  the  center  of  the 
circle  is  in  C  A. 

For  if  not,  let  F  l^e  the  center,  if  poflible,  and  join  CF.  Becaufe 
DE  touches  the  circle  ABC,  and  FC 
is  drawn  from  the  center  to  the  point 
of  contaft,  FC  is  perpendicular  *  to 
DE ;  therefore  FCE  is  a  right  angle, 
but  ACE  is  dfo  a  right  angle;  there- ^ 
fore  the  angle  FCE  is  equal  to  the  t> 
angle  ACE,  the  lefs  to  the  greater, 
which  is  impoffible.    wherefore  T  is 
not  the  center  of  the  circle  ABC.  in. 
the  fame  manner  it  may  be  fliewn  HQ 
that  no  other  point  which  is  n6t'  in 

CA,  is  thie  center  5  that  is,  the  center  is  in  CA.    Therefore  if  a 
ftraight  line,  &c.    Q^E.  D. 

PROP.   XX;     THEOR, 

THE  angle  at  the  center  of  a  circle  is  double  of  the 
angle  at  the  circumference,  upon  the  fame  bafe, 
that  is,  upon  the  fame  part  of  the  circupiferencQ* 


a.  S.  X. 


Ui  33.  i^ 


O  F    E  tJ  C  L  I  D.  77 

Let  ABC  be  a  circle,  and  B£C  an  angle  at  the  center^  and  BAC  Boole  i[l. 
an  angle  at  the  circumference,  which  have  the  fame  circumference 
BC  for  their  bafe;  the  angle  B£C  is  double 
of  the  angle  BAG. 

Firfl,  Let  E  the  center  of  the  circle  be 
within  the  angle  BAG,  and  join  A£»  and 
produce  it  to  F.    Becaufe  EA  is  equal  to 
£B,  the  angle  £AB  is  equal  ^  to  the  angle 
EBA;  therefore  the  angles  EAB,  EBA 
are  double  of  the  angle  EAB;  but  the  v>^ 
angle  BEF  is  equal  ^  to  the  angles  EAB,  ^ 
EBA;  therefore  alfo  the  angle  BEF  is 
double  of  the  angle  EAB.  for  the  fame  reafon,  the  angle  FEC  is 
double  of  tlie  angle  EAG.  therefore  the  whole  angle  BEG  is 
double  of  the  whole  angle  BAC. 

Again,  Let  BDC  be  infleded  to 
the  circumference,  fo  that  £  the  cen- 
ter of  the  circle  be  without  the  angle 
BDC,  and  join  DE  and  produce  it  to 
G.  It  may  be  demonftrated,  as  in  the 
firft  cafe,  that  the  angle  GECis  double 
of  the  angle  GDC,  and  that  GEB  a  Cr 
part  of  the  firft  is  double  of  GDB  a 
part  of  the  other;  therefore  the  re- 
maining angle  BEG  is  double  of  the 
temainingangleBDC*  Thereforethe  angleat  the  center,  &c.  QJE.D. 

PROP.   XXI.      THEOR. 

THE  angles  in  the  fame  fegment  of  a  circle  are  See  n. 
equal  i6  one  another. 

Let  ABCD  be  a  circle,  and  BAD, 
BED  angles  in  the  fame  fegment  B  AED ; 
the  angles  BAD,  BED  are  equal  to  one 
another. 

Take  F  the  center  of  the  circle  ABCD. 
and,  firft,let  the  fegmentB  AED  be  great- 
er than  a  femicircle,  and  pin  BF,  FD.JtS 
and  becaufe  the  angle  BFD  is  at  the  cen- 
ter^ and  the  angle  BAD  at  the  circumfe- 
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Book  m.  rcnce,  ^nd  that  they  have  the  fame  part  of  the  circtimfcrence>  viz* 
BCD  for  their  baie,  therefore  the  angle  BFD  is  douUe  *  of  the 
angle  BAD.  for  the  fame  reafon,  the  angle  BFD  is  douMe  of  the 
angle  BED-  therefore  the  angle  BAD  is  equal  to  the  angle  BED. 
But  if  the  fegment*BAED  be  not  greater  than  a  fenucircle,  let 
BAD,  BED  be  angles  in  it  ^  thefe 
alfo  are  equal  to  one  another,  draw 
AF  tp  the  center,  and  produce  it  to 
Cf  and  join  CE.  therefore  the  feg- 
ment  BADC  is  greater  than  a  fcmi- 
circle;  and  the  angles  in  it  BAC, 
BEC  are  equal,  by  the  firft  cafe,  for 
Ae  fame  reafon,  the  angles  CAD, 
CED  are  equaU  therefore  the  whole 
angle  BAD  is  equal  to  the  whole  an- 
gle bed:  Wherefore  the  angles  in  the  fame  fegment,  &c.  C^E-  D. 

PROP.  XXIL     THEOR. 

THE  oppofite  angles  of  any  quadrilateral   figure 
defcribed  in  a  circle,  are  together  equal  to  two 
right  angles. 

r 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD ;  any 
two  of  its  oppofite  angles  are  together  equal  to.  two  right  angles. 

Join  AC,  BD ;  and  becaufe  the  three  angles  of  every  triangle 
are  equal  »  to  two  right  angles,  the  three  angles  of  the  triangle 
CAB,  viz.  the  angles  CAB,  ABC, 
BCA  are  equal  to  two  right  angles, 
but  the  angle  CAB  is  equal  i>  to  the 
angle  CDB,  becaufe  they  are  in  the 
fame  fegment  BADC;  and  the  angle 
ACB  is  equal  to  the  angle  ADB,  be^ 
caufe  they  are  in  the  fame  fegment  Jl^ 
ADCB.  therefore  the  whole  angle 
ADC  is  equal  to  the  angles  CAB, 
A^B.  to  each  of  thefe  equals  add 

th<^  angle  ABC,  therefore  the  angles  ABC,  CAB,  BCA  are  equal  to 
the  angles  ABC,  ADC.  but  ABC^  CAB,  BCA  are  equal  to  tw^ 
right  angles  5  therefore  alfo  the  angles  ABC,  ADC  arc  equal  to 
two  right  angles,  in  the  iame  mamier  the  angts  BAD>  DGB 
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may  be  (hewn  ta  be  equal  to  two  right  angles.    Therefore  the  ^^"^  ^^ 
oppofite  angles,  &c   Q^IL  D. 

PROP*  XXm.     THEOR. 

UPON  the  fame  ftraight  line,  and  upon  the  fame  See  n. 
lide  of  it,  there  cannot  be  two  fimilar  fegments  * 
of  circles,  not  coinciding  with  on?  another. 

If  it  be  poilible,  let  the  two  (imilar  fegments  of  circles,  viz. 
ACB,  ADB  be  upon  the  fame  fide  of  the  fame  ftraight  line  AB, 
not  coinciding  with  one  another,  then  becaufe  the  circle  AGE  cuts 
the  circle  ADB  in  the  two  points  A,  B, 
diey  cannot  cut  one  another  in  smy  other 

point  ■.  one  of  the  fegments  muft  there-  ^"^  *•  ^^  3' 

fore  fall  within  the  other  j  let  ACB  fall 
within  ADB,  and  draw  the  ilraight  line 
BCD,  and  join  CA,  DA.  and  becaufe  the    ,^ 
fegment  ACB  is  fimilar  to  the  fegment  A 
ADB,  and  that  fimilar  fegments  of  circles 
contain  ^  equal  angles ;  the  angle  ACB  is  equal  to  the  angle  b.ii.Dcf.3, 
ADB,  the  exterior  to  the  interior,  which  is  impofiible  ^.   There-  c.  id.  x. 
fore  there  cannot  be  two  fimilar  fegments  of  a  circle  upon  the 
fame  fide  of  the  fame  line,  which  do  not  coincide.   Q^£.  D. 

PROP.  XXIV.     THEOR. 

SIMILAR  fegments  of  circles  upon  equal  ftraight  See  k. 
lines,  are  equal  to  one  another. 

Let  AEB,  CFD  be  fimihr  fegments  of  circles  upon  the  equal 
ftraight  lines  AB,  CD  i  the  fegment  AEB  i^  equal  to  the  fegment 
CFD. 

For  if  the  feg- 
ment AEB  be  "ap-  'E  J" 
plied   to  the   feg- 
ment CFD>  fo  as 

the  point  A  be  on    *  "t>     /h  t^ 

C,  and  the  ftraight  A  i>     C  .1/ 

Jiiae  AB  upon.  CD j  the  point  B  fliaQ  coincide  with  the  point  Df 
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3ebk  III.  becaufe  AB  is  equal  to  CD.  therefore  the  ftraight  line  AB  coin- 
ciding with  CD,  the  fegment  AEB  muft  *  coincide  with  the  fe^ 
Hient  CFD,  and  therefore  is  equal  to  it.  Wherefore  iimilar  feg- 
ments,  .&c.    Q^E.  D. 
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PROP.   XlV.     PROB. 

A  Segment  of  a  circle  being  given,  to  defcribe  the 
cirde  of  which  it  is  the  fegment. 

Let  ABC  be  the  given  fegment  of  a  circle ;  It  is  required  to 
defcribe  the  circle  of  which  it  is  the  fegnient. 

Bifeft  *  AC  in  D,  and  from  the  point  D  draw  ^  DB  at  right 
angles  to  AC,  and  join  AB.  Firft,  let  the  angles  ABD,  BAD  be 
equal  to  one  another  j  then  the  ftraight  line  BD  is  equal  ^  to  D  A, 
and  therefore  to  DC.  and  becaufe  the  three  ftraight  lines  DA,  DB, 
DC  are  all  equal,  D  is  the  center  of  the  circle  ^.  from  the  center 
D,  at  the  diftance  of  any  of  the  three  DA,  DB,  DC  defcribe  a 
circle;  this  (hall  pafs  thro'  the  other  points;  and  the  circle  of  which 
ABC  is  a  fegment  is  dcfcribed.  and  becaufe  the  center  D  is  in  AC, 


the  fegment  ABC  is  a  femicjrcle.  but  if  the  angles'  ABD,  BAD  are 
not  equal  to  one  another,  at  the  point  A  in  the  ftraight  line  AB 

^  «3«*  I-  make  *  the  angle  B  AE  equal  to  the  angle  ABD,  and  produce  BD 
to  E,  and  join  EC.  and  becaufe  the  angle  ABE  is  equal  to  the 
angle  B  AE,  the  ftraight  line  BE  is  equal  *  to  E  A.  and  becaufe  AD 
is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CDE,  the 
two  fides  AD,  DE  are  equal  to  the  twp  CD,  DE,  each  to  each ; 
and  the  angle  ADE  is  equal  to  the  angle  CDE,  for  each  .of  them 

f.  4- 1.  is  a  right  "Sngle ;  therefore  the  bafe  AE  rs  equal  ^  to  the  bafe  EC. 
but  AE  was  ftiewn  to  be  equal  to  EB,  wherefore  alfo  BE  is  equal 
to  EC;  and  the  three  ftmght  lines  AE,  £B^  EC  ^re  therefore  fequal 
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i&oiie  another;  wherefore  «*  E  is  the  center  of  the  circle,  from  l^o^f  HI. 
^  center  E,  at  the  diftance  of  any  of  the  three  AE,  EB,  EC       '^     * 
dcfcribe  a  circle,  this  (hall  pafs  thro'  the  other  points;  and  the   '  ^'  ^ 
circle  of  which  ABC  is  a  fegment  is  defcribed.  and  it  is  evident 
that  if  the  angle  ABD  be  greater  than  the  angle  BAD^  the  center 
E  falls  witlibut  the  fegment  ABC,  which  therefore  is  lefs  than  a 
femicircle.  but  if  the  angle  ABD  be  lefs  than  BAD,  the  center 
Si  fills  within  the  fegment  ABC,  which  is  therefore  greater  than  a 
ffcmicircle.  wherefpre  a  fegment  of  a  circle  being  given,  the  circle 
is  defcribed  of  which  it  is  a  fegment.    Which  was  to  be  done. 

PROP.   XXVI.     THEOR. 

IN  equal  circles,  equal  angles  ftand  upon  equal  cir* 
.    cumferences^  whether  they  be*  at  the  centers  or 
tircumferences.  *' 

Let  ABC,  DEF  be  equal  circles,  and  the  equal  angles  BGC, 
EHF  at  their  centers,  and  BAC,  EDF  at  their  circumferences,  the 
Gircumfererice  BKC  is  equal  to  the  circumference  £LF. 

Join  BC,  EF ;  and  becairfe  the  gircles  ABC,  DEF  are  equal, 
the  flraight  lines  drawn  from  their  centers  are  equal;  therefore  the 
two  fides  BG,  GC,  are  equal  to  the  two  EH,  HJ"-,  and  the  angle 


at  G  is  equal  to  tlie  angle  at  H ;  therefore  the  bafe  BC  is  equal  *  a.  4.  i, 
to  the  bafe  EF.  and  becaufe  the  angle  at  A  is  equal  to  the  angle 
atD,  the  fegment  BAC  is  fimilar  '^to  the  fegment  EDF;  and  they  b.ii.Def.3, 
are  upon  equal  ftraight  lines  BC,  EF ;  but  fimilar  fegmehts  df 
circles  upon  equal  ftraight  lines  are  equal  ^  to  one  another  ;c.  24.  3. 
therefore  the  fegment  BAC  is  equal  to  the  fegment  EDF.  but 
'  <he  whole  circk  ABC  is  equal  to  the  whole  P£F,  therefore  thf^ 
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.Book  in.  remaining  fegment  BKC  is  equal  to  the  remaining  fegmcnt  ELF, 
and  the  circumference  BKC  to  the  circumference  ELF.  Where- 
fore, in  equal  circles,  &c.    Q^Ew  D. 

PROP.  XXVIL     THEOR, 


«•  »a  J. 


b.  aj. 
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IN  equal  circ^Ies,  the  angles  which  ftand  upon  equal 
circumferences,  are  equal  to  one  another,  whether 

they  be  at  the  centers,  or  circumferences, 

• 

Let  the  angles  BGC,  EHF  at  the  centers,  and  BAC,  EDF  at 
the  circumferences  of  the  equal  circles  ABC,  DEF  ftand  upon  the 
equal  circumferences  BC,  EF.  the  angle  BGC  is  equal  to  the  angle 
t;HF,  and  the  angle  BAC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifeft  » 
that  the  angle  BAC  is  alfo  equal  to  EDF.  but  if  not,  oiie  of  them 


is  the  greater,  let  BGC  be  the  greater,  and  at  the  point  G,  in  the 
ftraight  line  BG,  make  b  the  angle  BGK  equal  to  the  angle  EHF; 
but  equal  angles  ftand  upon  equal  circumferences  *^,  when  they 
are  at  the  center ;  therefore  the  <:ircumference  BK  is  equal  to  the 
circumference  EF.  but  EF  is  equal  to  BC,  therefore  alfo  BK  is 
equal  to  BC,  the  lefs  to  the  greater,  which  is  impoffible.  therefore 
the  angle  BGC  is  not  unequal  to  the  angle  EHF;  that  is,  it  is 
equal  to  it.  and  the  angle  at  A  is  half  of  the  angle  BGC,  and 
the  angle  at  D  half  of  the  angle  EHF.  therefore  the  angle  at  A 
is  equal  to  the  angle  at  D*  Wherefore,  in  equal  circles^  &c» 
<^E.D. 
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PROP.  XXVHL     THEOIL 

IN  equal  circles,  equal  ftraight  lines  cut  off  equal 
circumferences,  the  greater  equal  to  the  greater^ 
and  the  lefs  to  the  lefs. 

Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  ftraight 
lines  in  them,  which  cut  off  the  two  greater  circumferences  B AC, 
EDF,  and  the  two  lefs  BGC,  EHF.  the  greater  BAG  is  equal  to 
{he  greater  EDF,  and  the  lefs  BGC  to  the  lefs  EHF. 

Take  *  K,  L  the  centers  of  the  circles,  and  join  BK,  KC,  EL,  a.  u  3; 
LF»  and  becaufe  the  circles  are  equal,  the  ftraight  Unes  from 


G^  H 

iheir  centers  are  equal,  therefore  BK,  KC,  are  equal  to  EL,  LF; 
and  the  bafe  BC  is  equal  to  the  bafe  £F  -,  therefore  the  angle 
BKC'is  equal  *>  to  the  angle  ELF.  but  equal  angles  ftand  upon  ^*  ••  «- 
equal  «  circumferences,  when  they  arc  at  the  centers  j  therefore  «•  »^«  3* 
the  circumference  BGC  is  equal  to  the  circumference  EHF* 
but  the  whole  circle  ABC  is  equal  to  the  whole  EDF  *,  the  re^ 
mainlng  part  therefore  of  the  curcumference,  viz.  B  AC,  is  equal 
to  the  remaining  part  EDF.    Therefore,  in  equal  circks,  jcc# 


I 


PROP.  XXIX.     THEOR. 

N  equal  circles  equal  circumferences  are  fubtended 
by  equal  ftraight  lines. 


'  Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferen^S 
BGC,  EHF  alfo  be  equal;  and  join  BC|  £F.  th«  ftraight  line  BC 
i$  equal  to  the  ftraight  line  EF. 

Fa 
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.Book  rrf.      Take  •  K,  L  the  centers  of  the  circles,  and  join  BK,  KC,  EL, 
V~^  LF.  and  becaufc  the  circumference  BGC  is  equal  to  the  circum- 
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^'  fP  3-     fercnce  EHF,  the  angle  BKC  is  equal  *>  to^  the  angte  ELF.  and 

becaufe  the  circles  ABC,  DEF  are  equal,  the  ftraight  lines  from 

J  their  centers  are  equal  j  thertfore.BK,  KC  are  equal  to  EL,  LF, 

«•  4-  '•      and  they  contain  equal  angles,  therefore  the  bafe  BC  is  equal  « to 

the  bafe  EF.    Ilierefore,  in  equal  circles,  &c.    Q^E.  D. 


T 


PROP.  XXX.     PROS. 

O  bifefl:  a  given  circumference,  that  ir,  to  divide  it 
into  two  equal  parts • 


Let  ADB  be  the  given  circumference  5  it  is  required  to  bife£l 


It. 


Join  AB,  and  bifeft  »  it  in  C  j  from  the  point  C  draw  CD  at 

right  angles  to  AB,  and  join  AD,  DB.  the  circumference  ADB 

is  bifefted  in  the  point  D- 

Becaufe  AC  is  equal  to  CB,  and  CD  common  to  the  triangles 

ACD,  BCD,  the  two  fides  AC,  CD 

are  equal  to  the  two  BC,  CD ;  and 

the  angle  ACD  is  equal  to  the  angle 

BCD,  becaufe  each  of  them  is  a.right 

angle  J  tlierefore  the  bafe  AD  is  equal 
4. 1.  ^  to  the  bafe  BD.  but  equal  ftraight 
a8.  3.    lines  cut  off  equal  ^  circumferences,  the  greater  equal  to  thfe  greater, 

and  tlie  lefs  to  the  lefs,  and  AD,  DB  are  each  of  them  lefs  than  a 
d.Cor.  1.3.  femicircle;  becaufe  DC  pafles  through  the  center  **.  wherefore  the 

circumference  AD  is  equal  td  the  circumference  DB.  therefore 

the  given  circumference  is  bife£ted  in  D.     Which  was  to  be 

done.  •     •       .  '• 


A      C      B 
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PROP.  XXXI.     THEOR. 

IN  a  circle,  the  angle  in  a  femicircle  is  a  right  angle ; 
but  the  angle  in  a  fegment  greater  than  a'  femicircle 
is  lefs  than  a  right  angle ;  and  the  angle  in  a  fegment 
lefs  than  a  femicircle  is  greater  than  a  rrght  angle* 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC>  and  cen- 
ter £  $  and  draw  CA  dividing  the  circle  into  the  fegments  ABC, 
ADC,  ind  join  BA,  AD,  DC.  the  angle  in  the  femicircle  BAG 
is  a  right  angle;  and  the  angle  in  the  fegment  ABC,  which  is 
greater  than  a  femicircle,  is  lefs  than  a  right  angle;  and  the  angle 
in  the  fegment  ADC  which  is  lefs  than  a  femicircle  is.  greater 
than  a  right  angle. 

Join  A£t  and  produce  BA  to  F ;  and  becaufe  BE  is  equal  to 
EA,  the  angle  EAB  is  equal  *  to  ,„  *•  5- »« 

£BA;  alio,  becaufe  AE  is  equal  to 
£C,  the  angle  EAC  is  equal  to 
£C  A ;  wherefore  the  whole  angle 
BAC  is  equal  to  the  two  angles 
ABC,  ACB.  but  FAC,  the  exterior 
angle  of  the  triangle  ABC,  is  equal 

h  to  the  two  angles  ABC,  ACB;  I>  \  j^      '        ]V     5.  ^,.  ,^ 

therefore  the  angle  BAC  is  equal 
to  the  angle  FAC,  and  each  of  them 
is  therefore  a  right  ^  aqgle.  where-  ^**^>'  "^^^^  cxoJJeti* 

fore  the  angle  BAC  in  a  femicircle  is  a  right  angle. 

And  becaufe  the  two  angles  ABC,  BAC  of  the  triangle  ABC 
are  together  lefs  ^  than  two  right  angles,  and  that  BAC  is  a  right  cl.  17.  I4 
angle,  ABC  mud  beliefs  than  a  right  angle;  and  therefore  the 
angle  in  a  fegment  ABC  greater  than  a  femicircle,  is  lefs  than  a 
right  angle. 

And  becaufe  ABCD  is  a  quadrilateral  figure  in  a  circle,  any 
two  of  its  oppofite  angles  are  equal  ^  to  two  right  angles ;  there-  c.  ax.  3. 
fore  the  angles  ABC,  ADC  are  equal  to  two  right  angles;  and 
ABC  is  lefs  than  a  right  angle,  wherefore  the  other  ADC  is 
greater  than  alright  angle. 

BeCdes,  it  is  manifeft,  that  the  circumference, of  the  greater 
fegment  ABC  falls  without  the  right  angle  CAB^  but  th^  circum?* 

F  3 


tS  THEElEMENTTS 

Book  Ht.  fcrcftcc  of  the  Icfs  fegment  ADC  falls  within  the  right  angle  CAT* 

<  And  thi$  is  all  that  is  meant,  when  in  the  Greek  text,  and  tho 

<  tranflations  from  it,  the  angle  of  the  greater  fegment  is  faid  to 
«  be  greater,  and  the  angle  of  the  lefs  fegment  is  faid  to  be  le(s 
^  than  a  right  angle.* 

Cor.  From  this  it  is  mauifeft,  that  if  dne  angle  of  a  triangle 
be  equal  to  the  other  two,  it  is  a  right  angle,  becaufe  the  an|^I^ 
adjacent  to  it  is  equal  to  the  fame  two  i  and  when  the  adjacent 
angles  are  equal,  they  are  right  angles* 


PROP.  XXXII-     THEOR. 

IF  a  ftraight  line  tonches  a  circle,  and  from  the  point 
of  contaft  a  ftraigl)t  line  be  drawn  cutting  the 
circte»  the  angles  made  by  this  line  with  the  line 
touching  the  circle,  (hall  be  equal  to  the  angles  which 
are  in  th^  alternate  fegments  of  the  circle* 

Let  the  ftraight  line  EF  touch  the  cirqle  ABCD  in  B,  and  from 

the  point  B  let  the  ftraight  line  BD  be  drawn  cutting  the  circle, 

the  angles  which  BD  makes  with  the  touching  line  EF  fliall  be 

equal  to  the  angles  in  die  alternate  fegmepts  of  the  circle  $  that 

is,  the  angle  FBD  is  equal  to  the  angle  which  is  in  the  fegment 

DAB,  and  the  angle  DBE  to  the  angle  in  the  fegment'BCD. 
%t  XI.  t.        Froin  the  point  B  draw  *  BA  at  right  angles  to  EF,  and  take 

any  point  C  in  the  circumference  BI),  and  join  AD,  DC,  CB  | 

and  becaufe   the  ftraight  line  EF 

touches  the  circle  ABCD  in  the  point 

B,  and  B  A  is  drawn  at  right  angles 

to  the  touching  line  from  the  point 

tfi  contaft  B,  the  center  of  the  circle 
b.  ifl.  3'  f s  b  in  BA ;  therefore  the  angle  ADB 
^.  31.  3.     in  a  femicircle  is  a  right  ^  angle,  and 

(:onfequcntly  the  other  two  angles 
4'3«.  I.     BAD,  ABD  are  eq\ial  <*  to  a  right 

angle,  but  ABF  is  likewife  a  right 

angle  5  therefore  the  angle  ABF  is  "C 

equal  to  the  angles  BAD,  ABD.  take 

from  thefe  equals  the  common  angle    - 

A6P  9  therefore  the  remaining  angle  DBF  is  e^ual  to  the  H<^gh^ 


s 
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BAD}  which  is  in  the  alternate  fegment  of  the  circle;  and  becaufc  Book  Vk 
ABCD  is  a  quadrilateral  figure  in  a  circle^  the  oppofite  angles  ^'^'"V"*^ 
BADj  BCD  are  equal  ^  to  two  right  angles ;  therefore  the  angles  e.  22.  3. 
DBF)  DBEy  being  likewife  equal  ^  to  two  right  angles,  are  equal  f-  13*  >• 
to  the  angles  BAD,  BCD  ^  and  DBF  has  been  proved  equal  to 
BAD ;  therefore  the  rentatning  angle  DB£  is  equal  to  the  angle 
BCD  in  the  alternate  fegment  of  the  circle.    Whereforei  if  a 
ftraight  line,  &c.    Q^E.  D. 


••  10.  !• 


PROP.   XXXIII.     PROB. 

UPON  a  given  ftraight  line  to  defcribe  a  fegment  see  n. 
of  a  circle,  containing  an  angle  equal  to  1  eiven 
tedllineal  angle. 

Let  AB  be  the  given  ftraight  line,  and  the  angle  at  C  the  given 
re&ilineal  angle;  it  is  required  to  defcribe  ttp<»i  the  given  ftraight 
line  AB  a  feg4[nent  of  a  circle,  containing  an  angle  equal  to  the 
an^  C. 

Firft,  Let  the  angle  at  C  be  a 
right  angle,  and  bifeft  «  AB  in  F,  and 
from  the  center  F,  at  the  diftance 
FB,  defcribe  the  femicircle  AHB-, 
therefore  the  angle  AHB  in  a  femi- 
circle is  ^  equal  to  the  right  angle 
at  C. 

But  if  the  angle  C  be  not  a  right  angle,  at  the  point  A  in  the 
ftraight  fine  AB,  make  «  the  angle  BAD  equal  to  the  angle  C,  ^-  *3-  «* 
and  from  the  point  A  draw  *  d.  n,  x. 

AE  at  right  angles  to  AD ;  bi- 
kGt  •  AB  in  F,  and  from  F  draw 
^  FG  at  right  'angles  to  AB,  and 
join  GB.  and  becaule  AF  is  e- 
qual  to  FB,  and  FG  common  to 
the  triangles  AFG,  BFG,  the 
two  fides  AF,  FG  arc  equal  to 
die  two  BF,  FG;  and  the  angle 
AFG  is  equal  to  the  angle  BFG  ^ 

therefore  the  bafe  AG  is  equal «  e<  4.  t^ 

to  the  bafe  GB  j  and  the  circle  defcribed  from  the  center  G>  at 

^4 


b*  3t.  3. 


ti 
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Book  TIT.  the  diftance  GA,  fhall  pafs  through  the  point  B5  let  this  be  thie 
▼        circle  AHB.  and  becaufe  from  the  point  A  the  extremity  of  the 

f.  Cor.  16. 3.  diameter  AE,  AD  is  drawn  at  right  angles  to  AE,  therefore  AD  ' 
touches  t;he  circle;  and  becaufe  Tnr 

AB  drayn  from  the  point  of   fi  -^"    '*--^*' 

contaft  A  cuts  the  circle,  the 
angle  DAB  is  equal  to, the  an- 
gle in  the   alternate  fegment 

f  •  3«-  3-  AHB  5.  but  the  angle  DAB  is 
equal  to  the  angle  C,  therefore 
alfo  the  angle  C  is  equal  to  the 
'  angle  in  the  fegment  AHB. 
wrher/fore  upon  the  given  ftraight  line  AB  t}ie  fegmeijt  AHB  of 
a  circle  is  defcribed  which  contains  an  angle  equal  to  the  give^ 
angle  at  C.     Which  was  to  be  done, 

PROP.  XXXIV,     PROBt 

TO  cut  oiF  a  fegment  from  a  given  circle  which  fiiall 
coQtain  an  angle  equal  to  a  given  redilineal  angle* 

^   .  .    .  -  •  • 

Let  ABC  be  the  giveh  circle,  and  D  the  given  reSilineal  ant- 

gle ;  it  is  requited  tq  cut  oiF  a  fegment  from  the  circle  ABC  that 

(hall  contain  an  angle  equal  to  the  angle  D. 
P',  17*  ;3«     .^  Draw  *  t]ie  ftraighf  line  EF  touching  the  circle  ABC  in  the 
fc.  aj-  »•     point  B,  and  at  the  point  B,  in  the  ftraight  line  BF,  make  ^  the 

angle  FBC  equal  to  the  an- 
gle D.  therefore,  becaufe  the 

ftraighf  line  EF  touches  the 

circle  ABO,  and  pC  is  drawn 

from  the  point  of  co^tafl:  B, 
tt  3«»  3*     Ae  angle  FBC  is  equal  ^  to  T\ 

the  angle  in 'the  alternate 

fegment  BAC  of  the  circle. 

^ut  the  angie  FBC  is  equal 

to  the  ^ngle  D  j  therefore 
^  the  angle  m  the  fegment  BAC  is  cqvial  to  the  angle  D.  wherefore 

the  fegment  BAC  i^  cut  off  from  the  given  circle  ABC  contain** 
.  '  J      ing  an  angle  equal  to  the  given  angle  D,    Which  vi^s  to  h% 

#?»^f  ■      •  
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Bwk  ni. 
PROP.   XXXV.     THEOR.  ^^-^ 

IF  two  ftraigbt  lines  within  a  circle  cut  one  another,  see  K. 
the  rectangle  contained  by  the  fegments  of  one  of 
them  is  ^qqal  to  the  re£langle  contained  by  tbe  feg- 
ments  of  the  other. 

« 

•  Let  the  two  ftraight  lines  AC,  BD,  within  the  circle  ABCD, 
cut  one  another  in  the  point  £;  the  rc£langle  contained  by  AE, 
EC  is  equal  to  the  redangle  contained  by 

BE,  ED.  A  /^        ^Ti 

If  AG,  BD  pafs  each  of  them  tlirotig^  ^^^^     —      "^^ 
the  center,  fo  that  £  is  the  center  y  it  is 
evident,  that  AE,  EC,  BE,  ED,  being  all  -^  ^ 
equal,  thfi  reAangk  AE,  EC  is  likewiie  J> 
equal  to  the  re£langle  BE,  ED. 

'  But  let  one  of  them  BD  pafs  thro'  the  center,  and  cut  the 
other  AC,  which  dees  not  pais' thro'  the  center,  at  right  angles^ 
in  the  pomt  £•  then,  if  Bi3  be  bife£led  in  F,  F  is  the  center  of 
the  circle  ABCD  $  and  join  AF.  and  becaufe  BD,  which  pafles 
thro*  the  center,  cuts  the  ftraight  line  AC,  which  does  not  pafs 
thro'  the  center,  at  right  an^es  in  E,  Tx 

AE,  EC  are  equal  «  to  one  another.  ^-^--T""^^  **  ^'  ^' 

and  becaufe  the  ftraight  line  BD  is 
cut  into  two  equal  parts  in  the  point 
F,  and  into  two  unequal  in  the  point 
£,  the  reftangle  BE,  ED  together  with 
the  fquare  of  LF,  is  equal  b  to  the  A}i 
fquare  of  FB;  that  is,  to  the  fquare  of 
FA ;  but  the  fquares  of  AE,  EF  are 

equal  ^. to  the  fquare  of  FA;  there-  J&      .  0.47.1, 

forie  the  redlangie  BE,  ED,  together  with  the  fquare  of  £F,  is 
eqt^}  to  the  fquares  of  AE,  EF.  take  away  the  common  fquare 
of  EF,  ?n4  the  remaining  reftangk  BE,  ED  is  equal  to  tjie  re- 
^[laining  fquare  of  A£  ;  that  is,  to  the  re£^angle  AE,  EC. 

Next,'  Let  BD  which  paffes  thro'  the  center,  cut  the  other  AQ, 
which  does  not  pafs  thro'  the  center,  in  E,  but  not «(  right  angles. 
then,  as  btfore,  if  BDbe  bife£ted  in  F9  F  is  the  center  of  the  circle. 
Join  AF^  and  from.F  draw  ^  FQ  perpendicular  to  AC,  therefore  d.  u,  %* 
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Book  m.  AG  is  equal  *  to  GC;  wherefore  the  re£tangle  AE,  EC,  together 
*"'"  -  with  the  fquare  of  EG,  is  equal  i>  to  the  fquare  of  AG.  to  each 
of  thefe  equals  add  the  fquare  of  GF,  therefore  the  reftangle  A£| 
EC|  together  with  the  fquares  of  EG, 
GF  is  equal  to  the  fquares  of^  AG,  *|y 
GF.  but  the  fquares  of  EG,  GF  are  '^^ 
c*  47*  «•    equal  «  to  the  fquare  of  EF  j  and  the 

fquares  of  AG,  GF  are  equal  to  the  .  ^^  >.rj  />tf 
fquare  of  AF.  therefore  the  re£tangle  JWt-  Xi  ^K  /  C 
AE,  EC,  together  with  the  fquare  of        >y^  ^/K 

EF  is  equal  to  the  fquare  of  AF  j  that  ^**'«»*— ^^  ^ 

is,  to  the  fquare  of  FB.  but  the  fquare  of  FB  is  equal  >  to  the  rec* 
tangle  BE,  ED  together  with  the  fquare  of  EF;  therefore  the  rec- 
tangle AE,  EC,  together  with  the  fquare  of  £F,  is  equal  to  the 
red:angle  BE,  ED  together  with  the  fquare  of  EF.  take  away  the 
common  fquare  of  EF,  and  the  remaining  re£langle  AE,  EC  is 
therefore  equal  to  the  .remaining  re£langle  BE,  ED* 

Laftly,  Let  neither  of  the  ftraight  lines  AC,  BD  pafs  thro'  the 
center,  take  the  center  F,  and  thro' 
E  the  interfeftion  of  the  ftraight  ^      >^^^^ 

lines  AC,  DB  draw  the   diameter    xi/^  ^\ 

GEFH.  and  bccaufe  the  reftangle       7    \.  \T% 

AE,  EC  is  equal,  as  has  been  ihewn,      /  >JF      /] 

to  the  redanglc  GE,  EH-,  and  for    A  >^/   /h 

the  fame  reafon,'  the  reftanrfe  BE,  -ivv        "        /x  /  v 
ED  is  equal  to  the  fame  redangle  ^,.,^    /^^  ^ 

GE,  EH  5  therefore  the  reflangle  ^ 

AE,  EC  is  equal  to  the  reftangle  BE,  ED.  Wherefore,  if  two 
ftraight  lines,  &c.    C^E.  D« 

PROP.   XXXVI.     THEOR. 

IF  from  any  point  without  a  circle  two  ftraight  liac« 
be  drawn,  one  of  which  cuts  the  circle,  and  the 
other  touches  it ;  the  reftangle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without 
the  circle,  fliall  be  equal  to  the  fquare  of  the  line  which 
touches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA,  DB 

two  ftraight  lines  drawn  from  it,  of  wi^ich  DCA  cuts,  the  circle^ 
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-md  DB  touches  the  fame,  the  refbngle  AD,  DC  is  equal  to  B«ok  ni, 
die  fquare  of  DB. 

Eidier  DC  A  pafies  thro'  the  center,  or  it  does  not ;  fiift^  kt  it 
pa&  thro'  the  center  £,  and  join  £B ; 
therefore  the  angle  EBD  is  a  right 

'  angle*  and  becaufc  the  ftraight  line  /  a.  tl.  3. 

AC  is  i)ife£led  in  £,  and  produced  to 
the  point  D,  the  reflangle  AD,  DC 
together  with  the  fquare  of  EC,  is  equal  II 
^  to  the  fquare  of  £D.  and  C£  is  equal 
toEB,  tbeteforethe  re£iangle  AD,  DC, 
together  with  the  fquare  of  £B  is  equal 
tp  the  f<|(uare  of  £D*  but  the  fquare  of 

ED  is  equal  *  to  the  fquares  of  EB,         Xi^        ^^         «•  47-  «• 
BD,  becaufe  £BD  is  a  tight  angle* 
therefore  the  rdfiangle  AD»  DC  tog6« 

ther  with  the  fquare  of  EB,  is  equal  to  the  fquares  of  EB,  BD. 
take  away  the  common  fquare  of  £B ;  therefore  the  remaining 
redangle  AD,  DC  is  equal  to  the  fquare  of  the  tangent  DB. 

Byt  if  DCA  does  not  pafs  thro'  the  center  of  the  circle  ABC, 
take  *  the  center  E.  and  draw  EF  perpendicular  «  to  AC,  and  ^'  *•  S» 
join  EB,  EC,  ED ;  then  EFD  is  a  right  angle,  and  becaufe  the  *'  "'  '* 
ftraight  line  EF,  which  pafTes  thro'  the  center,  cuts  the  ftraight 
line  AC,  which  does  not  pafs  thro'  the 
center,  at  right  angles,  it  fhall  likewife 

bifeA  f  it ;  therefore  AF  is  equal  to  FC«  ^  f-  3*  3* 

aind  becaufe  the  ftraight  line  AC  is  bi- 
feded  ia  F,  and  produced  to  D,  the  rec«< 
tangle  AD,  DC  together  with  the  fquare 
of  FC,   is  equal  ^  to  the   fquare  of  .^ 

FD.  to  each  of  thefe  equals  add  the  J>; 
fquare  of  F£,  therefore  the  redlangle 
AD,  DC  together  with  the  fquares  of 
CF,  FE,  IS  equal  to  Ae  fquares  of  DF,     /^ 

FE.  but  the  fquare  of  ED  is  equal  «  to 
the  fquares  of  DF,  F£,  becaufe  EFD  is 
a  right  angle ;  and  the  fquare  of  ^C  is 
equal  to  the  fquares  of  CF,  FE;  therefore  the  reAangle  AD,  DC 
together  with  the  fquare  of  EC,  is  equal  to  the  fquare  of  £D« 
IDd  C£  k  e<ivi9l  t9  £9|  therefore  the  re^ngle  AD^  DC  to|e» 
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Book  in.  thcr  with  the  Tquare  of  EB,  is  equal  to  the  fquare  of  ED.  but 
the  fquares  of  £B|  BD  are  equal  to  the  fquare  ^  of  ED^  becaufe 
EBD  is  a  right  angle;  therefore  the  rectangle  AD,  DC  to- 
gether with  the  fquare  of  EB,  is  equal  to  the  fquares  of  EB^  BD. 
take  away  the  common  fquare  of  EB,  therefore  the  remaining 
rectangle  AD/JDC  is  equal  to  the  fquare  of  D^.  WhereforCt  if 
from  any  point,  .&c.    Q^E.  D. 

Cor.  Jf  from,  any  point  without  a 
circlp,  there  be  drawn  two  ftraight 
linei  cutting  it,  as  AB,  AC,  the  rec<- 
tai^les  contained  by  the  whole  lines 
and  the  parts  of  them  without  the  cir- 
cle, are  equal  to  one  another,  viz.  the 
rei^langle  BA,  AE  to  the  re£iangle 
CA,  AF.  for  each  of  them  is  equal 
to  the  fquare  of  the  ftraight  line  AD. 
which  touches  the  circle* 


PROP.  XXXVIL    THEOR, 


a.  17,  3. 

b.  18.  3* 

C  3^-  3* 


IF  from  a  point  without  a  circle  there  be  drawn  two 
ftraight  lines,  one'of  which  cuts  the  circle,  and  the 
other  meets  it;  if  the  rectangle  contained  by  the  whole 
line  which  cuts  the  circle,  and  the  part  of  it  without 
the  circle  be  equal  to  the  fquare  of  the  line  which 
meets  it,  the  line  which  meets  (hall  touch  the  circle. 

liCt  any  point  D  be  taken  without  the  circle  ABC,  and  from  it 
lee  two  ftraight  lines  DC  A  and  DB  be  drawn,  of  which  DCA 
cuts  the  circle,  and  DB  meets  it  *,  if  the^re^ngle  AD,  DC  be 
equal  to  the  fquare  of  DB ;  DB  touches  the  circle. 

Draw  *  the  ftraight  line  D£  touching  the  circle  ABC,  find  its 
center  F,  and  joirt  F£,  IB,  FD;  then  FED  is  a  right  *»  angle,  and 
becaufe  D£  touches  the  circle  ABC,  and  DCA  cut$  it,  the  rec- 
tangle AD,  DC  is  equal  « to  the  fquare  of  DE.  but  the  reflangle 
AD,  DC  is,  by  hypothefis,  equal  to  the  fquare  of  DB ;  therefore 
the  fquare  of  D£  is  equal  to  the  fquare  of  DB,  and  the  ftraight 
lige  DE  equal  to  the  ftraight  line  DB.  and  F£  is  ec[ual  to  FQ| 


^     OF    fi  TJ  C  L  I  D* 

wherefore  DE,  EF  are  equal  to 
DB,  BF  i  ind  the  bafe  FD  is  com- 
mon to  the  two  triangles  DEF, 
DBF ;  therefore  the  angle  DEF  is 
equal  *  to  the  angle  DBF,  but 
DEF  is  a  right  angle,  therefore  alfo 
DBF  is  a  right  angle,  and  FB,  if 
produced,  is  a  diameter,  and  the 
ftraight  lin^  which  is  drawn  at  , 
right  anjgles  to  a  diameter,  from 
the  extremity  of  it,  touches  «  the 
circle,  therefore  DB  touches  the 
circle  ABC  Wherefore,  if  from 
a  point,  &c.    (^E.  D. 
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I. 

AReAilineal  figure  is  faid  to  be  infcrlbed  in  another  re£lilineal 
figure,  when -all  the  angles  of  the  infcribed  figure  are  upon 
the  fides  of  the  figure  in  which  it  is  in- 
fcribed, each  upon  each. 

H. 
In  like  manner,  a  figure  is  faid  to  be  defcribed 
about  another  figure,  when  all  the  fides  of  the 
circumfcribed  figure  pafs  thro'  the   angular 
points  of  the  figure  about  which  it  is  defcribed,  each  thro' 
each. 

III. 
A  re£lilineal  figure  is  faid  to  fee  infcribed  in  a 
circle,  when  all  the  angles  of  the  infcribed 
figure  are  upon  the  circumference  of  the 
circle.  • 

IV. 

A  rectilineal  figure  is  faid  to  be  defcribed  about  a  circle,  when  each 
fide  of  th,e  circumfcribed  figure  touches 
the  circumference  of  the  circle. 

V. 
In  like  manner  a  circle  is  faid  to  be  infcribed 
in  a  reiiilineal  figure,  when  the  circumfe- 
rence of  the  circle  touches  each  (ide  of  the 
figure. 
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VL 

A  circle  is  faid  to  be  defcribcd  about  a  re£li« 
lineal  figure,  when  the  circumference  of  the 
circle  paffes  thro'  all  the  angular  points  of 
the  figure  about  which  it  is  defcribed. 

VII. 

A  ftraight  line  is  faid  to  be  placed  in  a  circle,  when  the  extre< 
mities  of  it  are  in  the  circumference  of  the  circle. 


PROP.   I.     PROB. 

IN  a  given  circle  to  place  a  ftraight  line,  equal  to  a 
given  ftraight  line  not  greater  than  the  diameter  of 
the  circle. 


Let  ABC  be  the  given  drcle,  and  D  the  given  ftraight  line^ 
not  greater  than  the  diameter  of  the  circle. 

Draw  BC  the  diameter  of  the  circle  ABC ;  then,  if  BC  is 
equal  to  D,  the  thing  required  is  done ;  for  in  the  circle  ABC  a 
ftraight  line  BC  is  placed  equal 
to  D.  but  if  it  is  not,  BC  is 
greater  than  D ;  make  C£  equal 
^  to  D,  and  from  the  center  C, 
^t  the  diftance  C£,  defcribe  the 
circle  AEF,  and  join  CA.  there- 
fore, becaufe  C  is  the  center  of 
the  circle  AEF,  CA  is  equal  toiD 
C£ ;  but  D  is  equal  to  CE,  therefore  D  is  equal  to  C A.  where- 
fore in  the  circle  ABC  a  ftraight  line  is  placed  equf  1  to  the  given 
ftraight  line  D,  which  is  not  greater  than  the  diameter  of  the 
circle.    Which  was  to  be  done. 


s«  3*  t* 


PROP.   II.     PROB. 


IN  a  given  circle  to  infcribe  a  triangle  equiangular  to 
a  given  triangle. 


THE    ELEMENTS 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle  ;  it 
is  required  to  infcribe  in  the  circle  ABC  a  triangle  equiangul^ 
to  the  triangle  DEF. 
».  17-  3-        Draw  » the  ftraight  line  GAH  touching  the  circle  in  the  point 

b.  23. 1.     A,  and  at  the  point  A,  in  the  ftraight  line  AH,  make  ^  th^nglc 

H  AC  equal  to  the  angle  DEF;  and*  at  the  point  A,  in  the 
line  AG,  make  the,  an- 
gle GAB  equal  to  the 
angle   DFE^    and  join  Tv 

BC.  therefore  becaufe 
HAG  touches  the  cir- 
cle ABC,  and  AC  is 
drawn  from  the  point  Jur  JC 

of  conta<Sb,    the   angle 

c.  3«.  3-     HAC  IS  equal  «  to  the 

angle  ABC  in  the  alter- 
nate fegment  of  the  circle,  but  HAC  is  equal  to  the  angle  DE?, 
therefore  alfo  the  angle  A6C  is  equal  to  DEF.  for  the  fame  rea- 
son, the  angle  ACB  is  equal  to  the  angle  DFE ;  therefore  tlie.re>- 
^  3<*  <•  maining  angle  BAC  is  equal  ^  to  the  remaining  angle  EDR 
wherefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEF, 
and  it  is  infcribed  in  the  circle  ABC.    Which  was  to  be  done. 


A 


-^L 


PROP.   III.     PROS. 

r 

BOUT  a  given  circle  to  defcribe  a  triangle  equi- 
angiilar  to  a  given  triangle* 


Let  AQC  he- the  given  circle,  and  DEF  the  given  triangle ;  it 
is  required  to  defcribe  a  triangle  about  the  circle  ABC  cqtciangulaA* 
to  the  triangle  DEF. 

Produce  EFboth  ways  to  the  points  G,  H,  and  find  the  center 

K  of  the  circle  ABC,  and  from  it  draw  any  ftraight  line  KB ;  at 

%.  23.  z.     the  point  K  in  the  ftraight  line  KB,  make  '  the  angle  BKA  equal 

to  the  angle  DEG,  and  the  angle  BKC  equal  to  the  angle  DFH  ; 

and  thro'  the  points  A,  B,  C  draw  the  ftraight  lines  LAM^ 

b.  17. 3.    MBN,  NCL  touching  ^  the  circle  ABC.  therefore  becaufe  LM, 

MN,  NL  touch  the  circle  ABC  in  the  points  A,  B,  C  to  which 
itom  the  center  are  drawn  KA,  KB,  KC,  the  angles  at  the  pciioi's 

c.  18.  5.    A,  B,  C  are  right  <^  angles,  and  becaufe  the  four,  angles  .of  tb& 
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qttaiJrilateral  figure  AMBK  arc  equal  to  four  right  .angles,  for  it  Book  iv. 

can  be  divided  into  two  triangles ;  and  that  two  of  them  K  AM, 

KBM  are  right  angles^  the  other  two  AKB,  AMB  are  equal  to  two 

right  angles,  but  the 

angles  DEO,  DEF' 

ftfe  likewife  equal  ^  /\  «g^  il»  13. 1^ 

to  two  tight  angles  \ 

therefore  the  angles 

AKB,  AMB  are  e- 

qual   to    the  angles  JnL 

DEG,    DEF,   of 

vhich  AKB  is  equal 

tb   DEG ;    where^  -  -  _  _^-^ 

fore  the   remaining  JM  JS  JN 

angle  AMB  is  equal  to  the  remaining  ande  DEF.  in  like  Mantlet 

theiangle  LNM  may  be  demonftrated  to  be  equal  to  DFE;  and 

therefore  the  remaining  angle  MLNtk  equal  *  to  the  remaining  *•  i^  <« 

angle  EDF.  wherefore  the  triangle  i!MN  is  equiangular  to  the 

triangle  DEF.  and  it  is  defcribed  about  the  circle  ABC.    Which 

was  to  be  dDne* 


T 


PROP.   IV.     PROB. 


O  mldribe  a  <:itcle  in  a  given  triangle.  ^e«N* 

Let  the  given  triangle  be  ABC}  it  is  required  to  infcribe  a 
circ^tifi  ABC. 

Bifea  *  the  angles  ABC,  BCA  by  the  ftraight  lines  BD,  CD  »•  9- 1. 
meeting  oilc  inother  in  the  point  D,  from  which  draw  *>  D£»  DF,  ^*  '*•  ^- 
DG  petpendicvlars  to  AB,  BC, 
CA.  and  becaufe  the  angle- EBD 
is  eaual  to  the  angle  FBD,  for 
*e  i^le  ABC  is  bifeaed  by  BD, 
and  tfiat  the  right  angle  BED  is 
equal  to  the  right  angle  BFD,  the 
two  triangles  EBD,  FBD  have  two 
angles  of  the  oAejequal  to  two  an- 
gles of  the  other^  *nd  the  fide  B&," 

which  iSiOppofite  to  ohe  of  theT|  -n  g^ 

eoHiili^es  in  each,  is  common  *^  J?  ^ 

therefore  their  other  fides  (hall  be  equal  ^ ;  wherefore  c  t6.  x, 

G 
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Book  IV.  DE  is  equal  to  DF.  for  the  fame  reafon,  DG  is  equal  to  DF;  there- 
^■^'^^'^^  fore  the  three  ftraight  lines  DE,  DF,  DG  are  equal  to  one  another, 

and  the  circle  defcribed  from  the 

center  D,  at  the  diftance  of  any  of 

them,  (hall  pafs  thro'  the  extremi- 
, .  tics  of  the  other  two,  and  touch 

the  ftraight  lines  AB,  BC,  CA, 
,  becaufe  th^  angles  at  the.  points  E, 

F,  G  ape  right  angles,  JU^d  the 

ftraighf  line  which  is  drawn  from 

tka  extremity  of  a  diameter  at  right 
<J.  i^.  3*     angles  to  it,  touches  ^  the  circle. 

therefore  the  ftraight  IfaiesrAB,  BC, 

CA  do  each  of  them  touch  the  circle,  and  the  circle  EFG  is  ii>» 

fcribed  in  the  triangle  ABC.     Which  was  to  be  done. 


See^f. 


a.  lo.  I. 

b.  II.  I. 


To 


PROS.  V.     PROB. 


defcribe  a  circle  about  a  given  triangle. 


Let  the  given  triangle  be  ABC  j  it  is  required  to  defcribe  a 
circle  about  ABC. 

Bife<a  «  AB,  AC  in  the  points  D,^E,  and  from  thefe  points 
draw  DF,  EF  at  right  angles  «>  to  AB,  AC  -,  DF,  EF  produced 


c.  4.  I, 


meet  one  another,  for  if  they  do  not  meet  they  are  parallel,  where- 
fore AB,  AC  which  arc  at  right  angles  to  them  are  parallel^ 
which  is  abfurd. '  let  them  meet  in  F,  and  join  FA ;  alfo,  if  the 
point  F  be  not  in  BC;  join  BF,  CF.  then  becaufe  AD  is  equal  to 
DB,  and'DF  common,  and  at  right  angles  to  AB,  the  bafe  AF  is 
equal  «  to  the  bafe  FB.  in  like  manner  it  may  be  (hewn  dtat  CF 
is  equal  to  FA  i  and  Aetefore  BF  is  equal  to  FC  -,  and  FA^  FB» 
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VC  ate  therefor^  equal  to  one  another,  wherefore  the  circle  ic-  B<»|^  ^* 
fcribed  from  the  center  F,  at  the  diftance  of  one  of  them,  ihall  pafs 
thro*  the  extremities  of  the  other  two;  and  be  defcribed  about  the 
triangle  ABC.    Which  was  to  be  done. 

Cor.  And  it  fs  manifeft  that  when  the  Center  of  the  circle  falls 
within  the  triangle,  each  of  its  angles  is  lefs  than  a  right  angle, 
each  of  them  being  in  a  fegment  greater  than  a  femicircle.  but 
when  the  center  is  in  one  of  the  fides  of  the  triangle,  the  angle 
oppofite  to  this  fide,  being  in  a  femicircle,  is  a  right  angle,  and  if 
the  center  falls  without  the  triangle,  the  angle  oppofite  to  the  fide 
beyond  which  it  is,  being  in  a  fegment  lefs  than  a  femicircle,  is 
greater  than  a  right  angle.  Wherefore,  if  the  given  triangle  be 
acute  angled,  the  Center  of  the  circle  falls  within  it ;  if  it  be  a 
rigbt  angled  triangle,  the  center  i$  in  the  fide  oppofite  to  the  right 
angle;  and  if  it  be  an  obtufe  angled  triangle,  the  center  falb 
without  the  triangle,  beyond  the  fide  oppofite  to  the  obtufe  angle. 


T 


PROP.  VI.     PROB. 


O  infcribe  a  fquare  in  a  given  circle. 


Let  ABCD  be  the  given  circle ;  it  is  required  to  infcribe  a 
fquare  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to  one  another ; 
and  join  AB,  BC,  CD,  DA.  becaufe  BE  is  equal  to  ED,  for  E  is 
the  center,  and  that  E  A  is  common,  and 
at  right  angles  to  BD;  the  ba&  BA  is 

equal  »  to  the  bafe  AD.  and  for  the         /^y^    \w^       '  a.  4.  t. 
fame  reafon,  BC,  CD  are  each  of  them 
equal  to  BA  or  AD;  therefore  the  qua-^ 
drilateral  figure  ABCD  is  equilateral. 
It  is  alfo  rectangular  ^  for  the  ftraight 
line  BD  being  the  diameter  of  the  circle 
ABCD,  BAD  is  a  femicircle;  wherefore 
the  angle  BAD  is  a  right  ^  angle,  for  the  fame  reafon  each  of  the  b.  ^t.  3. 
angles  ABC,  BCD,  CDA  is  a  right  angle,  therefore  the  quadri* 
lateral  figure  ABCD  is  rectangular,  and  it  has  been  (hewn  to  bo 
equila):eral>  therefore^  it  is  a  fquare;  and  it  is  infwibed  in  the  circle 
ABCD.    Which  ^aa  to  be  done.  ^  -  ^ 
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Book  IV. 


V  . 


c,  28.  I. 


d. 


PROP.   VII.     PROB. 


X  O  dercribe  a  fquare  about  a  given  circle* 

Let  ABCD  be  the  given  circle ;  It  is  required  to  defcribe  a 
fquare  about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  right 

••  17-  3«  angles  to  one  another,  and  thro'  the  points  A,  B,  C,  D  draw  "  FG, 
GH,  HK,  KF  touching  the  circle,  and  becaufe  FG  touches  the 
circle  ABCD,  and  £A  is  drawn  from  the  center  E  to  the  point  o£ 

b.  i8. 3.  contafl:  A,  the  angles  at  A  are  right  *»  angles,  for  the  fame  reafon» 
the  angles  at  the  points  B,  C,  D  are  right  angles,  and  becaufe  the 
angle  AEB  is  a  right  angle,  as  likewife  f*  K  Xf 

is  EBG,  GH  is  parallel « to  AC.  for  the  "  ^^^  ^ 

fame  reafon,  AC  is  parallel  to  FK.  and 
in  like  manner  GF,HK  may  each  of  them 
be  demonftrated  to  be  parallel  to  BED.  ^] 
therefore  the  figures  GK,  GC,  AK,  FB, 
BK  are  parallelograms,  and  GF  is  there-  . 
34-  !•  fore  equal  ^  to  HK,  ind  GH  to  FK.  ,^j^ 
and  becaufe  AC  is  equal  to  BD,  and  Jx 
that.  AC  is  equal  to  each  of  the  two  GH,  FK5  and  BD  to  each  of 
the  two  GF,  HK;  GH,  FK  are  each  of  them  equal  to  GF  or  HK. 
therefore  the  quadrilateral  figure  FGHK  is  equilateral.  It  is  alfo 
re&zngalzr ;  for  GBEA  being  a  parallelogram,  and  AEB  a  right 
angle,  AGB  is  *  likewife  a  right  angle,  in  the  fame  manner  it  may 
be  ihewn  that  the  angles  at  H,  K,  F  are  right  angles,  therefore  the 
quadrihteral  figure  FGHK  is  reftangular.  and  it  was  demonftrated 
to  be  equilateral;  therefore  it  is  a  fquare;  and  it  is  defcribed  about 
the  circle  ABCD.     Which  was  to  be  done. 


t.  to.  I. 


PROP.   VIII.      PROB, 
X  O  infcribc  a  circle  in  a  given  fquare. 

Let  ABCD  be  the  given  fquare ;  it  is  required  to  infcribe  a 
circle  in  ABCD. 

JBifea*  each  of  the  fides  AB,  AD,  in  the  points  F,  E,  and  thra^  £ 
draw  ^  EH  parallel  to  AB  or  DC,  and  thro'  F  draw  FK  parallel  to 


•  •  •  •  -• 


•  •   • 


•  . 


•  •     . . 
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AD  or  BC.  dicrcforc  each  of  the  figures  AK,  KB,  AH,  HD,  AG,  Boek  iv. 
GC,  BG^  GD  is  a  parallelogram,  and  their  oppofitc  fides  arc  equal «.  ^^VXi^ 
^nd  becaufe  AD  is  equal  to  AB,  and  that  AE  is  the  half  of  AD,  ^*  ^' 
and  AF  the  half  of  AB ;  AE  is  equal  to     a  i-^  ^ 

AF.  wherefore  the  fides  oppofite  to  thefe   A        JJi  XI 

are  equal,  viz.  FG  to  GE.  in  the  fame 
manner  it  may  be  demonftrated  that  GH, 
GK  are  each  of  them  equal  to  FG  orn 
GE*  therefore  the  four  ftraight  lines^ 
GE,  GF,  GH,  GK  are  equaUo  one  ano- 
ther; and  the  circle  defcribed  from  the 
center  G,  at  the  diftance  of  one  of  them 
{hall  pafs  thro'  the  extremities  of  the  other 


B 


three,  and  touch  the  ftraight  lines  AB,  BC,  CD,  DA;  becaufe  the 
angles  at  the  points  £,  F,  H,  K  are  right  ^  angles,  and  that  the  ^«  ^f  •  '• 
firaigl^  line  which  is  drawn  from  the  extremity  of  a  diameter,  at 
r^ht  angles  to  it,  touches  the  circle  ^  therefore  each  of  the  ^'  ^*  3* 
ftraight  lines  AB,  BC»  CD>  DA  touches  the  circle,  which  there- 
fore is  infcribed  in  the  fquare  ABCD.    Which  was  to  be  dene. 


To 


PROP.   IX.     PROB. 


defcribc  a  circle  about  a  given  fquare* 


a«  8*  It 


Let  ABCD  be  the  given  fquare ;  it  is  required  to  defcribe  a 
circle  about  it. 

Join  AC,  BD  cutting  one  another  in  £«  and  becaufe  DA  is  equal 
to  AB,  and  AC  common  to  the  triangles  D  AC,  B  AC,  the  tT)v6  fides 
DA,  AC  are  equal  to  the  two  B  A,  AC ; 
and  the  bafe  DC  is  equal  to  the  bafe  BC  ; 
wherefore  the  angle  D  AC  is  equal »  to  the 
angle  BAC,  and  the  angle  DA  15  is  bifeded 
by  the  ftraight  line  AC.  in  the  fame  man- 
ner it  may  be  demonftrated  that  the  angles 
ABC,  BCD,  CD  A  are  feverally  bifeaed  by  B 
the  ftraight  lines  BD>  AC.  therefore  be- 
caufe the  angle  DAB  is  equal  to  the  angle  ABC,  and  that  the  angle 
£  AB  is  the  half  of  D  AB,  and  £B  A  the  half  of  ABC  ^  the  angle  £  AB 
is  equal  to  the  angle  EBA;  wherefore  the  fide  EA  is  equal  *>  to  the  b.  & 
fiflcES.  in  the  fame  manner  it  may  be  demonftrated  that  the  ftraight 

G3 
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Book  IV,  lines  EC,  ED  are  each  of  them  equal  to  EA  or  EB.  therefore  the 
four  ftraight  lines  EA,  £B,  EC,  ED  are  equal  to  ond  another  5 
'  and  the  circle  defcribed  from  the  center  E,  at  the  diftance  of  one 
of  them,  Ih^l  pafs  thro'  the  extremities  of  the  other  three,  and  bo 
defcribed  about  the  fquarc  ABCD.    Which  was  to  be  done. 


PROP,   X.     PROB, 

TO  defcribe  an  ifofceles  triangle,  having  each  of  the 
angles  at  the  bafe  doubk  of  the  third  angle* 

ft.  II.  a.  Take  any  ftraight  line  AB,  and  divide  "  it  in  the  point  C,  fo 
that  the  reftangle  AB,  BC  be  equal  to  the  fquare  of  CA  j  and 
from  the  center  A,  at  the  diftance  AB  defcribe  the  circle  BDE, 

b.  1. 4.      in  which  place  *>  the  ftraight  line  BD  equal  to  AC,  which  is  not 

greater  than  the  diameter  of  the  circle  BDE ;  join  DA,  DC,  and 

c.  5. 4.      ^bout  the  triangle  ADC  defcribe  «  the  circle  ACD.  'the  triangle 

ABD  is  fuch  as  is  required,  that  is,  each  of  the  angles  ABD^ 

ADB  is  double  of  the  angle  BAD. 

Becaufe  the  jedangle  AB,  BC  is  equal  to  the  fquare  of  AC,  ancl 
-that  AC  is  equal  to  BD,  the  reftangle  AB,  BC  is  equal  tp  the 

fquare  of  BD.  and  becaufe  from 

the  point  B  without   the   circle 

ACD  two  ftraight  lines  BCA,  BD 

are  drawn  to  the  circumference, 

one  of  which  cuts,  and  the  other 

meets  the  circle,  and  that  the  rec- 
tangle AB,  BC  contained  by  the 

whole  of  the  cutting  line,  and  the 

part  of  it  without  the  circle,   is 

equal  to  the  fquare  of  BD  which 

meets  it;    the  ftraight  line  BD 
^'  37«  3*    touches  ^  the  circle  ACD.  and 

becaufe  BD  touches  the   circle, 

and  DC  is  drawn  from  the  point 
c.  32.  3.     of  contaft  D,  the  angle  BDC  is  equal  *  to  the  angle  D  AC  in  the 

alternate  fegment  of  the  circle ;  to  each  of  thefe  add  the  angle 

CD  A,  therefore  the  whole  angle  BDA  is  equal  to  the  two  angles 
f.  3».  I.     CD  A,  DAC.  but  the  exterior  angle  BCD  is  equal  ^  to  the  angles 

CD  A,  DACj  tljerefore  ^Ifo  BDA  is  ecjual  to  BCDt  but  BDA  4$^ 
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equal  t  to  the  angle  CBP9  becaufe  the  fide  AD  is  equal  to  the  Book  iv. 
fide  AB;  thcrdEore  CBD»  or  DBA  is  equal  to  BCD;  and  confe- 
quently  the  three  angles  BD  A>  DBA»  BCD  are  equal  to  one  ano*  ^*  ^'  *' 
tber.  and  becaufe  the  angle  DBC  is  equal  to  the  angle  &K^Dy  the 
fide  BD  is  equal  ^  to  the  fide  DC.  but  BD  was  made  equal  to  CA,  h.  6,  z. 
therefore  alfo  CA  is  equal  ta  CDi,  and  the  angle  CD  A  equal  <  to 
the  angle  D  AC.  therefore  the  angles  CD  A,  D  AC  together,  are 
douUe  of  the  angle  D  AC.  but  BCD  is  equal  to  th^S^ngles  CD  A, 
DAC;  therefore  alfo  BCD  is  double  of  DAC.  and  BCD  is  eqaal 
to  each  of  the  angles  BDA,  DBA  *,  each  therefore  of  die  angles 
BDA,  DBA  is  double  of  the  angle  DAB.  wherefore  an  ifofcelcs 
triangle  ABD  is  defcribed  having  each  of  the  angles  at  the  bafe 
double  of  the  third  angle*    Which  was  to  be  done« 


PROP.   XI.     PROB. 

TO  infcribe  an  equilateral  and  equiangular  pentagon 
in  a  given  circle. 

Let  ABCDE  be  the^given  circle  ^  it  is  required  to  infcribe  an 
equilateral  and  equiangular  pentagon  in  the  circle  ABCDE. 

Defcribe  *  an  Ifofceles  triangle  FGH  havhig  each  of  the  angles  a.  10.  4^ 
at  G,  H  double  of  the  angle  at  F  j  and  in  the  circle  ABCDE  in* 
fcribe  ^  the  triangle  ACD  equiangular  to  die  triangle  FGHj  fo  *-  »*  4^ 
that  the  angle  CAD  be  equal 
to  the' angle  at  F,  and  each  of 
the  angles  ACD,  CDA  equal 
to  die  angle  at  G  or  H ;  where- 
fore each  of  the  angles  ACD9 
GDA  is  double  of  the  angle 
CAD.     Bifeft  -«   the   angles 

ACD,  CDA  by  tKe  ftraight 
.lines  CE,  DB,  and  join  AB, 

BC,DE,EA.    ABCDE  is  dieG 
pentagon  required. 

Becaufe  each  of  the  angles  ACD,  GDA  is  double  of  CAD,  and 
are  bifefted  by  the  ftraight  lines  CE,  DB,  the  five  angles  DAC, 

ACE,  ECD,  CDB,  BD  A  afre  equal  to  one  another,  but  equal  angles 

Hand  upon  equal  **  circumferences;  therefore  the  five  circumferen-  d.  26.  >  , 
ces  AB)  BCyCD,  DE^  £A  are  equal  to  one  another,  and  equal 
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Book  IV.  circumferences  are  fubt^nded  by  equal  -^  ftraight  lines ;  therefore 

the  five  ftraight  lines  AB,  BC,  CD,  DE,  EA  are^  equal  to  one 

another.     Wherefore  the  pentagon  ABCDE  is  equilateral.     It  is 

alfo  equiangular  \  becaufe  the 

circumference  AB  is  equal  to 

the  circumference  D£,  if  to 

each  be  added  BCD,  the  whole 

ABCD  is  equal  to  the  whole 

EDCB.  and  the  angle  AED 

(lands  on   the   circumference 

ABCD,  and  the  angle  BAE 

on  the  circumference  EDCB; -y 

therefore  the  angle  BAE  is  e-G  If 

f'  «7-  3-     qual  f  to  the  angle  AED.  for  the  fame  reafon,  each  of  the  angles 

ABC,  BCD,  CDE  is  equal  to  the  apgle  BAE  or  AED.  therefore  the 

pentagon  ABCDi  is  equiangular;  and  it  has  been  (hewn  that  it  i$ 

equilateral.  Wherefore  in  the  given  circle  an  equilateral  and  equif 

angular  pentagon  has  been  infcribedt    Which  was  to  be  don^ 


PROP.   XII.     PROB. 

T'O  defcribe  an  equilateral  and  equiangular  pentagon 
about  a  given  circle* 

Let  ABCDE  be  the  given  circle ;  it  is  required  to  defcribc  an 
equilateral  and  equiangular  pentagon  about  the  circle  ABGDE« 

Let  the  angles  of  a  pentagon  infcribed  in  the  circle,  by  the  laft 

propofition,  be  in  the  points  A,  B,  C,  D,  £,  fo  that  the  circumfe«> 

a.  XI.  4.     rences  AB,  BC,  CD,  DE,  EA  are  equal* 5  and  thro*  the  points  A, 

¥.  17-  3-     B,  C,  D,  E  draw  GH,  HK,  KL,  LM,  MG  touching  ^  the  circle; 

.  take  the  center  F,  and  join  FB,  FK,  FC,  FL,  FD.  and  becaufe  the 

ftraight  line  KL  touches  the  circle  ABCDE  in  the  point  C>  to 

c.  18.  3.     which  FC  is  drawn  from  the  ceAter  F,  FC  is  perpendicular*^ to  KLj 

therefore  each  of  the  angles  at  C  is  a  right  angle,  for  the  fame  rea*- 

fon,  the  angles  at  the  points  B,  D  are  right  angles,  and  becaufe  FCK 

4<  47*  u     is  a  right  angle,  the  fquare  of  FKis  equal  ^  to  the  fquares  of  FC^ 

CK*  for  the  fame  reafon  the  fquare  of  FK  is  equal  to  the  fquare« 

'  of  FB,  BK.  therefore  the  fquares  of  FC,  CK  are  equal  to  the  fquarcs' 

of  FB,  BK,  pf  which  the  fquare  of  FC  is  equal  to  the  fquare  of  FB  j 

Xh^f^aimm^  fc^uare  of  Cl^is  therefore  e<}ual  to  the  rmaiaingf<|U^T6 
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of  BK,  and  the  ftraight  line  CK  equal  to  BK.  and  bccaufc  FB  is  Bwk  IV. 
equal  to  FC,  and  FK  common  to  the  triangles  BFK,  CFK,  the  two        ^  ^ 
BF^  FK  are  equal  to  the  two  CF,  FK ;  and  the  bafe  BK  is  equal 
to  the  bafe  KC ;  therefore  the  angle  BFK  is  equal « to  the  angle  «•  ^  '• 
KFC,  and  the  angle  BKF  to  FKC.  wherefore  the  angle  BFC  is 
double  of  the  angle  KFQ  and  BKC  double,  of  FKC.  for  the 
fame  reafon,  the  angle  CFD  is  double  of  the  angle  CFL,  and  CLD 
double  of  CLF.  and  becaufe  the  circumference  BC  is  equal  to  the 
circumference  CD*  the  angle  BFC 
is  equal  ^  to  the  angle  CFD.  and 
BFC  is  double  of  the  angle  KFC, 
and  CFD  double  of  CFL ;  there- 
fore the  angle  KFC  is  equal  to  ^^xj 
angle  CFL;  and  the  right  angle*** 
FCK  is  equal  to  the  right  angle 
FCL*  therefore  in  the  two  triangles  [R 
FKC^  FLC»  there  are  two  angles 
of  one  equal  to  two  angles  of  the 
other,  each  to  each,  and  the  fide 

FC,  which  is  adjacent  to  the  equal  angles  in  each,  is  common  to 
both  5  therefore  the  other  fides  (hall  be  equal  « to  the  other  fides,  *•  •*•  '• 
and  the  third  angle  to  the  third  angle,  therefore  the  ftraight  line 
KC  is  equal  to  CL,  and  the  angle  FKC  to  the  angle  FLC.  and  be- 
caufe KC  is  equal  to  CL,  KL  is  double  of  KC.  in  the  fame  man« 
ner,  it  may  be  (hewn  that  HK  is  double  of  BK.  and  becaufe  BK 
is  equal  to  KC,  as  was  demonilrated,  and  that  KL  is  double  of 
KC,  and  HK  double  of  BK,  HK  (hall  be  equal  to  KL.  in  like 
manner  it  majr  be  (hewn  that  GH,  GM,  ML  are  each  of  them 
equal  to  HK  dr  KL.  therefore  the  pentagon  GHKLM  is  equila- 
tersih  It  is  9lfo  equiangular ;  for  fince  the  angle  FKC  is  equal  to 
|hc  angle  FLC,  and  that  the  angle  HKL  is  double  of  the  angle 
FKC,  and  KLM  double  of  FLC,  as  was  before  demonftratcd;  the 
;»ogle  HKL  is  equsU  to  KLM.  and  in  like  manner  it  may  be  (hewn» 
that  each  of  the  angles  KHO,  HGM,  GML  is  equal  to  the  angle 
HKL  or  KLM.  therefore  the  five  angles  GHK,  HKL,  KLM» 
LMG,  MGH  being  equ^l  to  one  another,  the  pentagon  GHKLM 
i^  equiangular,  and  it  is  equilateral^  as  was  demonftrated^  and  it 
U  dcfcribed  about  the  cirde  ABODE.  Which  was  to  be  done* 
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^•'^'^^^^  PROP.  Xni.     PROB« 

TO  iflicribe  a  circle  in  a  given  equilateral  and  eqili« 
angular  pentagon. 

Let  ABCDE  be  the  given  equilateral  tad  equiangular  penta* 
gon ;  it  is  required  to  infcribe  a  circle  in  the  pentagon  ABCDE* 

a.  p.  I.  ^      Bifea  •  the  angles  BCD,  CDE  by  the  ftraight  lines  CF,  DF, 

and  from  the  jpoint  F  in  which  they  meet  draw  the  ftraight  lines 
FBj  FA,  FE.  ^refore  fince  BC  is  equal  to  CD,  and  CF  common 
to  the  triangles  BCF,  DCF,  the  two  fides  BC,  CF  are  equal  to  the 
two  DC,  CF;  and  the  angle  BCF  is  equal  to  the  angle  DCF;  there* 

b.  4.  X.      fore  the  bafe  BF  is  equal  *>  to  the  bafe  FD,  and  the  other  angles 

to  the  other  angles,  to  which  the  equal  fides  are  oppofite ;  there* 

fore  the  angle  CBF  is  equal  to  the  angle  CDF.  and  becaufe  the  an« 

gle  COE  is  double  of  CDF,  and  that  CDE  is  equal  to  CBA^  and 

CDF  to  C^F  i  CBA  is  alio  double 

of  the  angle  CBF  j  therefore  the  an« 

gk  ABF  is  equal  to  the  angle  CBF; 

wherefore  the  angle  ABC  is  bifea- 

ed  by  the  ftraight  line  BF.  in  the-p^ 

fame  manner  it  may  be  demonftrat-*0 

ed  that  the  angles  BAE,  AED  are 

bifcaed  by  the  ftraight  lines  AF,FE,  J^ 

€•  12. 1,  from  the  point  F  draw  «  FG,  FH, 
FK,  FL,  FM  perpendiculars  to  the 
ftraight  lines  AB,  BC,  CD,  DE, 
£A.  and  becaufe  the  dngle  HCF  is 
equal  to  KCF,  and  the  right  angle  FHC  equal  to  the  right  angle 
FKC-,  in  the  triangles  FHC,  FKC  there  are  two  angles  of  one^ 
equal  to  twb  angles  of*  the  other ;  and  the  fide  FC,  which  is  op- 
pofite to  one  of  the  equal  angles  in  each,  is  common  to  both  5 

d.  26. 1,  therefore  the  other  fides  fliall  be  equal  <*,  each  to  eachj  wherefore 
the  perpendicular  FH  is  equal  to  the  perpendicular  FK.  in  the 
fame  manner  it  may  be  demonftrated  that  FL,  FM,  FG  are  each  of 
them  equal  to  FH  or  FK;  therefore  the  five  ftraight  lines  FG,  FH, 
FK^  FL,  FM  are  equal  to  one  another,  wherefore  the  circle  de^* 
fcribed  from  the  center  F,  at  the  diftance  of  one  of  thefe  five,  fliall 
pafs  thro'  the  extremities  of  the  other  four,  and  touch  the  ftraight 
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Bnes  AB,  BC,  CD,  DE,  EA,  becaafe  the  asgfes  at  the  points  G,  Book  vr. 
H>  K,'L,  M>^are  right  angles ;  and  that  a  ftraight  line  drawn  from  ^■^'^^^ 
the  extremity  of  the  diameter  of  a  circle  at  right  angles  to  it, 
touches  ^  the  circle,  therefore  each  of  the  ftraight  lines  AB,  BC>  «•  x^  3* 
CD,  DE,  EA  touches  the  chrcle  *,  wherefore  it  is  ialcrU)ed  in  the 
pentagon  ABCD£*    Which  was  to  be  dofte* 


PROP.  XIV-     PROB. 

TO  defcribe  a  circle  abodlt  a  given  equilateral  and 
equiangular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  pcnta* 
gon ;  it  is  required  to  defcribe  a  circle  about  it. 

Bifea  *  the  angles  BCD,  CDE  by  the  ftraight  lines  CF,  FD,  «•  ^ »' 
and  from  the  point  F  in  which  they  meet  dtjiw  the  ftraight  lines 
FB,  FA,  FE  to  the  points  Bi  A,  E.  It 
inay  be  demonftrated,  in  the  fame  man- 
ner as  in  the  preceding  propofition, 
that  the  aqgleg  CBA,  B AE,  AED  are 
bifefitcdby  the  ftraight  lines  FB,  FA,]D 
FE.  and  becaufe  the  angle  BCD  is  e- 
qua!  to  the  angle  CDE,  and  that  FCD 
is  the  half  of  the  angle  BCD,  and 
CDF  the  half  of  CDE;  the  angle  FCD 
is  equal  to  FDC  >  wherefore  the  fiJe 
CF  is  equal  *>  to  the  fide  FD.  in  like  manner  it  may  be  demon- b.  S.  i, 
ftra^ed  diat  RJ,  FA,  FE  are  each  of  them  equal  to  FC  or  FD. 
therefore  the  five  ftraight  lines  FA,  FB,  FC,  FD,  FE  are  equal  to 
one  another ;  and  the  circle  defcribed  from  the  center  F,  at  the 
diftance  of  one  of  them,  fliall  pafs  thro'  the  extremities  of  the  other 
four,  and  be  deCcribed  about  the  equilateral  and  equiangular  pen* 
tagon  ABCPE.    Which  was  to  be  don?. 
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PROP.   XV.     PROB. 
O  infcribe  an  equilateral  and  equiangular  hexagon 
in  a  given  circle. 

Let  ABCDEF  be  the,  given  circle ;  it  is  required  to  infcribe  an 
equilateral  and  equiangular  hexagon  in  iu 

Find  the  center  G  of  the  circle  ABCDEF,  and  draw  the  dia^ 
meter  AGD;  and  from  D  as  a  center,  at  the  diftance  DG  defcribe 
the  circle  £OCH>  join  EG,  CG  and  produce  them  to  the  points 
B,  F;  and  join  AJ8,  BC^  CD,  DE,  fF,  FA.  the  hexagon  ABCDEF 
is  equilateral  and  equiangular. 

Becaufe  G  is  the  center  of  the  circle  ABCDEF,  GE  is  equal  to 
GD.  and  becaufe  D  is  the  center  of  the  circle  £GCH«  DE  is  equal 
to  DG  5  wherefore  GE  is  equal  to  ED,  and  the  triangle  EGD  is 
equilateral,  and  therefore  its  three  angles  EGD,  GDE,  DEG  are 
equal  to  one  another,  becaufe  the  angles  at  the  bafe  of  an  ifofceles 
triangle  are  equal  *.  and  the  three  angles  of  a  triangle  are  equal  ^  to 
two  right  angtes;  therefore  the  angle  EGD  is  the  third  part  of  two 
right  angles,  in  the  fame  manner  it  may 
be  demonftrated  that  the  angle  DGC  is 
alfo  the  third  p.art  of  two  tight  angles, 
and  becaufe  the  ilraight  line  G^  makes  V 
with  EB  the  adjacent  angles  EGG,  CGB  ^ 
equal  «  to  two  right , angles ;  the  re- 
maining angle  CGB  is  the  third  part  of  , 
two  right  angles;  therefore  the  angles l!i^ 
EGD,  DGC,  CGB  are  equal  to  one 
another,  and  to  thefe  are  equal  ^  the 
vertical  oppofite  angles  BGA,  AGF, 
FGE.  therefore  the  fix  angles  EGfD, 
DGC,  CGB,  BGA,  AGF,  FGE,  are 
equal  to  one  another,  but  equal  angles 

ft  and  upon  equal « circumferences  5  therefore  the  fix  circumferences 
AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one  another,  and  equal 
circumferences  are  fubtended  by  equal  ^  ftraight  lines }  therefore 
the  fix  ftraight  lines  are  equal  to  one  another,  and  the  hexagon 
ABCDEF  is  equilateral.  It  is  alfo  equiangular;  for  fince  the  cir* 
cumference  AF  is  equal  to  ED,  to  each  of  thefe  add  the  circum« 
ference  ABCD;  therefore  the  whole  circumference  FABCD  (hall 
be  equal  to  th?  whole  EDCBA*  and  the  angle  FED  ftands  upon 
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the  circumference  F ABCD,  and  the  a»^  AFE  upon  EDCB  A ;  Book  iv. 
diCTcfore  the  angle  AFE  is  equal  toFED.  in  die  fahie  manner  it  maf 
be  demonftrated  that  Atpdna  angles  of  the  hexagon  ABCDEF  are 
each  of  them  equal  to  the  angle  AFE  or  FED.  therefore  the  hexa« 
gon  is  equiangular,  and  it  is  equilateral,  as  was  fliewn;  and  it  is 
infcribed  in  ^e  givea  circle.  i^CDEF.   Which  ^ras  to  be  done. 

Cor.  From  this  it  is  manifeft,  that  the  fide  of  the  hexagon  is 
equal  to  the  ftraight  line  from  the  center^  that  is^  to  the  femi- 
diameter  of  the  circle. 

And  if  thro'  the  points  A,  B,  C,  D,  £,  F  there  be  drawn  ftraight 
lines  touching  the  circle,  an  equilateral  and  equiangular  hexagon 
fliall  be  defcribed  about  it,  which  may  be  demonftrated  from  what 
has  been  faid  of  the  pentagon;  and  like  wife  a  circle  may  be  infcrib- 
ed in  a  given  equilateral  and  equiangular  hexagon,  and  circum« 
fcribed  about  it,  by  a  method  like  to  that  ufed  for  the  pentagon. 
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PROP.  XVI.     PROB. 

O  infcribe  an  equilateral  and  equiangular  quinde-  See  n. 
cagon  in  a  given  circle. 

Let  ABCD  be  the  given  circle ;  it  is  required  to  infcribe  an 
equilateral  and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  be  the  fide  of  an  equilateral  triangle  infcribed  ^  in  the  ••  >•  4* 
circle,  and  AB  the  fide  of  an  equilateral  and  equiangular  penta- 
gon infcribed  *  in  the  fame ;  therefore  of  fuch  equal  parts  as  the  b.  ii.  4< 
whole  circumference  ABCDF  contains  fifteen,  the  circumference 
ABC;  being  the  third  part  of  the 
whole,  contains  five;   and  th^  cir- 
cumference AB,  Y^ich  is  the  fifth 
part  of  the  whole,  contains  three ;  ^^ 
therefore  BC  their  difference  con-J^j 

tains  two  of  the  fame  parts.  bifc£):  *  TJ I  \/  \/ 11       ^'  3P-  3« 

BC  in  E;  therefore  BE,  EC  arc,  each  g^ 
of  them,  the  fifteenth  part  of  the  ^ 
whole  circumference  ABCD.  there- 
fore if  the  ftraight  lines  BE,  EC  be 

drawn,  and  ftraight  lines  equal  to  them  be  placed  ^  around  in  the  <i«  t.  4. 
whole  circle,  an  equilateral  and  equiangular  quindecagon  ftiall  be 
infcribed  ia  it.    Which  was  to  be  done. 


Book  IV. 


THE    ELEMENT  S^ 

And  m  the  jame  maaoier  as  was  done  in  the  pent^oo,  xf  thto^ 
die  poiats  o£  diTifion  made  by  infcribing  the  quindecagon^  ftraxght 
fines  be  drawn  touching  the  circle,  an  equilateral  and  eqiuangti* 
kr  qiiiadecagon  ibaU  be  defcribed  about  it*  and  likewife,  as  in.  the 
pentagon,  a  cifcle  may  be  infcribed  in.  a  given  equihiteral  and 
eqmangular  quindecagom  and  circuknfcrSKd  about  i|,. 
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BOOK    V. 


DEFINITIONS- 

I. 

A  LESS  magnitude  is  faid  to  be  a  part  of  a  greater  magnitnic, 
when  the  lefs  meafures  the  greater,  that  is,  '  when  the  lefs  is 
*  contained  ^  c^tain  number  of  times  exaflly  in  the  greater/ 

IL 
A  greater  magnitude  is  faid  to  be  a  multiple  of  a  lefs,  when  the 
greater  is  meafured  by  the  lefs,  that  is,  <  when  the  greater  con^ 
<  tains  the  lefs  a  certain  number  of  times  exafUy.' 

III. 
*^  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  fame  kind  See  H* 
«*  to  one  another,  in  refpeft  of  quantity.'* 

IV.  ' 

Magnitudes  are  faid  to  have  a  ratio  to  one  another,  when  the  lefs 
can  be  multiplied  fo  as  to  exceed  the  other. 

Vi 
The  firft  of  four  magnitudes  is  faid  to  have  the  fame  ratio  to  the  fe- 
cond,  which  the  third  has  to  the  fourth,  wheaany  equimultiples 
whatfoerer  of  the  firft  anddiird  being  taken,  and  any  equimul- 
tiples whatfoever  of  the  fecond  and  fourth ;  if  the  multiple  of  the 
firftbe  leb  than  that  €i  the  fecond,  the  multiple  of  the  third  is 
alfo  lefs  than  that  of  the  fourth;  or,  if  the'multiple  of  the  firft  be 
equal  to  that  of  the  fetond,  the  multiple  of  the  third  is  alfo  equal 
to  that  of  the  fourth ;  or,  if  the  multiple  of  the  firft  be-  greater 
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Book  V.       than  that  of  the  fecond,  the  mtiltiplc  of  the  third  is  alfo  greater 
^•^VV^      than  that  of  the  fourth. 

VI. 
Magnitudes,  which  have  the  fame  ratio  are  called  proportionals. 
N.  B.  «  When  four  magnitudes  are  proportkiHals,  it  is  ufually 
«  expreffed  by  laying,  the.,firft  is  to  tihe  fecond,  as  the  third  to 
« the  fourth.' 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (takctt  ad  in  the 
5  th  Definition)  the  multiple  of  the  firft  is  greater  than  that  of 
the  jTecond,  but  the  multiple  of  the  third  is  not  greater  than 
the  multiple  of  the  fourth ;  then  the  firft  is  faid  to  have  to  the 
fecond  a  greater  ratio  than  the  third  magnitude  has  to  the 
fourth ;  and  on  the  contrary,  the  third  is  faid  to  have  to  the^ 
fourth  a  lefs  ratio  than  the  firft  has  to  the  fecond. 

VIIL 

«  Analogy,  or  proportion,  is  the  fimilitude  of  ratios*"^ 

IX. 

Proportion  confifts  in  three  terms  at  leaft.  ' 

X. 
When  three  magnitudes  are  proportionals,  the  firft  is  faid  to  have  to 
the  third  the  duplicate  ratio  of  that  vtrhich  it  has  to  the  fecond* 

See  N.       When  four  magnitudes  are  oorttinual  proportionals,  the  firft  is  laid 
to  have  to  the  fourth  the  Triplicate  ratio  of  that  which  it  has 
to  the  fecond,  and  fo  on  Quadruplicate,  &c.  increafing  the  de- 
nomination ftill  by  unity,  in  any  number  of  proportionals. 
Definition  A,  to  wit,  of  Compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  fame  kind,  the 
firft  is  faid  to  have  to  the  laft  of  them  the  ratio  compounded  of 
the  ratio  which  the  firft  has  to  the  fecond,  and  of  the  ratio 
which  the  fecond  has  to  the  third,  and  of  the  ratio  which  the 
third  has  to  the  fourth,  and  fo  on  unto  the  laft  magnitude. 

For  example,  If  A,  B,  C,  D  be  fgyar  magnitudes  of  the  fame  kind, 
the  firft  A  is  faid  to  have  to  the  laft  D  the  ratio  compounded 
of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C,  and  of  the  ratio 
of  C  to  D  *,  or,  the  ratio  of  A  to  D  is  faid  to  be  compounded 
of  the  ratios  of  A  to  B,  B  to  C,  and  G  to  D. 

And  if  A  has  to  B,  the  fame  ratio  which  £  has  to  F;  and  B  to  C, 

.  the  iame.ratio  that  G  has  to  H ;  and  C  toD,  the  fame  that  K 
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had  to  L;  tfaeiii  by  this  Definitions  A  is  faid  to  tiave  to  ft  the   Book  V. 
tatto  compounded  of  ratios  which  are  the  fame  with  the  ratios 
of  £  to  F,  G  to  H,  and  K  to  L.  and  the  fame  thing  is  to  be  un^ 
derftood  when  it  is  more  briefly  exprefled,  by  faying  A  has  to  D 
the  ratio  compounded  of  the  ratios  of  £  to  F,  G  to  H|  and  K  to  L. 

in  like  manner*  the  fame  things  bimg  fuppofed,  if  M  has  to  N 
the  fame  ratio  which  A  has  to  D,  then,  for  flidrtnefs  fake,  M 
is  faid  to  hare  to  N,  the  ratio  compounded  of  the  ratios  of  £ 
to  F»  G  to  H,  and  K  to  L. 

XIL 

In  proportionals,  the  antecedent  terms  are  called  homologous  t6 
one  another,  as  alfo  the  Confequents  to  one  another. 

<  Geometers  make  ufe  of  the  following  technical  words  to  ngiiify 
«  certain  ways  of  changing  either  the  order  or  magnitude  of  pro- 
*  portiqnals,  fo  as  that  they  continue  ftill  to  be  proportionals*' 

XIIL 

Perniutando^  or  Altetnando,  by  Permutation,  ot  alternately;  this 
word  is  ufed  when  there  are  four  proportionals,  and  it  is  infer-  See  K^ 
red,  that  the  firfl:  has  the  fame  ratio  to  the  third,  which  the  ie«- 
cond  has  to  the  fourth ;  or  that  tlie  fi^ft  is  to  the  third,  as  the 
iecond  to  the  fourth,  as  is  (hewn  in  the  i6th  Prop*  of  this  5  th 
Book. 

XIV. 

invertendo,  by  Inverfion;  when  there  are  four  propottionals,  and 
it  is  inferred,  that  the  fecond  is  to  the  firft,  as  the  fourth  to  the  ' 
third;    Prop.  B.  Book  5  th. 

XV.  . 

Componeiido,  by  Compofition;  when  thete  are  four  propoTtiorials^ 
and  it  is  inferred,  that  the  firft  together  with  the  fecond,  is  to 
the  fecond,  as  the  third  together  with  the  fourth^  is  to  the 
fourth.   18th  Prop.  Book  5th4 

XVL 

I)ividendo,  by  ftivifion;  when  there  are  four  pi'opbrtionals,  and  it 
is  inferred,  that  the  £xcefs  of  the  firft  above  the  fecond,  is  to 
the  fecond,  as  the  £xcefs  ef  the  third  above  the  fourth^  is  to  the 
fourth.  17th  Prop.  Book  5th4 

XVII. 

Convertendo,  by  Cottverfion ;  when  thei«  arie  four  inrotK>rtional9f 
and  it  is  inferred  that  the  firft  is  to  its  £xcefs  above  the  feicond^ 
as  the  third  to  its  £xcefs  above  the  fourth*  Prop*  £•  Book  5th. 

H 
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BookV.  XVIII. 

Ex  aequali  (fc.  diftantia,)  or,  ex  aequo,  from  equality  of  diAaoce^ 
when  there  is  any  number  of  magmtudes  more  than  two,  and 
as  many  others,  fo  that  they  are  proportionals  when  taken  two 
and  two  of  each  rank,  and  it  is  inferred,  that  the  iirft  is  to  the 
laft  of  the  firft  rank  of  ma^iitudes,  as  the  firft  is  to  the  lafi:  of 
the  others.  <  of  this  there  are  the  two  following  kinds,  which 
«  arife  from  the  different  order  in  which  the  magnitudes  are 
<  taken  two  and  two.* 

XIX. 

Ex  aequali,  from  equality;  this  term  is  ufed  fimply  by  itfelf,  when 
the  firft  magnitude  is  to  the  fecond  of  the  firft  rank,  as  the  firit 
to  the  fecond  of  the  other  rank ;  and  as  the  fecond  is  to  the 
third  of  the  firft  rank,  fo  is  the  fecond  to  the  third  of  the  other; 

'  and  fo  on  in  order,  and  the  inference  is  as  mentioned  in  the 
preceding  Definition ;  whence  this  is  called  Ordinate  Propor- 
tion.   It  is  demonftrated  in  22d  Prop.  Book  5th. 

JvJv. 

'E\  aequali,  in  proportione  pertuibata,  feu  inordinata,  from  equa- 
lity, ih  perturbate  or  diforderly  proportion  *\  this  term  is  ufed 
when  the  firft  magnitude  is  to  the  fecond  of  the  firft  rank,  as 
the  laft  but  one  is  to  the  laft  of  the  fecond  rank;  and  as  the  fe- 
cond is  to  the  third  of  the  firft  rank,  fo  is  the  laft  but  two  to 
the  laft  but  one  of  the  i[econd  rank ;  and  as  the  third  is  to  the 
fourth  of  the  firft  rank,  fo  is  the  third  from  the  laft  to  the  laft 
but  two  of  the  fecond  rank;  and  fo  on  in  a  crofs  order,  and  th« 
inference  is  as  in  the  i8th  Definition.  It  is  demonftrated  in 
23d  Prop,  of  Book  5th. 

AXIOMS. 
I. 

EQyiMULTIPLE3  of  the  feme,  or  of  equal  magnitude^ 
are  eiqual  to  one  another.    > 

n. 

Thofe  magnitudes  of  which  the  iame,  or  equal  magnitudes,  are 

equimultiples,  are  equal  to  one  another.    ^ 

III. 
,  A  multiple  of  a  greater  magnitude  is  greater  than  the  fame  multiple 

of  a  lefs. 

*         ♦  4«.PrO|>*  Lib.  «;  Archimedis  de  fphacra  ct  cyliodro. 
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IV.  Bock  V. 

That  magmtude  of  which  a  multiple  is  greater  than  the  fame 
multiple  of  anotlier,  is  greater  than  that  other  magnitude. 

PROP.  I.     THEOR. 

IF  any  number  of  magnitudes  be  equimultiples  of  as 
many^  each  of  each ;  ^hat  multiple  foever  any  one 
of  them  is  of  its  part,  the  fame  multiple  (hall  all  the 
firft  magnitudes  be  of  all  the  oihet. 

Let  any  tiuttiber  of  magnitudes  A6,  CD  be  equimultiples  of 
Us  many  others  E,  F,  each  of  each ;  whatfoevcr  multiple  AB  is  of 
%  the  fame  multiple  (hall  AB  and  CD  together  be  of  £  and  F 
together* 

Becaufe  AB  is  the  fame  multiple  of  £  that  CD  is  of  F,  as  many 
magnitudes  as  are  in  AB  equal  to  E,  fo  many  are  there  in  CD 
equal  to  F.  Divide  AB  into  magnitudes  equal 
to  E,  viz.  AG,  GB ;  and  CD  into  Cti,  HD  e- 
qual  e^ch  of  them  to  F.  the  nuiiaber  therefore 
of  the  magnitudes  dH,  HD  (hall  be  equal  to  the 
number  of  the  others  AG,  GB.  and  becaufe  AG 
is  e^ual  toE,  end  CH  to  F;  therefore  AG  and 
Cri  together  are  equal  to  *  E  and  F  together* 
for  the  fame  feafoh,  becaufe  GB  is  equal  to  £, 
and  Hty  to  F ;  GB  and  HD  together  are  equal 
to  E  and  F  together.  Wherefore  as"  many  mag- 
nitudes as  afe  in  AB  equal  to  E,  fo  many  are 
there  in  AB,  CD  together  equal  to  E  and  F 
together.  Therefore  whatfoever  multiple  AB  is 
of  £,  the  fame  multiple  is  AB  and  CD  together 
of  E  and  F  together. 

Therefore  if  any  magnitudes,  how  many  foever,  he  equimultiples 
of  as  many,  each  of  each,  whatfoever  multiple  any  one  of  them  is 
of  its  part,  the  (kme  multiple  (hall  all  the  iirft  magnitudes  be  of 
all  the  other.  <  for  the  fame  Demonftfation  holds  in  any  number 
*  of  magnitudes,  which  was  here  applied  to  ^o.'   Q^E^  D« 
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PROP.  IL.    THEOR. 


IF  the  firft  magnitude  be  the  fame* multiple  of  the 
fecond  that  the  third  i$  of  the  fourth^  and  the  fifth 
the  fame  multiple  of  the  fecond  that  the  fixth  is  of  the 
fourth;  then  fhall  the  firft  together  with  the  fifth  be 
the  fame  multiple  of  the  fecond,  that  the  third  together 
with  the  fixth  is  of  the  fourth. 

Let  AB  the  firft  be  the  fame  multiple  of  C  the  fecond,  that  DE 
the  third  is  of  F  the  fourth  j  and  BG  the  fifth  the  fame  multiple 
of  C  the  fecond,  that  EH  the  fixth  is  of  F  the  fourth.  Then  Is 
AG  the  firft  together  with  the  fifth  the  T\ 

fame  multiple  of  C  the  fecond,  that  A 

DH  the  third  together  /with  the  fixth 
is  of  F  the  fourth. 

Becaufe  AB  is  the  fame  n^ultiple  of 
C,  that  DE  IS  of  F  J  there  arc  as  many 
magnitudes  in  AB  equal  to  C,  as  there 
are  in  DE  equal  to  F.  in  like  manner, 
as  many  as  there  are  in  BG  equal  to     ^^  --. 

C,  fo  many  are  there  in  EH  equal  to  G  .  C  ■  H 
F,  as  many  then  as  are  in  the  whole  AG  equal  to  C,  fo  many  are 
there  in  the  whole  DH  equal  to  F.  therefore  AG  is  the  fame 
multiple  of  C,  that  DH  is  of.F;  that  is,  AG  the  firft  and  fifth  to- 
gether,  is  the  fame  mukiple  of  the  fecond  C,  that  DH  the  third 


B  . 
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and  fixth  together  is  of  the  fourth  F.  If 
therefore  the  fijft  fee  the  fame  multiple,  &c. 
Q^E.  D. 


Cor.  «  From  this,  it  is  plaip,  that  if  any  "d  . . 
number  of  magnitudes  AB,  BG,  GH  be 
multiples  of  another  C  j  and  as  many  DE, 
EK,  KL  be  the  fame  multiples  of  F,  each  Q  -  - 
of  each ;  the  whole  of  the  firft,  viz.  AH 
is  the  fame  multiple  of  C,  that  the  whole 
of  the  laft,  viz.  DL  is  of  F.* 
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PROP.  m.     THEOR. 


IF  the  firft  be  the  fame  multiple  of  the  fecond,  which 
the  third  is  of  the  fourth ;  and  if  of  the  firft  and 
third  there  be  taken  equimultiples^  thefe  ihall  be  equi- 
multiples the  one  of  the  fecond,  and  the  other  of  the 
fourth. 

Let  A  the  firft  be  the  fame  multiple  of  B  the  fecond,  that  C  the 
diird  is  of  D  the  fourth ;  and  of  A,  C  let  the  equimultiples  EF, 
GH  be  taken,  then  £F  is  the  fame  multiple  of  B^  that  GH  is  of 

Becaufe  £F  is  the  fame  multiple  of  A,  that  GH  is  of  C,  there 
are  as  many  magnitudes  in  £F  equal  to  A^  as  are  in  GH  equal  to 
G.  let  £F  be  divided  into  the 
magnitudes  £K»  KF,  each  e-    ^^  H 

qual  to  At  and  GH  into  GL, 
ILA,  each  equal  to  C.  the 
number  therefore  of  the  mag- 
nitudes £K,  KF,  (haU  be 
equal  to  the  number  of  the 
others  GL>  LH.  and  becaufe 
A  is  the  fame  multiple  of  B, 
that  C  is  of  D,  and  Uiat  EK 
is  xqual  to  A>  and  GL  to 
C;  therefore  EK  is  the  fame 
multiple  of  B,  that  GL  is  of 
D.  for  the  fame  reafon  KF  is  the  fame  multiple  of  B»  that  LH  si 
of  D  J  and  fo,  if  there  be  more  fzrts  in  EF,  GH  equal  to  A,  C 
becaufe  thereijore  the  firft  EK  is  the  fame  multiple  of  the  fecond  Bg 
which  the  third  GL  is  of  the  fourth  D,  and  that  the  fifth  KF  i» 
the  fame  multiple  of  the  fecond  B,  which  the  fixth  LH  is  of  the 
fourth  D ;  EF  the  firft  together  with  the  fiftb  is  the  fame  mul« 
tiple  *  of  the  fecond  B,  which  GH  the  third  tc^ether  with  the  i* 
fixth  is  Qi  the  fourth  D.    If  therefore  the  firft,  &c.   <^E.  D* 
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PROP.  IV,     THEOJt, 


ScpN, 


IF  the  fir((  of  four  knagnitude&  has  the  fame  ratio  to 
the  fecond  which  the  third  has  to  the  fourth;  then 
any  equimultiples  whatever  of  the  firft  and  third  fhall 
have  the  fame  ratio  to  any  equimultiples  of  the  fecond 
and  fourth,  viz.  ^  the  equimultiple  of  the  firft  Ihall 
^  have  the  fame  ratio  to  that  of  the  fecond,  which  the 
^  eq^uimultiple  of  the  third  lias  to  that  of  the  fourth/ 

Let  A  the  firft  have  to  B  the  fecond,  the  fame  utie  which  the 

third  C  has  to  the  fourth  Dj  s^nd  of  A  and  C  let  there  be  taken  any 

(equimultiples  whatever  £|  F ;  and  of  9  and  I)  any  e(][uiinultipl^ 

whatever  Q^  H.  then  £  has  the         • 

fame  ratio  to  Gj  which  F  has  to  H. 
Take  of  £  and  F  any  equimqi- 

tiples  whatever  K,  L,  and  of  G,  Hr 

any  equimultiples' whatever  M,  N. 

then  becaufe  £  is  the  fame  multiple 

of  A,  that  F  is  of  C ;  and  of  E  and 

F  have  been  ^aken  equimultiples  K, 

L;  therefore  IC  is  the  fame  multiple 
»•  3-  5-      pf  A,  thatL  is  of  Q  »•  for  the  fame 

reafon  M  is  the  fame  multiple  of  B, 

that  N  is  of  p.  and  becaufe  ^s  A 
tf.  Hyppth.  is  to  B,  fo  is  C  to  Q  ^j  zpd  of  A 

at\d  C  have  been  taken  certain  equi** 

multiples  Ky  L  \  and  of  B  and  D 

l)ave  been  tal^en  certain  equim^l-. 

tiples  M,  N;  if  therefore  K  be  great- 
er than  M]|  L  is  greater  than  N; 
c.  S'  Def.  s.  ^d  if  equal,  equal  5  if  lefs,  lefs  ^. 

And  K,t  L  are  any  equimultiples 

whatever  of  £,  F  5  and  M,  N  any 

whatever  of  Q,  H.  as  therefore  E 

is  to  G,  fo  is  *^  F  to  H.    Therefore 

it  the  firft,  &c.    Q^E-  D.  . 

Cor.  Likewife  if  the  firft  has  the  feme  ratio  to  flie  fecond,  which 

the  third  has  to  the  foi|irtb|  then  aifo  any  e<|U4multipIes  whatever  tf 
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the  firft  and  third  have  the  fame  ratio  to  the  fecoUd  and  fourth.  Book  v. 
and  in  like  manner  the  firR  and  the  third  have  the  fame  ratio  to  ^     V     ' 
any  equimultiples  whatever  of  the  fecond  and  fourth. 

Let  A  the  firft  hare  to  B  the  fecond>  the  fame  ratio  which  the 
third  C  has  to  the  fourth  D,  and  of  A  and  C  let  £  and  F  be  any 
equimultiples  whatever  ^  then  £  is  to  B,  as  F  to  1). 

Take  of  E,  F  any  equimultiples  whatever  K,  L,  and  of  B,  D  any 
equimultiples  whatever  Gj  Hj  then  it  may  be  demonftrated>  as  be- 
fore,  that  K  is  the  fame  multiple  of  A>  that  L  is  of  C.  and  becaufe 
A  is  to  By  as  C  is  to  D>  and  of  A  and  C  certain  equimultiple's  have 
been  taken,  viz.  K  and  L ;  and  of  B  and  D  certain  equimultiples 
G,  H;  therefore  if  K  be  greater  than  G,  L  is  greater  than  H^  and 
if  equal,  equal;  if  lefs,  lefs  ^.  and  K,  L  are  any  equimultiples  <)fc.  5.  Dej^  5* 
£,  F,  and  G,  H  any  whatever  of  B,  D;  as  therefore  £  is  to  B,  fo 
it  F  to  D.  and  in  the  fame  way  the  other  cafe  is  demonftrated. 

PROP.  V»     THEOR- 

■ 

IF  one  magnitude  be  the  fame  multiple  of  another^  see  k. 
,   which  a  magnitude  taken  from  the  firft  is  of  a  mag- 
nitude taken  from  the  other ;  the  remainder  ihall  be 
the  fame  multiple  of  the  remainder,  that  the  whole  is 
of  the  whole*  * 

Let  the  magnitude  AB  be  the  fame  multiple  of  CDj  that  A£ 
taken  from  the  firft,  is  of  CF  taken  from  the 
other  I  the  remainder  £B  ihall  be  the  fame 
multiple  of  the  remainder  FD,  that  the  whole 
AB  is  of  the  whole  CD. 

Take  AG  the  fame  multiple  of  FD,  that  AE 
is  of  CF.  therefore  AE  is  *  the'fame  multiple  of 
CF,  that  EG  is  of  CD.  but  AE,  by  the  hypothe- 
cs, isthefamemultipk  of  CF,  that  ABisof  CD. 
thereforeEG  is  the  fame  multiple  of  CD  that  AB 
is  of  CD;  wherefore  EG  is  equal  to  AB  ^.  take 
from  them  the  common  magnitude  AE  *,  the 
remainder  AG  is  equal  to  the  remainder  EB. 
Wherefore  finceAEisthe  famemultiple  of  CF, 
diat  AG  is  of  FD,  and  that  AG  is  equal  to  EB;  therefore  AE  is 
tk  iame  multiple  of  CF>  that  EB  is  of  FD.  but  AE  is  the  fama 
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^  Book  V.   multiple  of  CF,  that  AB  is  of  CD;  therefore  EB  is  the  fame  muU 
^     '  tiple  of  FD,  that  AB  i«  of  CD.  Therefore  if  one  magnitudti.  &c. 
Q^E.  D, 

PROP.    IV.      THEOR. 

8ci?N,      XF  two  magnitudes  be  equimqltiples  of  two  others, 

X    ^nd  if  equimultiples  of  thefe  be  taken  from  the 

firft  two,  the  remainders  are  either  equal  to  thefc  others, 

or  equimultiples  of  them. 

Let  the  two  magnitudes  AB,  QD  be  equimultiples  of  the  two 

E,  F,  and  AG,  CH  t^ken  from  the  firft  two  be  equimultiples  of 

the  fame  E,  F;  the  remainders  QB,  }iD  are  either  equal  to  £»  F» 

or  equimultiples  of  them. 

Firft,  Let  GB  be  equal  tp  Ej  HD  ^s  equal  to  ?.  m^  CK  eq^al 

to  F  J  and  bccaufe  AG  is  the  fame  multiple 

of  E,  that  CH  is  of  F,  and  that  GB  is  equal 

to  E,  and  CK  to  F;  therefore  AB  is  the  fame 

multiple  of  E,  that  KH  is  of  F,    But  AB, 

by  the  hypothefis,  is  the  feme  multiple  of  £ 

that  CD  is  of  F  •,  therefore  KH  is  the  fam? 

multiple  of  F,  that  CD  isf  of  F  j  wjierefor^ 
1.  %.  Ax.  5.  ICH  is  equal'tQ  CD  *.  take  away  the  common 

magnitude  CH,  then  the  remainder  KC  is 

^qual  to  the  remainder  HD.  but  KC  is  equal 

to  F,  HD  therefore  is  equal  to  F. 

•   But  let  GB  be  a  multiple  Ej  then  HD  is  the  feme  mnltiple  of  F, 

Make  CK  the  fame  multiple  of  F,  that  GB 

is  of  E.  and  becaufe  AG  is  the  fame  rmil-? 

tiple  of  E,  that  CH  is  of  F,  and  GB  the 

famp  multiple  of  E,  that  CK  is  of  F,  ihcrt^ 

,  fore  AB  is  the  fame  multiple  of  £,  ^at  KH 

U  a.  s«      is  of  F  \  but  AB  is  the  fame  multiple  of 

E,  that  CD  i^  of  F  J  tbefefore  KH  is  the  G" ' 

fame  multiple  of  F,  that  CD  is  pf  it  j  where- 
fore KH  is  equal  to  CD  *•  take  away  CH 

from  both,  tlierefore  the  remainder  KC  is 

equal  to  the  remainder  HD.  and  becaufe  GB 

•  _ 

is  the  fame  multiple  of  E,  that  KC  is  of  F, 

$md  that  KC  is  equal  to  HD-,  therefore  HD  is  the  fame  multiple  of 

f^  that  CJJ  is  pf  E.  Jf  th^rcfpr?  two  pagi|itHdeS|  ft(U  <^6^  fit 
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OF    EUCLID. 


PROP.   A.     THEOR. 


IF  the  firft  of  fDur  magnitudes  bas  to  the  fecond^  the  See  n. 
fame  ratio  which  the  third  has  to  the  fourth ;  then  if 
the  firft  be  greater  than  the  fecond,  the  third  is  alfo  great- 
er th^n  the  fourth }  and  if  equal,  equal }  if  lefi»  left. 

Take  any  equimultiples  of  each  of  t&em,  as  the  doubles  of  each, 
then  by  Def .  jfth  of  this  Book,  if  the  doviAt  of  the  firft  be  greater 
than  the  double  of  the  fecond,  the  double  of  the  third  is  greater 
than  the  double  of*the  fourth,  but  if  the  firft  be  greater  than  the 
fecond,  the  double  of  the  firft  is  greater  than  the  double  of  the 
fecond^  wherefore  alfo  the  double  of  the  third  is  greater  thaathe 
doi^lrfe  of  the  fourth;  therefore  the  third  is  greater  than  the  fourth, 
in  like  manneri  if  the  firft  be  equal  to  the  fecond,  or  lels  than  i^ 
the  third  can  be  proved  to  be  equal  to  the  fourthi  or  lefs  than  tSi 
Therefore  if  the  firft,  &c.    (^E.  D. 


I 


PROP.  B.     THEOR. 

F  four  magmtudes  are  proportionals,  they  are  pro*  see  n« 
portioaals  alfo  when  taken  inverfely. 


If  the  magnitude  A  be  tp  B>  as  C  U  tq  D,  then  alio  tsverfely 
B  is  to  A,  as  D  to  C  * 

Take  of  B  and  D  any  cquijnultiplcs  what- 
ever E  and  F;  and  of  ^  and  C  siny  equimul- 
tiples whatever  G  and  H.  Firft,  Let  E  be 
greater  than  G,  then  G  is  lefs  than  E ;  and 
becaufe  A  is  to  B,  as  C  is  to  D|  and  of  A  and 
C  the  firft  and  third,  G  and  H  arc  equimul- 
tiples; and  of  B  and  D  t^e  fecond  and  fourth, 
£  4nd  F  are  equimultiples;  and  that  G  is  lefs 
thap  E,  H  is  alfo  »  lefs  than  F;  that  is,  F  is 
greater  than  H.  if  therefore  E  be  greater  than 
G>  F  is  greater  than  H.  in  like  manner,  if 
E  be  equal  to  G,  F  may  be  Ibewn  to  be  e- 
qual  to  H)  and  if  lefs,  lefs.  and  E,  F'^are  any 
(fHimultiplee  ^l^tever  pf  9  and  D|  and  G|  Q 
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tai  THEBLEME^TS 

Book  V.  any  whaterer  of  A  and  C.   Therefore  as  B  is  to  A,  fo  is  D  to  C. 
'^ '  If  thea  four  magnitsdes,  &c.    C^E.  D. 

PROP.  c.    tHeor. 

See  N.  TF  the  firft  be  the  lame  multiple  of  the  fecond,  or  the 
X  fame  part  of  it,  that  the  third  is  of  the  fourth ;  the 
firft  is  to  the  fecond,  as  the  third  is  to  the  fourth. 

*   Let  the  firft  A  be  tKe  fame  multiple  of  B  the  fecond,  that  C 
At  third  is  of  the  foarth  D.  A  is  to  B,  as  C 
is  to  D. 

Take  of  A  and  C  any  equimultiples  what- 
ever  £  and  F ;  atid  of  B  and  D  any  equi- 
multiples whatever  G  and  H.  then  becaufe 
A  is  the  fame  multiple  of  B  that  C  is  of  t); 
mnd  diat  E  is  the  fame  multiple  of  A5  that 
F  is  of  C;  £  is  the  fame  multiple  of  B,  that 

a.  3. 5,      F  is  of  D  *;  therefore  E  and  F  are  the  fame 

multiples  of  B  and  D*  but  G  and  H  are  e- 
quimultiples  of  B  and  D;  therefore  if  £  be 
a  greater  multiple  of  B^  than  G  is  j  F  is  a 
greater  multiple  of  D,  than  H  is  of  D;  that 
is,  if  E  be  greater  than  G^  F  is  greater  than 
H.  in  Kke  manner,  if  £  be  equal  to  G,  or 
lefs ;  F  is  equal  to  H,  or  lefs  than  it.  But 
E,  F  are  equimultiples,  any  whatever,  of  A, 
C,  and  G,  H  any  equimultiples  whatever  of 

b.  5.Dcf.  5,  B,  D.  Therefore  A  is  to  B,  as  C  is  to  D  \ 

Next,  Let  the  firft  A  be  the  fame 
part  of  the  fecond  B,  that  the  third 
C  is  of  the  fourth  D,  A  is  to  B,  as  C 
is  to  D.  for  B  is  the  fame  multiple  of 
A,  that  D  is  of  C>  wherefore  by  the 
preceding  cafe  B  is  to  A,  as  D  is  to 

c.  3.  5.      C ;  and  inverfely  *^  A  is  to  B,  as  C 

is  to  D.     Therefore  if  the  firft  be 
the  fame  multiple;^  £cc*   Q^£*  D< 
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OF    EUCLIO. 


PROP.  D.     THEOR. 


BmIcV. 


I 


F  the  firft  be  to  the  fecond  as  the  third  to  the  fourth^  see  n. 
and  if  the  firft  be  a  multiple,  or  part  of  the  fecond ; 
the  third  is  the  fame  multiple,  or  the  fame  part  of  the 
fourth* 


Let  A  be  to  B,  as  C  4s  to  D ;  and  firft  let  A  be  a  multiple  of 
B$  C  ia  the  fame  multiple  of  D. 

Take  £  equal  to  A»  and  whatever  multiple 
A  or  £  is  of  3»  make  F  the  fame  multiple  of 
D,  then  becaufe  A  is  to  B,  as  C  is  to  D^  and 
of  B  the  fecond  and  D  the  fourth  equimuU 
tiples  have  been  tnken  E  and  F  -|  A  is  to  E, 
$is  C  to  F  *•  biat  A  is  equal  \o  E,  therefore 
C  i^  equal  to  F  ^*  and  F  is  the  fame  multiple 
of  D,  that  A  is  of  B.  Wherefore  C  is  the 
fame  multiple  of  D,  that  A  is  of  B. 

Next)  Iiel  the  firft  A  be  a  part  of  the  ie** 
cond  B)  C  the  third  is  the  fame  part  of  the 
fourth  D. 

BecauJTe  A  is  to  B,  as  C  is  to  D  ^  then, 
injrerfely  B  is  <^  to  A,  as  D  to  C.  but  A  is 
t  part  pf  B,  therefore  6  is  a  muhiple  of  A, 
and,  by  the  preceding  cafe,  D  is  the  fame 
multiple  of  C ;  that  is,  C  is  the  fame  part  of  D,  that  A  is  of  B. 
Therefore  if  the  firft,  &c.    QJi^  D. 
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See  the  FU 
ffut  at  the 
foot  of  tke 
preceding 

c.  B.  5. 


PROP.  VII.     THEOR, 


EQJJAL  m9gnftude8  tuve  the  ikme  ratia  to  the 
fame  magnitude ;  and  the  fagie  haa  the  fame  ratio 
to  equal  magnitudes. 

Let  A  and  B  be<  equal  magnitudes,  and  C  atif  other.  A  and  B 
have  each  of  them  the  £une  ratio  to  C.  aod  C  has  the  fame  ratio 
tP  each  of  the  magnitudes  A  and  B, 

T^e  of  A  a^d  p  any  e^uimaltiples  whate?er  D  and  E|  and  of 
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Book  ▼.  C  any  multiple  whatever  F.  then  becaafe  D  is  the  fame  mukiple 
^*  V  •■^  of  A,  that  E  is  of  B,  and  that  A  is  equal  to 
m.  I.  A»  5-  B ;  D  is '  equal  to  E  therefore  if  D  be  greater 

than  F»  £  is  greater  than  F;  and  if  equal,  e- 

qaal}  if  lels,  lefs.  and  D»  £  are  any  equimul- 
tiples of  A,  B\  and  F  is  any  multiple  of  C. 
b.  5- Dcf.  5.  Therefore  b  as  A  is  to  C,  fo  is  B  to  C. 

Likewife  C  has  the  fame  ratio  to  A  that 

it  has  to  B*  fori  having  made  the  fame  con^  JJ    A 

ftrudlion,  D  may  in  like  manner  be  flicwri   ]?     3 

equal  to  E.  therefore  if  F  be  greater  than  D, 

it  is  likewife  greater  than  £  ^  and  if  equal, 

equal-,  if  lefs,  lefs.  and  Fis  any  multiple  what- 
'  ever  of  C,  and  D,  E,  arc  any  equimultiples 

whatever  of  A,  B.   Therefore  C  is  to  A,  as 

C  is  to  B^  Therefore  equal  magnitudes,  &c. 

Q^£.  D. 


SeeK. 


CF 


A 


PROP.  VIIL     THEOR. 

OF  unequal  magnitudes  the  greater  has  a  greater 
ratio  to  the  fame  than  the  lefs  has.  and  the  fame 
magnitude  has  a  greater  ratio  to  the  lefs  than  it  has  to 
the  greater* 

Let  AB,  BC  be  unequal  magnitudes  of  which  AB  is  the  grejitefi 
and  let  D  be  any  magnitude  whatever.  AB   p* 
has  a  greater  ratio  to  D  than  BC  to  D.  and 
P  has  a  greater  ratio  to  BC  than  unto  AB.    ^ 

If  the  magnitude  which  is  not  the  great-  * ' 
cr  of  the  two  AC,  CB,  be  not  lefs  than  D, 
take  EF,  FG  the  doubles  of  AC,  CB,  as 
in  Fig.  I.  but  if  that  which  is  not  the 
greater  of  tlie  two  AC,  CB  be  lefs  than  D 
(as  in  Fig.  2.  and  3.)  this  magnitude  can 
be  multiplied  fo  as  to  become  greater  than 
D,  whether  it  be  AC  or  CB.  Let  it  be 
multiplied  until  it  become  greater  than  D, 
and  let  the  other  be  multiplied  as  often; 
and  let  £F  be  the  multiple  thus  taken  of 
AC,  and  FG  the  fame  multiple  of  CB« 
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therefore  EF  and  FG  are  each  of  them  greater  than  H  and  in  Book  ▼. 
every  one  of  the  eafes  take  H  the  double  of  D^  K  it$  triple,  and 
fo  on,  till  the  multiple  of  D  be  that  which- firft  becomes  greater 
than  FO.  let  L  be  that  multiple  of  D  which  is  firft  greater  than 
FG,  and  K  the  multiple  of  D  which  is  next  lefir  than  L. 

Then  becaufe  L  ia  the  multiple  of  D  which  is  the  firft  that 
becomes  greater  than  FG,  the  next  picceding  multiple  K  is  not 
greater  than  FG;  that  is,  FG  is  not  lefs  than  K.  and  fince  £F  is 
the  fame  multiple  of  AC,  that  FG  is  of  CB;  .FG  is  the  fame  mul* 
tiple  of  CB^  that  £G  is  of  AB  >;  wherefore  £G  and  FG  are  equi-  ••  <•  $• 
multiples  of  AB  and  CB. 
and  it  was  fhewn  that  FG  E' 
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was  not  lefs  than  K,  and, 
by  the  conftruaiort,  EF  is 
greater  than  Dj  therefore 
the  whole  EG  is  greater 
than  K  and  D  together, 
but  K  together  with  D  is 
equal  to  L;  therefore  EG 
is  greater  than  L ;  but  FG  *Q 
is  not  greater  than  L ;  and  • 
EG,  FG  arc  equimultiples  *-• 
of  AB,  BC,  and  L  is  a 
multiple  of  D;  therefore  «> 
AB  has  to  D  a  greater  ra- 
tio than  BC  has  to  D.  . 
Alfo  D  has  to  BC  a 
greater  ratio  than  it  has 
to  AB,  for,  having  made 
the  fame  conftA£Hon,  it  may  be  {hewn,  in  like  manner,  that  L  is 
greater  than  FG,  but  that  it  is  not  greater  than  EG.  and  L  is  m 
multiple  of  D;  and  FG,  EG  are  equimultiples  of  CB,  AB.  There* 
fore  D  has  to  CB  a  greater  r^tio  ^  than  it  has  to  AB.  Wherefoie 
of  unequal  magnitudes,  &c.    Q^£^  D. 
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THE    IXEMENTS 


PROP.  IX.     THEOR. 


AGNITUDES  which  have  the  fame  ratio  to  tb^ 
fame  msgoitu^  are  equal  to  one  another  j  and 
tbofe  to  whkh  the  fame  magnitttde  has  the  fame  ratio 
are  equal  to  one  another* 

Iiet  A»  B  hare  each  of  them  ^be  fame  ratio  to  C;  A  is  equal  to 
B.  ibr  if  they  %re  not  equals  one  of  them  is  greater  than  the  other) 
let  A  be  the  greater ;  then^  by  what  was  fhewn  in  tlie  preceding 
Propofition,  there  are  fome  equimuttipled  of  A  and  By  and  fome 
multiple  of  C  fuch»  that  the  muldpla  of  A  is  greater  than  the  mulr 
tiple  of  C,  but  the  multiple  of  B  is  not  greater  than  that  of  C* 
Let  fuch  multiples  be  taken,  anci  let|P,  E^^bd jj^^equimultipks  of 
A,  B,  and  F  the  multiple  of  C  fo  tlat  D  may  be  greater  than  F, 
and  £  not  greater  than  F.  but  because  A 
is  to  C,  as  B  is  to  C,  and  of  A,  B  are  taken 
equimultiples  D>  £,  and  of  C  is  taken  a 
multiple  F)  and  Oiat  D  is  greater  than  F^ 
5-  E  fhall  allfo  bd  greater  than  F.*;  but  E  i^  ^ 
not  greater  than  F,  which  is  iippolSble. 
A  tberefore  add  B  are  not  unequal  ^r  that 
is,  t£ey  are  equal.  • 

Next,  Let  C  have'  the  fame  ratio  tO' 
each  of  the  magnitudes  A  and  B ; .  A  is  !& 
equal  to  B.  for  if  they  are  not,  one  of 
them  is  greater  than  the  other ;  let  A  be 
the  greater,  therefore,  as  was  fliewn  in 
prop;  8thjitheEC  is  fdme  muhdple  F  of  C,  and  fome  equimultiples 
E  and  I>  of  B  and  A  fuch,  that  F  is  greater  than  R,  and  not  great* 
er  than  D.  but  becaufe  C  is  to  B,  as  C  is  to  A,,  and  diat  F  the 
multiple  of  the  fivft  is  greater  than  £  the  nmltiple  of  the  feeond  i 
F  the  multiple  of  the  third  is  greater  than  D  the  multiple  of  the 
fourth  ».  but  F  is  not  greater  than  D,  which  is  impoffible.  There- 
fore A  is  equal  to  B.  Wherefore  magnitude#  which,  &c.  Q^^E.  D. 


D 


C 


OP    BUCLIIK 


PROP.  X.     THEOR. 


THAT  magnitude  which  has  a  greater  ratio  than  See  n. 
another  has  unto  the  fame  magnitude  is  the 
greater  of  the  two.  and  that  magnitude  to  which  the 
fame  has^a  greater  ratio  than  it  has  unto  another  mag- 
nitude is  the  lefler  of  the  two* 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C ;  A  is  greater 
than  B.  iot  becaufe  A  ha«  a  ereater  ratio  to  C,  thsok  B  has  t9  C, 
there  arc  ■  fome  equimultiples  of  A  and  B,  and  fome  multiple  of  »-7.I)et  5. 
C  fuch,  diat  the  multiple  of  A  is  greater  than  the  multiple  of  C^ 
but  the  multiple  of  B  is  not  greater  than 
it.  let  them  ,bc  taken,  and  let  D,  E  he 
equimultiples  of  A,  B,  and  F  a  mukq)le  of 
G  fach,  that  D  is  greater  than  S",  but  E  is  ^ 
not  greater  than  F.  therefore  D  is  greater  ** 
than  E.  and  becaufe  D  and  E  are  equi- 
multiples of  A  and  B,  rand  D  is  greater 
than  E*,  therefore  A  is  '^  greater  than  B. 

Next,  Let  C  have  a  greater  ratio  to  B  to 
than  it  has  to  A ;  B  is  lefe  than  A.  for  • 
there  is  fome  multiple  F  c(  C,  and  fome 
equinniltiples  E  and  D  of  B  and  A  fuch, 
that  F  is  greater  than  E,  but  is  not  greater 

than  D.  E  therefore  is  lefs  than  D;  and  becaufe  E  and  D  are  equi- 
multiples of  B  and  A,  therefore  B  is  *»  lefs  than  A.  That  mag- 
nitude therefore,  &c.    Q^E.  D. 
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PROP.   XI.     THEOR. 


RATIOS  that  are  the  feme  to  the  fame  ratio,  are 
the  fame  to  one  another^ 

l«t  A  be  to  B,  as  C  is  to  D5  and  as  C  to  D,  fo  let  E  be  to  Fj 
A  is  to  B,  asEto  F. 

Take  of  A,  C,  E  any  equimultiples  whatever  G,  H,  K;  and  of 
B,  D,  F  any  equimultiples  whatever  L,  M,  N.  Therefore  fince 
A  is  to  B,  as  C  to  D>  and  of  A>  C  «re  taken  equimidtiples  G» 


128  TH  E    £L  EBCENTS 

Bookv.  H;andL,Mof  B,  D;  if  G  be  greater  than  L,  H  is  giteatcf  tliatn  . 

^"^"^      M;  and  if  equsd,  equal;  and  if  left,  lefs  *•  Again,  becaufe  C  is-  to 

*'  ^*       ^'  D,  as  £  is  to  F,  and  H,  K  are  taken  equimultiples  of  C,  £;  and  M, 

N  of  D,  F)  if  H  be  greater  than  M,  K  is  greater  dian  U\  and  if 

equal,  equal  -,  and  if  lels,  lefs.  but  if  G  be  greater  than  L,  it  has 
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been  (hewn  that  H  is  greater  than  M;  and  if  equal,  equal;  and  if 
lefs,  lefs ;  therefore  if  G  be  greater  than  L,  K  is  greater  than  N; 
and  if  equal,  equal;  and  if  lefs,  lefs.  and  G,  K,  are  any  equimttl'> 
tiples  whatever  of  A,  £;  and  L,  N  any  whatever  of  B,  F.  There- 
fore  as  A  is  to  B,  fo  is  £  to  F  S    Wherefore  ratios  thatj  &c. 


PROP.  XII.     THEOR. 

IF  any  number  of  magnitudes  be  proportionab,  as 
one  of  the  antecedents  is  to  its  confequent,  fo  (hall 
all  the  antecedents  taken  together  be  to  all  the  confe-* 

quents. 

«  • 

Let  any  number  of  magnitudes  A,  B;  C,  D;  £,  F,  be  propor-' 
donals ;  that  is,  as  A  is  to  B,  fo  C  to  D,  and  £  to  F.  as  A  is  to 
B,  fo  (hall  A,  C,  E  together  be  to  B,  D,  F  together. 

Take  of  A,  C,  £  any  equimultiples  whatever  G,  H,  K ;  and  of 

G H : K 

B —        jy—         F  — 

L M N 


WM^- 


B,  D,  F  any  equimultiples  whatever  L,  M,  N.  then  becaufe  A  is  to 
Bj  as  C  is  to  Dj  an4  at  £  la  F;  and  ihat  G,  H,  K  are  equimultipUs 


6f  E  tr  c  Liti:  ii^ 

it  A,  6,  E,  and  L,  M,  N  equimultiples  of  B,  D,  F;  if  G  be  greater  Book  V. 
than  Ly  H  is  greater  than  M,  and  K  greater  than  N;  and  if  equal,  y-*^^^^*^ 
equal;  aiid  if  lefs,  Icfs  ».   Wherefore  if  G  be  greater  than  L,  th^n  »•  5-^«t  $. 
Gf  ti,  K  tdge&er  ate  greater  than  L,  M,  N  together;  alnd  if  equal,  • 

<BqUaIi  arid  if  lefi^  lefS).  alid  Gj  and  G,  H,  K  together  are  any  equi- 
multiples of  A,  ahd  A,  C,  £  together,  becaufe  if  there  be  any 
buihber  of  maghitudes  eqtliniultiple&  of  as  ixlahy,  each  of  each, 
Whatever  multiple  ofte  of  them  is  of  its  part,  the  fdmc  tnultipW 
Is  the  whole  of  the  whole  *>.  for  the  fame  rcafon  L,  and  L,  M,  N  *^  '•  i* 
Are  any  ei^liiihilltiples  of  B,  and  By  D,  P.  as  therefore  A  is  to  B, 
fo  are  A,  C,  E  together'to  Bj  D,  F  together.  Wherefore  if  ^nf 
liumber,  &ci    Q^E.  Di 

t^ROP.   Xlii.     THEOtt; 

IF  the  firfl;  has  td  thd  fecohd  the  fame  rdtid  Urhlch  ,the  see  N; 
third  has  to  the  fourth,  but  the  third  to  the  fourth 
a  greater  ratio  than  the  fifth  has  to  the  fixth ;  the  firft 
/hall  alfo  have  to  the  fecond  a  greater  ratio  thaa  the 
fifth  has  toi  the  fixtb^ 

Let  A  the  firft  have  the  fame  ratio  to  B  the  feeond  which  C 
Hie  third  has  td  D  the  tourth,  but  C  the  third  to  D  the  fourth  a 
peatcr  ratio  flian  E-tlic  fifth  to  t  the  fixth.  alfo  the  firft  A  fhaU 
have  to  the  fecond  B  a  greater  ratio  than  the  fifth  £  to  the  fixth  F.  ^ 

Becaufe  G  has  a  greater  ratio  to  D,  than  £  to  F,  there  aft  fome 
equimultiples  of  G  a(hd  £,  and  fome  of  D  and  F  fuch,  that  the  mul- 
tiple cf  C  is  greater  than  &e  multiple  of  D,  but  the  multiple  of  £  is 

M G— — —  H — 

A — ..       C t^— 

U.    .,■  .-    ■.  K  L. 


^  ■'-''■ iL 


tot  greater  than  the  multiple  of  F «.  let  fuch  be  tat^n,  and  of  C,  E  a.  7.pcf.  5. 
)ct  G,  H  be  equimultiples,  and  E,  L  equimiiltiplcs  oPD;  F  fo'tha*t 
G  be  greater  than  K,  btft  H  riot  greater  than  L;  and  Whatever  mul- 
tiple G  is  gf  C  take  M  the'  fame  multiple  of  A ;  and  what  tnuU 
fif^le  K  is  of  D,  take  N  the  fame  multiple  of  B.  then  becaufe  A  is 
tP  B,  as  C  to  D,  and  of  Aand  G ^  M  and  G  are  equim'nitipk s,  and  of 

I 
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Book  V.  B  and  D,  N  and  K  arc  equimultiples;  if  M  be  greater  than  N, 

^^^^^^^"^^  G  is  greater  than  K ;  and  if  equal,  equal;  and  if  iefs,  lefs  **;  but 

•  5-   *^  •  5*  Q  jg  greater  than  K,  therefore  M  is  greater  than  N.  but  H  is  not 

greater  than  L ;  and  M,  H  are  equimultiples  of  A,  E5  and  N,  L 

equimultiples  of  B,  F.   Therefore  A  has  a  greater  ratio  to  B,  than 

«•  7-Def-  5-  E  has  to  F  ».     Wherefore  if  the  firft,  &c.     Qj^E.  D. 

Cor.  And  if  the  firft  has  a  greater  ratio  to  the  fecond,  than 
the  third  has  to  the  fourth  j  but  the  third  the  fame  ratio  to  the 
fourth,  which  the  fifth  has  to  the  Cxth-,  it  may  be  demonftrated  in 
like  manner  that  the  firft  has  a  greater  ratio  to  the  fecond  than 
die  fifth  has  to  the  fixth. 


' 


SecN. 


».  S.  5. 


b.  13.  s- 

c.  10.  5. 

d.  9.  5. 


PROP.   XIV.     THEOR. 

IF  the  firft  has  to  the  fecond  the  fame  ratio,  which 
the  third  has  to  the  fourth ;  then,  if  the  firft  be 
greater  than  the  third,  the  fecond  (hall  be  greater  thaa 
the  fourth ;  and  if  equal,  equal ;  and  if  lefs^  lefs. 

Let  the  firft  A  have  to  thiq  fecond  B  the  fame  ratio,  which  the 
third  C  has  to  the  fourth  D  j  if  A  be  greater  than  Cj  B  is  greater 
than  D. 

•Becaufe  A  is  greater  than  C,  and  B  is  any  other  magnitude,  A 
has  to  B  a  greater  ratio  than  C  to  B  ".  but  as  A  is  to  B,  fo  is  C  to 


ABCD     ABGDABCD 

D ;  therefore  alfo  C  has  to  D  a  greater  ratio  than  C  has  to  B^.  but  of 
two  magnitudes,  that  to  which  the  fame  has  the  greater  ratio  is  the 
lefler  ^.  wherefore  D  is  Icfs  than  B ;  that  is,  B  is  greater  than  D. 

Secondly,  If  A  be  equal  to  C,  B  is  equal  D.  for  A  is  to  B,  as 
C,  that  is  i\,  to  D  *,  B  therefore  is  equal  to  D  **. 

Thirdly,  If  A  be  lefs  than  C,  B  ihall  be  lefs  than  D.  for  G  is 
greater  than  A,  and  becaufe  C  is  to  D,  as  A  is  to  B,  D  is  greater 
than  B  by  the  firft  cafe  5  wherefore  B  is  lefs  than  D.  Therefore 
if  the  firft,  &c.    C^E.  D. 


or    EUCLID. 


PROP.  XV.     THEOR. 
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Sook  V. 


M 


AGNITUDES  Have  the  fame  ratio  to  one  another 
which  their  equimultiples  have. 


D 


K 


Let  AB  be  the  fame  multiple  of  C  that  DE  is  of  F.  C  is  to  F» 
as  AB  to  BE. 

Becaufe  AB  is  the  fame  niultiple  of  C  that  DE  is  of  F,  there  are 
as  many  magnitudes  in  AB  equal  to  C,  as  there  are  inDE  equal  to  F* 
Let  AB  be  divided  into  magnitudes,  each        a 
equal  to  C,  viz.  AG,  GH,  HE;  and  DE 
into  magnitudes,  each  equal  toF,  viz.  DK, 
KL,  LE.  then  the  number  of  the  firft  AG, 
GH,  HB  {hall  be  equal  to  the  number  of  G  ' 
the  laft  DK,  KL,  LE.  and  becaufe  AG, 
GH,  HB  are  all  equal,  and  that  DK,  KL,  tt ^ . 
LE  are  alfo  equal  to  one  another ;  there- 
fore AG  is  to  DK,  as  GH  to  KL,  and  as 
HB  to  LE*.  and  as  one  of  the  antecedents       *j 
to  its  confequent,  fo  are  all  the  antecedents       ^ 
together  to  all  the  confequents  together  ^'j  wherefore  as  AG  is  to  b.  «.  5. 
DK,  fo  is  AB  to  DE.  but  AG  is  equal  to  C,  and  DK  to  F.  therefore 
'as  C  is  to  F,  fo  is  AB  to  DE.  Therefore  magnitudes,  &c.  Q^E.  D. 

PROP.   XVI.     THEOR. 

IF  four  magnitudes  of  the  fame  kind  be  propor^^ 
tionals,  they  fhall  alfo  be  proportionals  when  taken 
alternately. 

Let  the  four  magnitudes  A,  B,  C,  D  be  proportionals,  vi2.  as  A 
to  B,  fo  C  to  D.  they 


C      E  F 


**  7-J' 


fhall  alfo  be  propor-   Jp^ 
tiionals  when  taken    a 

alternately}  thit  is,   ^ r 

A  is  to  C,  as  B  to  b.  B 

Take  of  A  and  p 

B  any  equimoltiples  . 
wkatever  £  and  F}  and  of  C  and  D  take  any  equimultiples  whatever 

I  a 


G 
C 
D 
H 
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Book  V.   G  and  H.  and  becaufe  E  is  the  fame  multiple  of  A,  that  F  is  of 

^^^^^^^"^  B,  and  that  magnitudes  have  the. fame  ratip  to  one  another  which 

»•  IS-  5*     their  equimultiples  have  "j  therefore  A  is  to  B,  as  E  Is  to  F»  but 

*>•  "•  5-    as  A  19  to  B,  fo  is  C  to  D.  wherefore  as  C  is  to  D,  fo  b  is  E  to  E. 

again,  becaufe  G,  H 

are  equimultiples  of  ]£      ,  Q — • 

C,  D,  as  C  is  to  D,     A  f^ 

.  fo  is  G  to  H  *;  but    ^  ^ 

as  C  is  to  D,  fo  is  E   B        ■    ■■  D  -■ 

to  F.  Wherefore  as    "p IJ 

E  is  to  F,  fo  is  G  to 

H  ^.  But  when  four  magnitades  are  proportionals^  if  the  firft  be 
greater  than  the  third,  the  fecond  fhall  be  greater  than  the  fourth; 
c.  »4*  S*  and  if  equal,  equal ;  if  lefs,  lefs  *.  Wherefore  if  E  be  greater 
than  G,  F  like  wife  is  greater  than  H;  and  if  equal,  equal;  if  lef^, 
lefs.  and  E,  F  are  any  equimultiples  whatever  of  A,  B ;  and  G, 
J.  5.Dcf.  5.  H  any  whatever  of  C,  D.  Therefore  A  is  to  C,  as  B  to  D  ««.  if 
then  four  magnitudes^  &c»    C^E.  D. 

PROP.  XVII.     THEOR. 

* 

^"^*  TF  magnitudes  taken  jointly  be  proportionals,  they 
JL  (halt  alfo  be  proportionals  when  taken  feparately, 
that  is,  if- two  magnitudes  together  have  to  one  of  them, 
the  fame  ratio  which  two  others  have  to  one  off  tbefe, 
the  Remaining  one  of  the  firft  two  (hall  have  to  the 
other,  the  fame  ratio  which  the  remaining  one  of  the 
laft  two  has  to  the  oiher  of  thefe* 

Let  AB,  BE  5  CD,  DF  be  the  magnitudes  taken  jointly  which 
are  proportionals ;  that  is,  as  AB  to  BE,  fo  is  CD  to  DF ;  they 
fliall  alfo  be  proportionals  taken  feparately,  viz,  as  AE  to  EB,  fd 
CF  to  FD. 

♦Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever  GHf  HK, 
LM,  MN;  and  again,  of  EB,  FD,  take  any  equimrtltiptes  whatever 
KX,  NP.  and  becaufe  GH  is  the  fame  multiple  of  AE  tliat  HK  h 
*.  X.  5.  of  EB,  therefore  GH  is  the  fame  multiple  »  of  AE,  that  GK  is  of 
AB.  but  GH  is  the  fame  multiple  of  AE,  that  LM  is  of  CF;  where- 
fore GK  is  the  fame  multiple  of  AB,  tha^  LM  is  of  CF.  Again,  be- 


».  I.  5. 


X 
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cAufe-LM  IS  the  fame  multiple  of  CF  that  MN  is  of  FD;  therefore  Book  v. 

LM  is  the  fame  multiple  *  of  CF,  that  LN  is  of  CD.  but  LM  was 

fiiewn  to  be  the  fame  multiple  of  CF,  that  GK  is  of  AB  5  Gli 

therefore  is  the  fame  multiple  of  AB,  Qiat  LN  is  of  CD )  that  is, 

GK,  LN  are  eqwmultiples  of  AB,  CD.   Next,  becaufe  HK  is  tlie 

fame  multiple  of  £B,  that  MN  is  of  FD; 

and  that  KtX  is  alfo  the  fame  multiple  of 

EB,  that  NP  is  of  FDj  therefore  HX  is 

the  fame  multiple  ^  of  £B  that  MP  is  of 

FD.   And  becaufe  AB  i^  to  BE,  as  CD 

is  to  DF,  and  that  of  AB  and  CD,  GK  |^  . 

andLNare  equimultiples,  and  of  £B  and  ''^ 

H),  HX  and  MP  ar^' equimultiples;  if 

GK  be  greater  than  HX,  then  LN  is  ff  '        B 

greater  than  MP  j  and  if  equal,  equal; 

and  if  lefs,  left  ^.  but  if  GH  be  greater  IR 

than  KXf  by  addmg  the  common  part 

HK  to  both>  GK  is  greater  than  HX ; 

wherefore  alfo  LN  is  greater  than  MP; 

and  by  taking  away  MN  from  both,.  LM 

is  greater  than  NP.  therefore  if  GH  be  greater  than  KX,  LM  is 

greater  than  NP.   In  like  manner  it  may  be  demoiiftrated,  that  if 

GH  be  equal  to  KX,  LM  likewife  is  equal  to  NP;  and  if  lefs,  lefs. 

and  GH,  LM  are  any  equimultiples  whatever  of  AE,  CF,  and 

KXt  NP  are  any  whatever  of  EB,  FD.     Therefore  *  as  AE  is  to 

EB,  fo  is  CF  to  FD.    If  then  magnitudes,  &c.    (^E.  D* 

PROP.   XVIIL     THEQR. 

IF  magnitudes  taken  feparately  be  proportionals,  they  See  n. 
ihall  ^Ifo  be  proportionals' when  taken  jointly,  that 
is,  if  the  firft  be  to  the  fecond,  as  the  third  to  the  fourth, 
the  firft  jind  fecond  together  Ihall  he  to  the  fecond,  as 
the  third  and  fourth  together  to  the  fourth. 

Irct  AEji  EB,  CF,  FD  be  proportionals  \  that  1$,  as  AE  to  Efl, 
fo  is  CF  to  FD  5  they  fliall  alfo  be  pK>poi:tioaals.  when  taken  joindy  i 
ikt  is,  as  AB  to  BE,  fo  CD  to  DF. 

Take  of  AB,  B£>  CP»  DF  any  equimultiples  whatevet  GHj  HK> 
LM,  MN-,  and  again  of  BE,  DF  take  any  whatever  equimultiples. 
Kpa  NP*  ^d  becaufe  KO^  NP  ^xe  equimultiples  of  B£]  QFi  ani 
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Book  V.  that  KH,  NM  arc  equimultiples  likewifc  of  BE,  DF,  if  KO  the 
^'•ti^'y>^  multiple  of  J5E  be  greater  tjian  KH  which  is  a  multiple  of  the 
fame  BE,  NP  likewifc  the  multiple  of  DF  ihall  be  greater  than  NM 
the  multiple  of  the  fame  DF;  and  if  -- 
KO  be  equal  to  KH,  NP  ihaU  be  " 

equal  to  NM ;  and  if  lefs,  lefs.  ^ 

Firft,  Let  KO  not  be  greater  than  ^ ' 

KH,  therefore  NP  is  not  greater  than 

NM.  and  becaufe  GH,  HK  are  equi- 
multiples of  AB,  BE,  and  that  AB  j^, , 

is  greater  than  BE,  therefore  GH  i$ 
8. 5.  Ax.  5.  greater  » than  HK  5  but  KO  is  not 

greater  than  KH,  wherefore  GH  is 

greater  than  KO.    In  like  manner  it 

may  be  ihewn  th^t  LM  is  greater  than 

NP.  Therefore  if  KO  be  not  greater 

than  KH,  then  GH  the  multiple  of 
,  AB  is  always  greater  than  KO  the 

multiple  of  BE;  and  like  wife  LM  the  multiple  of  CD  greater  thaa 

NP  the  multiple  of  DF.' 

Next,  Let  KO  be  greater  than  KH ;  therefore,  as  has  been  Ihewni 

NP  is  greater  than  NM.  and  Jjccaufe  the  whole  6H  is  the  fame 

multiple  of  the  whole  AB,  that  HK  is  pf  BE,  the  remaindet  GK  is 

th^  feme  multiple  of  the  remainder 
tJ.  5.  5.      AE  that  GH  is  of  AB*^,  which  iis  the 

fame  that  LM  is  of  CD,     In  like 

manner,  becaufe  LM  is  the  fame 

multiple  of  CD,  that  MN  is  of  DF, 

the  remainder  LN  is  the  fame  muU 

tiple:  pf  the  remainder  CF,  that  the 

whole  LM  is  0/  the  whole  CD  »>. 

but  it  was  fhewn  that  LM  is  the  fame 

multiple  of  CD  that  GK  is  of  AE ; 

therefore  GK  is  the  fame  multiple  of 

AE  that  LN  is  of  CF;  that  is,  GK,   Q 

LN  are  equimultiples  of  AE,  CF. 

and  becaufe  KO,  NP  are  equimultiples  of  BE,  DF,  if  from  KO, 

NP  there  be  taken  KH,  NM,  which  are  likewifc  equimultiples  of 

BE,  DF,  the  remainders  HO,  MP  are  either  equal  to  BE,  DF,  o? 
c.  6. 5.      equimultiples  of  them  c,  Firft,  Let  HO,  MP  be  equal  to  BE,  Pfi 
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and  faccaufc  AE  is  to  EB,  as  CF  to  FD,  atid  that  GK,  LN  wrc  ^^^J^^ 
equimultiples  of  AE,  GF-,  GK  (hall  be  to  1l B,  as  LN  to  FD*».  but  J'J^^. 
HO  is  equal  to  EB,  aad  MP  to  FD-,  whertfote  GK  is  to  HO,  a« 

Hi  to  MP.    If  therefore  GK  be  greater  than  HO,  LN  is  greater 
than  MP  -,  and  if  equal,  equal ;  tod  if  lefs,  kfs  "*. 

But  let  HO,  MP  be  equimultiples  of  EB,  FD-,  and  becaufe  AE 
18  to  EB,  as  CF  to  FD,  and  that  of  AE,  CF  are  taken  equimultiples 
GK,  LN;  and  of  EB,  ft),  the  equimultiples  HQ,  MP5  if  GKbc 
greater  than  HO,  LN  is  greater  than   q 
MP^  and  if  equal,  equal;  and  if  lefs, 
kfs ';  which  was  likewife  fhewn  in 
Ae  preceding  cafe.     If  therefore   JJ., 
GH  be  greater  than  KO,  taking  KH 
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M. 
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from  both,  GK  is  greater  than  HO; 

lAetefore  atfo  LN  is  greater  than 

MP;  and  confcquently,  adding  NM 

to  both,  LM  is  greater  than  NP. 

therefore  if  GH  be  greater  dian  KO, 

LM  is  greater  than  NP.     In  like 

matmer  it  may  be  fliewn  that  if  GH 

be  equal  to  KO,   LM  is  equal  to    vx 

NP;  and  if  lefs,  lefe.   And  in  the  cafe  in  which  KO  is  n6t  greater 

than  KH,  it  has  been  ihewn  that  GH  is  always  greater  than  KO, 

and  likewife  LM  thati  NP.  but  GH,  LM  are  any  equimultiples  of 

AB,  CD,  and  KO,  NP  are  any  whatever  of  BE,  DF;  therefore  ^  aa 

AB  is  to  BE,  fo  is  CD  to  DF,  If  then  magnitudes,  &c.  (^E.  IX 


PROP.   XIX.     THEOR. 

IF  a  whole  magnitude  be  to  a  whole,  as  a  magnitude  5e«  N.. 
taken  from  the  firft  is  to  a  magnitude  taken  from 
the  other ;  the  remainder  ihail  be  to  th^  remainder  aa 
the  whole  to  the  whole. 

» 

Let  the  whole  AB  be  to  the  whole  CD,  as  AJE  a!  magnitude 
ts^^n  from  Aii  to  CF  a  magnitude  taken  from  CD ;  the  remain* 
der  LB  fliall  be  to  the  remainder  FD,  as  the  w;hQ|9  ABj  to  the 
whole  CD^ 
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Bccaufe  AB  i^  to  CD,  as  AE  to  CF ;  IJHe, 
wife,  alternately  »  B A  is  to  AE,  ^s  DC  tq^  CF,       A 
and  becaufe  if^nagnitudes  t^ken  jpintly  \}e  pro? 
gortionals,  tl^ey  are  alfo  proportipnal,$  ^  yrhen  .  Q^ 

taken  Separately;  therefore  a$  3^  i^  tp  EA^i  fq  p,. 
is  DP  to  FC  5  ^nd  alternately,  a^  BE  is  to  Df, 
{p  is  EA  to  FC.  but  a3  AE  t9  CF,  fq,  by  the 
j^ypothejis,  i§  AB  to  pD;  therefore  alfo  BE  the 
remainder  fhall  be  to  the  remainder  DF,  as  tl^e 
lurhole  AB  to  the  whole  CD.  'Vyhefefpire  if  fhiQ 
. V^hole,  &c.     Q^E.  D. 

Cor.  If  the  whole  be  to  |:he  whole,  as  9  magnitude  taken  from; 
(he'firft  is  tp  a  magnitude  takpn  from  the  other;  the  remainder 
likewiijp  is  to  the  ^remainder,  aa  the  magnitude  taken  from  the  6xBi) 
\o  that  taken  from  fhe  qtber.  fhe  p^monitr^tipfi  "i^  ^qntzvficd  ik|- 
the:  preceding.  ; 

*  •  * 

PROP.  E,     THEQR, 

IF  four  magnitudes  be  proportionals^  they  ar^  ^Ifq 
proportionals  by  qonyerfion,  th^t  is,  the  firft  is  tg: 
its  exccfs^  above  the  fecon^^  as  t]xe  third  to  its  e^^qeft" 
above  the  fourth. 

A  ^ 

Xef  AB  be  tp  BE,  as.  CD  to  DF  •,  then  B A 
is  to  AE,  as  DC  to  CF.  C 

Becaufe  AB  is  tp  BE,  as  CD  to  DF,  by    £.. 
divifion  *,  AE  is  to  EB,  as  CF  to  FD;   and  V.. 

by  inverfipn  »>,  BE  is  to  EA,  as  DF  to  FC 
Wherefore,  by  Compofition  <=,  BA  is  to  AE, 
as   DC   is  'to,  CF.     If  therefore   four,    &q. 

Q^E.  D,  B       D 


PROE.   XX.      THEOR. 

f«Ki      TF'tbcPe  be  three  magnitudes,  and  other  three,  whieh 
X    taken  two  and  two  have  the  fame  ratio;  if  the  firft 
btj  greater  than  the  thirds  the  fourth  ihalJ  be  greater ' 
than  the  fixth ;  and  if  equal,  equal ;  and  if  lefs,  lef$«     ' 


;    O  F    E  TT  C  LI  D.  137. 

JUt  A,  B,  C  be  thjrce  magnitudes,  and  D,  E,  F  c^tx  three,  B^  V« 
^^hich  taken  two  and  two  have  the  fame  r^tio,  viz.  a^  A  U  to  B|. 
^i$Dto£|  andasBto  C,  ibisEto  F.    If  A  be 
greater  than  C,  P  (haU  be  gres^ter  than  F}  and 
if  equal  j  eq^al ;  and  if  lef^,  lefa* 

Becai^fe  A  is  gre^iier  th^n  Q  and  B  is  any  other 
magnitiKle,  ^nd  that  the  greater  ha$  to  the  fmne 
magnitude ia  greater  ratio  than  the  lefs  has  to  it*; 
therefore  A  has  tp  B  9  greater  ratio  than  C  ha$   ABO 


D  E  F 


5:.C<w.i^S»^ 


to  B.  but  as  b  is  tq  E,  fo  js  A  to  B ;  (hiBreforq  >>   ,^    ^    ^  ^^'  '>  S* 

D  has  to  E  a  greater  ratio  th^n  C  to  B.  and  be>" 

caufe  B  Is  tQ  C,  as  ]&  tp  F,'by  inverfion,  C  is  tq 

B,  as  F  is  to  £ ;  gnd  D  was  ihewn  tp  have  to  E  a 

j^?(ter  ratio  vthan  C  to  P }  therefore  D  has  to  E  ^ 

jgreater  ratio  th^n  f  to  'E^^^  but  the  rnf^gnitudc 

which  has  a  greater  ratio  than  another  tp  the  Um^  magnitude,  is 

tjjc  grater  ^f  the  two  **,  D  is  therefore  greater  than  F.  d.  la  5, 

S^ondly,  Let  A  he  eqvial  to  C}  P  (h?dl  be  e(][ua|  tp  F,  bepaufe 
A  and  C  are  equal  to.pne  another,  A  j 

istoB,  asCistoB^  bu«;AistpB|  *  ^7tP. 

as  D  to  E;  an4  G  is  to  B,  as  F  to* 

E j  wjierefprc  D  is  to  P,  as  F  to  E  '^j  f.  xx.  5. 

and  thcr^pre  D  is  eqi^l  to  F  «•.         ARC       '  ^    f*  ^  5« 

Next,  Let  A  be  lefs  than  C  j  D  ^ 

fcall  be  lefs  than  F.  for  t  is  great-  J)  E  F 
CT  than  A,  and,  as  was  fhewn  in 
the  fij-ft  c^fe,  <p  is  tp  B,  as  F  tp  E, 
^nd  in  like  manner  B.  is  to  A,  as  £ 
to  D }  therefore  F  is  greater  than 
P9  by  the  fir(l  cafe ;  ^f^  ther^for^ 
P  is  lefs  than  F,    Therefore  if  there  be  three,  &c,    (^E,  D, 


A  B 

D  E 


C 

F 


PROP.   XXI.     THEOR, 


TFther^b^  tbr^e  inagnitudes,  and  other  t^ree,  wbicU 
4.[;haye  the  fame  ratio  taken  two  and  two,  but  in  ^ 
^^P&  W;dfr  j^  Lf  the  |irft  magnitude  be  grieater  than,  the  t 
%^.**je  %rtjhi  .fc^^        greater  thaO  (fee  fixtbj  wA 
ire<jual,  e^uafj  an4  .if  1#,  Jeft, 


ABC 
D  E  F 
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Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  thfcc 
which  have  the  fame  ratio  taken  two  and  two,  but  in  a  crofs  ordefj 
viz.  as  A  is  to  B>  (o  is  £  to  F,  and  as  B  is  to  C,  fo 
is  D  to  E.  If  A  be  greater  than  C,  D  (hall  be  great- 
er than  F;  and  if  equal,  equals  and  if  lefs,  lefs. 
Becaufe  A  is  greater  than  C,  and  B  is  any  other 

••  8«  5*      magnitude,  A  has  to  B,  a  greater  ratio  *  than  C 

h.  ijt  5-  has  to  B.  but  as  E  to  F,  fo  is  A  to  B ;  therefore  «» 
£  has  to  F  a  greater  ratio  than  C  to  B.  and  be- 
caufe B  is  to  C,  as  D  to  E,  by  inyerfion,  C  is  to 
B,  as  E  to  D-  and  E  was  (hewn  to  have  to  F  a 
greater  ratio  than  C  to  B  j  therefore  £  has  to  F  a 

c.Cor.13.5.  greater  ratio  than  E  to  D  <^.  but  the  magnitude  to 
which  the  fame  has  a  greater  ratio  than  it  has  to 

d.  1©.  5.  another,  is  the  leffer  of  the  two  ^.  F  therefore  is 
lefs  than  D  y  tfiat  is,  D  is  greater  than  F. 

Secondly,  Let  A  be  equal  to  Cj  D  fliall  be  equal  to  F.  Bec^tufe 

e*  7-  5*      A  and  C  are  equal,  A  is  *  to  B,  as  C  is  to  B.  but  A  is  to  B^  as  £ 
to  F|  and  C  is. to  B,  as  E  to  Dj 

t  II.  5.     wherefore E is  to  F,  as  E  to  D^; 

If.  s>«  5-  and  therefore  D  is  equal  to  F  ^. 
Next,  Let  A  be  lefs  than  C; 
D  ihall  be  lefs  than  F.  for  G  is 
greater  than  A,  and,  as  was 
ihewn,  C  is  to  B,  as  E  to  D, 
and  in  like  manner  B  is  to  A, 
as  F  to  E;  therefore  F  is  great- 
er than  D,  by  cafe  firft ;  and 
thferefore  D  is  lefs  than  F. 
Therefore  if  there  be  three,  &c,     Q^E.  D. 


A 
D 


B 
E 


c 


A  B 
D  E  F 


I 


PROP.  XXIL     THEOR, 


See  N.  TF  there  be  any  number  of  magnitudes,  and  as  many 
J.  others,  which  taken  two  and  two  in  order  have 
the  fame  ratio ;  the  firft  (hall  have  to  the  laft  of  the 
firft  magnitudes  the  &me  ratio  which  the  firft  of  the 
other  has  to  the  laft.  •  N.  B.  This  is  ufuallj  cited  by 
the  words  "  ex  ae^uali^  or,  e»  aeqm. 


n 


A  B  G 
G  K  M 


D 
H 


E 
L 


F 

N 


O  F    E  U  C  L  I  D.  IS9 

Firft,  Let  there  be  three  magnitudes  A,  B,  C,  and  as  many  ^^^  V- 
others  D,  E,  F,  wbicK  taken  two  and  two  have  the  fame  ratio,        ▼ 
that  is  fuch  that  A  i$  to  B>  as  D  to  E  j  and  as  E  is  to  C>  fo  is  £ 
to  F.  A  (hall  be  to  C,  as  D  to  F. 

Take  of  A  and  D  any  equimultiples  whatever  G  and  H  \  and 
of  B  and  £  any  equimultiples 
whatever  K  and  L;  and  of  C 
and  F  any  whatever  M  and  N« 
dien  becaufe  A  is  to  B|  as  D 
to  £|  and  that  G,  H  are  equi- 
multiples of  A,  D»  and  E,  L 
equimultiples  of  B>  £ ;  as  G  is 

to  K,  fo  is  *  H  to  L.  for  the  a*  4*  S> 

lame  reafon  K  is  to  Mj  as  L  to 
N«  and  becaufe  there  are  three 
ms^tudes  G»  K»  M,  and  other 
three  H,  1^  N»  which  two  and 
two  have  the  fame  ratio  j  if  G 
be  greater  thgn  M,  H  is  greater 
than  N  \  and  if  equal,  equal ; 

and  if  lefs,  lefs  K  s^nd  G,  H  arc  any  equimultiples  whatever  of  A,  ^*  *<=*•  s* 
D,  and  M,  N  are  any  equimultiples  whatever  of  C,  F.  therefore  '  ^'  S-D*^'  S- 
as  A  is  to  C,  fo  is  D  to  F. 

Next,  Let  there  be  four  magnitudes  Ay  B,  C, 
D,  and  other  four  E,  F,  G,  H,  which  two  and 
two  have  the  fame  ratio,  viz.  as  A  is  to  B,  fo  is 
]E  to  F;  and  as  B  to  C,  fo  F  to  G  -,  and  as  C  to 
P,  fo  G  to  H.   A  (hall  be  to  D,  as  £  to  H. 

Becaufe  A,  B,  C  are  three  magnitudes,  and  £,  F,  G  other  three, 
which  taken  two  and  two  have  the  fame  ratio ;  by  the  foregoing 
cafe,  A  is  to  C,  as  £  to  G.  but  C  is  to  D,  as  G  is  to  H ;  where-» 
fore  ag^n,  by  the  firft  cafe,  A  is  to  D,  as  £  to  H.  and  fo  on, 
whatever  be  the  number  of  magnitudest  Therefore  if  there  be 
>ny  number,  ft?c.    Q^^*  D« 


A.B.  CD. 
£•  F»  G.H. 
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THE    ELEMENTS 


PROP.  XXIII.     THEOR. 

1 

See  N.  TF  there  be  any  number  of  magnitudes,  and  as  manjr 
X  others,  which,  taken  two  and  two,  in  a  crofs  or* 
der,  have  the  fame  ratio ;  the  firft  (hall:  have  to  the  laft 
.  of  the  iirft  magnitudes  the  /ame  ratio  which  the  fir  ft 
of  the.  others  has  to  the  lad.  N.  B.  This  is  uftiallj 
cited  by  the  'words  **'  e^  aequaVt  in  frofortioneferturbata^ 
•*  c?r,  €ii  aequo  feriurb^te** 


Firft,  JLct  there  be  three  magnitudes  A,  B,  C,  and  other  three 

D,  £,  F,  whiqh  taken  two  and  two  in  a'  crofs  order  have  the  fame 

.  ratio,  that  is  fuch  th^t  A  is  to  B,  as  £  to  F^^  and  as  64a  to  C,  fo 

is  D  to  E.   A'is  to  C,  as!D  to  F.    > 

Take  of  A,  B,  D  any  equim^ltiides  whatever  G,  H,  E;  and  of 

C,  E,  F  any  equimultiples  whatever  L,  M,  N.  and  beC&ufe  G,  H 

^re  equimultipks*of  A,  B,  and  that 

magnitudes  have  the  fame  ratfo  whi<:h 
iu  15.  5.     their  equimultiples  have  * ;  as  A  is 

to  Bj^  fg  is  G  tQ  H.  and  for  the  fame 

rp^fpn,  a^  E  is  to  F,  fo  is  M  to  N. 

but  as  A  is  to  B,  fo  is  E  to  F ;  as   A  B    C      D  E   F 
b.  II,  5.     therefore  G  is  to  H,  fo  is  M  to  N  **•    O  U  J        IT  \Ji  M 

and  becaufe  as  B  is  to  C,  fo  is  D  to 

£,  and  that  H,  K  arc  equimultiples  ' 

of  B,  P,  and  L,  M  of  C,  E ;  as  H 
€•  4*  ^'       is  to  L,  fo  is  ^  K  to  M.  and  it  has 

b^en  (hewn  that  G  is  to  H,  as  M 

to  N.  then  becaufe  there  are  three 

magnitudes,  G,H,L,  and  other  three 

K,  M,  N  which  have  the  fame  ratio 

taken  two  and  two  in  a  crofs  order  j 

}f  G  be  greater  than  L,  K  is  greater 
^  «i.  5.    th^n  N;  and  if  equal,  equal  j  and  if  lefs,  lefs  **.  and  G,  K  are  any 

equimultiples  whatever  of  A,  D;  and  L,  N  any  whatever  of  C^  Fl 

%%  tb^tcft)re  A  is  to  C|  fo  is  D  to  F^ 


• 

- 

1 

II 

-■ 

' 

. 

■**■ 


t^ma 


i*«i 


Of   fitJCttU; 

Keit,  Let  there  be  four  magnitudes  A,  B,  C>  t), 
and  other  four  E,  Y,  G,  H,  which,  taken  two  and 
two  In  a  crofs  order,  have  the  fame  ratio^  vi2.  A 
t6  Bf  as  G  to  H;  B  to  C,  as  F  to  G-,  and  C  to  D| 
as  £  to  F.   A  is  td  D,  as  £  to  H. 

Becaufc  A,  B,  C  are  ihtee  magnitudes,  and  F,  G,  H  othet  threes 
vhich,  taken  two  and  two  in  a  crofs  order,  have  the  fame  ratia^ 
by  the  firfl  cafe,  A  is  to  C,  as  F  to  H.  but  C  is  to  'D,  as  £  is  to 
F  \  wherefore  again,  by  the  firft  cafe,  A  is  to  D,  as  £  to  H.  and 
fo  on,  whatever  be  the  number  of  magnitudes.  Therefore  if  there 
be  any  number,  &c.    Q^£.  D. 

PROP.  XXIV.     TH£OR, 


IF  the  firft  has  to  the  fecond  the  fame  ratio  which  the  see  N# 
third  has  to  the  fourth ;  aind  the  fifth  td  the  fecond 
the  fame  ratio  which  the  fixth  has  to  the  fourth ;  the  firft 
and  fifth  together  fhall  have  to  the  fecond^  the  fame  ratio 
which  the  third  and  fixth  together  have  to  the  fourth. 

Let  AB  the  firft  h<re  to  C  the  fecond  the  fame  ratio,  whicli 
DZ  the  third  has  to  F  the  fourth;  and  let  BG  the  fifth  have  to  C 
the  fecond  the  fame  ratio,  which  £H  the 
fixth  has  to.F  the^  fourth.  AG,  the  firft    Q 
and  fifth  together,  {hall  have  to  C  the  fe-        (  JJ 

cond  the  fame  ratio,  which  DH,  the  third 
and  fixth  ti^cther,  has  to  F  the  fourth. 

Becaufe  BG  is  to  C,  as  EH  to  F ;  by 
inverfion  C  is  to  BG,  as  F  to  EH.  and  be- 
caufe as  AB  is  to  C,  fo  IS  DE  to  F  •,  and 

a»C  to  BG^foFtoEH-,  ex  aequali*  AB  i  n.  %%.  ^ 

is  to  BG,  as  DE  to  EH.  and  becaufe  thefe 
magnitudes  are  proportionals,  they  (hall 
Ekewife  be  proportionals  when  taken  joint- 
ly *>;  as  therefore  AG  is  to  GB,  fo  is  DH  to  HE  -,  but  as  GB  to  ^  >••  > 
C,  fo  is  HE  to  F.    Therefore,  ex  aequali  *,  as.  AG  is  to  C,  fo  is 
BH  to  F.    Wherefore  if  the  firft,  &c.    Q^E.  D. 

CoR.  I.  If  the  fame  Hypothefis  be  made  as  in  the  Propofition, 
Ae  excefs  of  the  firft  and  fifth  ihall  be  to  the  fecond,  as  the  etccfs 
of  the  third  and  fixth  to  the  fourth,  the  Demonftratioh  of  ihis-^ie  die 
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Boek  V.  fame  with  that  of  the  Fropofition,  if  Divifion  be  ufed  initead  of 
'  V  '      Compofition. 

Cor.  2.  The  Propofition  holds  true  of  two  ranks  of  niagni^ 

•    tudes,  whatever  be  their  number,  of  which  each  of  the  firft  rank 

has  to  a  fecond  magnitude  the  fame  ratio  that  the  xorrefponding 

cOne  of  the  fecond  tznk  has  to  a  fourth  magnitude  i  as  is  mani^ 

left. 

PROP.  XXV.     THEOR- 

IF  four  magnitudes  are  proportionals^   the  greateft 
and  lead  of  them  together  are  greater  than  the 
other  two  together. 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportionals,  viz. 
AB  to  CD,  as  £  to  F ;  and  let  AB  be  the  greateft  of  them,  and 
a.A,&i4.s,  confequently  F  the  leaft  •.  AB  together  with  F  are  greater  than 
CD  together  with  E.   * 

Take  AG  equal  to  E,  and  CH  equal  to  F.  then  becaufe  as  AB  . 
to  CD,  fo  is  E  to  F,  and  that  AG  is  equal  to  E,  and  CH  equal 
to  F;  AB  is  to  CD,  as  AG  to  CH.  and 
becaufe  AB  the  whole  is  to  the  whole 
CD,  as  AG  is  to  CH ;  likewife  the  remain- 
der GB  ftiall  be  to  the  remainder  HD,  as 
the  whole  AB  is  to  the  whole  ^  CD.  but 
AB  is  greater  than  CD,  therefore  «=  GB 
is  greater  than  HD.  and  becaufe  AG  is 
equal  to  E,  and  CH  to  F-,  AG  and  F  to- 
gether are  equal  to  CH  and  E  together. 
If  therefore  to  the  unequal  magnitudes 
GB,  HD,  of  which  GB  is  the  greater, 

there  be  added  equal  magnitudes,  viz.  to  GB  the  two  AG  and  F, 
and  CH  and  E  to  HD ;  AB  and  F  together  are  greater  than  CD 
and  E.    Therefore  if  four  magnitudes,  &c.    Q^E.  D* 


b.  ip*  5 
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PROP.  F.     THEOR. 


SeeN. 


RATIOS  which  are  compounded  of  the  fame  ratios, 
are  the  fame  with  one  another. 


OF    E  U  C  t  I  D..  .143 

Let  A  be  to  P,  as  D  to  E  V  and  B  to  C,  as  £  to  7.  die  ratio  >(x^  ^- 

which  is  compounded  of  the  ratios  of  A  to  B,  and 
B  to  Cf  which,  by  the  Definition  of  compound  ra- 
tio, is  the  ratio  of  A  to  C,  is  the  fame  with  the  ra- 
tio of  D  to  F,  which,  by  the  fame  Definition,  is 
compounded  of  the  ratios  of  D  to  £,  and  £  to  F. 

Becaufe  there  are  three  magnitudes  A,  B,  C,  and  three  others 
D,  E,  F  which  taken  two  and  two  in  order  have  the  fame  ratio  j 
ex  aequali,  A  is  to  C,  as  D  to  F  *.  »•  *«•  5« 

Next,  Let  A  be  to  B,  as  E  to  F;  and  B  to  C,  as  D  to  E;  therc- 


A.  B.  C. 
D.  E.  F. 


A.  B.  C. 
D.  E.  F. 


•fore,  ex  aequali^  in  propor'tiom  perturhata  **,   A  is 

to  C,  as  D  to  F;  that  is,  the  ratio  of  A  to  C,  which 

is  compounded  of  the  ratios  of  A  to  B^  and  B  to 

C,  is  the  fame  with  the  ratio  of  D  to  F,  which  is 

compounded  of  the  ratios  of  D  to  £,  and  £  to  F. 

and  in  like  manner  the  PropoGtion  may  be  demonftrated  whatever 

be  the  number  of  ratios  in  either  cafe. 


b.  «3. 5. 


PROP.   G.     THEOR. 

IF  feveTal  ratios  be  the  fame  with  feveral  ratios,  each  See  n. 
/  to  each ;  the  ratio  which  is  compounded  of  ratios 
which  are  the  fame  with  the  firft  ratios,  each  to  each, 
is  the  f^me  with  the  ratio  compounded  of  ratios  which 
are  the  fame  with  the  other  ratios,  each  to  each. 

Let  A  be  to  B,  as  E  to  F  j  and  C  to  D,  as  G  to  H.  and  let  A 
t>e  to  B,  as  K  to  L ;  and  C  to  D,  as  L  to  M.  then  the  ratio  of  K 
to  M,  by  the  Definition  of  com- 
pound ratio,  is  compounded  of  the 
ratios  of  K  to  L,  and  L  to  M,  which 
are  the  fame  with  the  ratios  of  A 
to  B,  and  C  to  D.  and  as  E  to  F,  fo 

let  N  be  to  O  5  and  as  G  to  H,  fo  let  O  be  to  P  •,  then  the  ratio 
of  N  to  P  is  compounded  of  the  ratios  of  N  to  O,  and  O  to  P, 
which  are  the  fame  with  the  ratios  of  £  to  F,  and  G  to  H.  and 
it  is  to  be  (hewn  that  the  ratio  of  K  to  M,  is  the  fame  with  the 
ratio  of  N  to  P,  or  thk  K  is  to  M,  as  N  to  P. 

Becaufe  K  is  to  L,  as  ( A  to  B,  that  is,  as  E  to  F,  that  is  as) 
(^  to  O  ^  and  as  L  to  Mj  fo  is  (C  to  D>  and  fo  is  G  to  H,  and  fo 


A.  B.  C.  D- 
E»  F«  G.  H« 


K.  L.  M. 
N.  O.  P. 


B«*  ▼.  is)  O  to  P.  ci  aequali  S  K  is  to  M,  as  N  to  t»    Tkfcforfe  i{ 
feveral  ratios,  &Ga    Q^E<  D. 


»•  as*  5; 


PROP.   H.     THEOR. 


Seen.  T$^  a  ratio  compoutided  of  feveral  tatids  be  th^  faihef 
X  tirith  a  ratio  compounded  of  any  other  ratios,  an^ 
if  one  of  the  firfl  ratios,  or  a  ratio  compounded  of  any 
of  the  firft)  be  the  fame  with  one  of  the  laft  ratios,  or 
txrith  the  ratio  compounded  of  any  of  the  lafl: ;  then  the 
ratio  compounded  of  the  remaining  ratios  of  the  firfl:^ 
or  the  remaining  ratio  of  the  firfl,  if  but  one  remain^ 
is  the  fame  with  the  ratio  compouiidefd  of  thofe  felmaiff-i 
ing  of  the  lafl^  or  with  the  temaining  ratio  of  the  lafl* 

Let  the  firit  ratios  be  thoffc  df  A  f 6  B,  B  to  C,  C  to  O,  D  to  E, 
and  £  to  F ;  and  let  the  other  ratios  be  thofe  of  G  to  H,  H  to  K^ 
K  to  L,  arid  L  to  M.  alfd  let  thetatio  of  A  tdF,  which  is  com- 
i,  Defini-  pounded  *  of  the  firfl  ratios  be  the  fame 


A.  B-  G.  D.  E.  F. 
G.  H.  K.  L.  M. 


tiondfcoiu-  ^;t|j  ^^^  ^^\^  ^f  q  ^q  j^^  virhidi  is  com- 

tio.  founded  of  the  other  ratios,  and  befides, 

let  the  f  atio  of  A  to  D,  which  U  com-* 
pounded  of  the  ratios  pf  A  to  B,  B  to  C, 
C  to  D,  be  the  fame  with  the  ratio  of  G  to  K,  t^hich  is  compound* 
ed  of  the  ratios  of  G  to  H,  and  H  to  K.  then  the  ratio  compound- 
ed of  the  remshiing  firft  rations,  to  wit,  df  tfie  ratios  of  D'  to  Ey 
and  E  td  F,  which  compounded  ratio  is  the  ratio  of  D  fo  F,  is  the 
fame  with  the  ratio  of  K  to  M,  which  is  compounded  of  the  re- 
tnatning  ratios  of  K  to  L,  and  L  to  M  of  the  ofhcr  ratios. 

Becaufe,  by  the  Hypothefis,  A  ii  to  D,  as  G  to  K,  by  inve'r> 
b*  B.  5.      Con  \  D  is  to  A,  as  K!  to  G  •,  and  as  A  is  to  F,  fo  is  G  to  M  J 
e,  »«.  5.    therefore  «,  ex  aequali,  D  is  to  F,  as  K  to'  M.   If  thwefoie  » ti^it 
which  is^  &c.     Q^E^  J>^ 


r 


or  tiTCtio*  t4^ 
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1?  there  be  any  number  of  tatios,  and  any  number  of  s«*  >^* 
other  ratios  fuch,  that  the  ratio  cothpounded  of  ra^ 
tios  which  are  the  fame  with  the  firft  ratios^  each  to  each^ 
is  the  fame  with  the  ratio  Compounded  of  ratios  which 
are  the  Oame,  each  to  each,  with  the  laft  ratios ;  and  if 
^  one  of  the  firft  ratios,  or  the  ratio  which  is  compound- 
ed of  ratios  which  are  the  fame  with  feveral  of  the  firfl: 
ratios,  each  to  each^  be  the  fame  with  one  of  the  laft 
ratios,  or  with  the  ratio  compounded  of  ratios  which 
are  the  fame,  each  to  each,  with  feveral  of  the  laft  ra- 
tios, then  the  tatfo  compounded  of  ratios  which  are  th$ 
fame  with  the  remaining  ratios  of  tho  firft,  each  to  each^ 
or  the  rebiaini{)g  ratio  of  the  firft,  if  but  one  remain  $ 
is  the  fame  with  the  ratio  compounded  of  ralios  which 
are  the  fame  with  thofe  remaining  of  the  laft,  each  to 
each,  or  with  the  remaining  ratio  of  the  laft/ 

Let  the  ratios  of  A  to  B,  C  to  D,  £  to  ¥"  be  the  firft  ratios  i  and 
the  ratios  of  G  to  H,  K  to  L,  M  to  N,  O  to  P,  Qj6  R,  be  the 
other  ritioe.  arid  let  A  be  to  B,  as  6  to  T ;  attd  C  to  D,  as  T  td    . 
V;  and  E  to  %  as  V  to  X.  therefolfe,  by  the  Definition  of  compouiid 
btio,  the  ratio,  of  S  to  X  is  Compounded  of  the  ratios  of  S  to  T^ 


•    A,B; 
G,tt}K.Li 

e>  f>  g- 

h,  k,  1. 
CD;  E,  F. 
M,N}  0,P}  Q^R. 
m,  n,  O)  p. ' 

S,  T,  V,  X. 
Y,  Z,  a,  b,  c,  d. 

*r  to  V,  and  V  to  X,  which  are  the  fame  with  the  ratios  of  .A  to  B, 
C  to  D,  E  t«  F,  each  to  each,  alfo  as  G  to  H,  fo  let  Y  be  to  5?, 
and  K  to  L,  as  Z  to  a;  M  to  N,  as  a  to  b;  O  to  P,  as  b  to  c;  and 
Qjo  R,  as  c  to  d.  therefore,  by  the  fame  Definition,  the  ratio  of 
Y  to  d  is  compounded  of  the  ratios  of  Y  to  Z>  Z  to  a,  a  to  b,  b  to 

K 


» 
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Book  V.  c,  and  c  to  cU  which  are  the  fame,  each  to  each,  with  the  ratios  of 
G  to  H,  K  to  L,  M  to  N,  O  to  P,  .and  C^o  R*  therefore,  by  the 
Hypothefis,  S  is  to  X,  as  Y  to  d.  alfo  let  the  ratio  of  A  to  B,  that 
is,  the  ratio  of  S  to  T,  which  is  one  of  the  firft  ratios,  be  the  fame 
with  the  ratio  of  €  to  g,  which  is  compounded  of  the  ratios  of  e 
to  f,  and  f  to  g,  iidiich,  by  tlie  Hypothefis,  are  the  fame  with  the 
ratios  of  O  to  H^  and  K  to  L,  two  of  the  other  ratios;  and  kt  the 
ratio  of  b  to  1  be  that  which  is  compounded  of  the  ratios  c^  h  to 
k,  and  k  to  1,  which  are  the  fame  with  the  remaining  GrUt  ratios, 
viz.  of  C  to  D,  and  E  to  F ;  alfo  let  the  ratio  of  m  to  p  be  that 
which  is  compounded  of  the  ratios  of  m  to  n,  n  to  o,  and  o  to  p, 
which  are  the  fame,  each  to  each,  with  the  remaining  other  ratios, 
viz.  of  M  to  N,  O  to  P,  and  Qjo  R.  tfien  the  ratio  of  h  to  1  is 
the  fame  with  the  ratio  of  m  to  p,  or  h  b  to  1,  as  m  to  p. 


h,  k,  1. 
A,B}    C,D}E,F. 
G,H;K,L;    M, N;  O, Pj  Qj R. 

•    « 

S,  T,  V,  X. 
Y)  2f  Zf  b,  Cj  d> 

e>  f>  g'                  in>  n>  o,  p. 

'         *           ^     - 

p 

Becaufe  e  Is  to  f,  as  (G  to  H,  that  is  as)  Y  to  Z;  and  f  is  to  g, 
as  [¥i  to  L,  that  ii  as)  Z  to  a ;  therefore,  ex  aequali,  e  is  to  g,  as 
Y  to  a.  and,  by  the  Hypothefis,  A  i$  to  B,  that  isS  to  T,  as  e  to 
g  5  wherefore  S  is  to  T,  as  Y  to  a^  and,  by  inverfion,  T  is  to  S,  as  a 
to  Y  J  and  S  is  to  X,  as  Y  to  dj  therefore,  ex  aequaii«  T  is  to  X,  as 
a  to  d.  aifo.  becaufe  h  is  to  k,  as  (C  to  D,  that  is  as)  T  to  V;  and 
k  is  to  1,  as  (E  to  F,  that  is  as)  V  to  X;  therefore,  ex  aequali,  h  is 
to  Ij  as  T  to  X.  in  like  manner  it  may  be  demonftrated  that  m 
is  to  p,  as  a  to  d.  and  it  was  ihewn  that  T  is  to  X,  as  a  to  d. 
*•  "•  S«    therefore  *  h  is  to  1,  as  m  to  p.     Q^E.  D. 

The  Propofitionjs  G  and  K  are  ufually,  for  the  fake  of  brevity, 
cxprefled  in  the  fame  terms  with  Prc^ofitions  F  and  H.  and  there- 
fore it  was  proper  to  (hew  the  true  meaning  of  them  when  they 
arc  fo  expreffedj  efpecially  fince  they  are  very  frequently  made  ufe 
of  by  Geometers. 


Of   IOC  LID. 


t  HX 


ELEMENTS 


of 


EUCLID. 


BOOK  VI. 


r)EFINlT10>JS. 


U1 

lio«kVL 


^ 


t 

SIMILAR  f  eauineal  figures 
are  thofe  which  have  theif' 
icveral  angles  equal,  each  to  each, 
and  the  fides  about  the  e^ual  an- 
gles pf  opordonals* 

IL 
*<  Reciprocal  figures,  vbt.  triangles  and  parallelogfams,  are  flich  as  See  ^4 
«  have  their  fides  about  two  of  dieir  angles  proportionals  iti 
<<  fuch  manner,  that  a  fide  of  the  firft  figure  is  to  a  fide  of  the 
<<  other  as  the  remaining  fide  of  this  othor  is  to  the  remaining 
«  fide  of  the  firft," 

Hi. 

A  ftraight  line  is  faid  to  be  cut  in  extreme  and  mean  ratio,  when 
the  whole  is  to  dw  greater  fegment,  as  the  greater  fegment  is 
to  the  kf«« 

IV. 

The  altitude  of  any  figure  is  thie  ftraight  line 
drawn  irom  its  veriei  perpeadicidar  to  the 


SLz 
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PROP.   I.     THEOR. 


SeeN. 


TRIANGLES  and  parallelograms  of  the  fame 
altitude  are  one  to  another  as  their  bafes. 


Let  the  triangles  ABC,  ACD,  and  the  parallelograms  EC,  CF 
have  the  fame  altitude,  viz.  the  perpendicular  drawn  from  the 
point  A  to  BD.  then  as  the  bafe  BC  is  to  the  bafe  CD,  fo  is  the 
triangle  ABC  to  the  triangle  ACDj  and  the  parallelogram  EC  to 
the  parallelogram  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  take  any  num^ 
ber  of  ftraight  lines  BG,  GH,  each  equal  to  the  bafe  BC;  and  DKf 
KL,  any  number  of  them,  each  equal  to  the  bafe  CD ;  and  join 
AG,  AH,  AK,  AL.  then  becaufe  CB,  BG,  GH  are  all  equal,  the 

«.  35-  «•  triangles  AHG,  AGB,  ABC  arc  all  equal  •.  therefore  wlu^tcvet 
multiple  the  bafe  HC  is  of  the  bafe  BC,  the  f?ime  multiple  is  the 
triangle  AHC  of  the  triangle  ABC.  for  the  fame  reafon  whatever 
multiple  the  bafe  LC  is  of 

the  bafe  CD,  the  fame  mul-    •  E  A.     1? 

tiple  is  the  triangle  ALC  of 
the  triangle  ADC.  and  if  the 
bafe  HC  be  equal  to  the 
bafe  CL,  the  triangle  AHC 
is  alfo  equal  to  the  triangle 

ALC  » ;  and  if  the  bafe  HC  L|  '/('ji'  A -r4  "^  |f 1 

.^  be  greater  than  thebafeCL,-"-/^-**  C  XI  1^  Xi 
Ukewife  the  triangle  AHC  is  greater  than  th«  triangle  ALC  j  and 
if  lefs,  lefs.  therefore  (ince  there  are  four  magnitudes,  viz.  the  two 
bafes  BC,  CD,  and  the  two  triangles  ABC,  ACD-,  and  of  the  bafe 
BC  and  the  triangle  ABC  the  firft  and  third,  any  equimultiples 
vrhatever  have  been  taken,  viz.  the  bafe  HC  and  triangle  AHC  5 
and  of  the  bafe  CD  and  triangle  ACD  the  fecond  and  fourth  have- 
been  taken  any  equimultiples  whatever,  viz.  the  bafe  CL  and  tri- 
angle ALC ;  and  that  it  has  been  (hewn  that  if  the  bafe  HC  be 
greater  than  the  bafe  CL,  the  triangle  AHC  is  greater  than  th« 

b.  5.Def.5.  triangle  ALC;  and  if  equal,  equal;  and  if  le&,  lefs.  Therefore  ^ 
as  the  bafe  BC  is  to  the  bafe  CD|  fo  is  the  triangle  ABC  to  die 
triangle  ACD. 


f 

I 
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And  bccatifc  the  parallelogram  CE  is  double  of  the  triangle  Book  VL 
ABC  S  and" the  parallelogram  CF  double  of  the  triangle  ACi)|  ^^^^'^^^^ 
and  that  magnitudes  have  the  fame  ratio  which  their  equimultiples  ^'  ^'' 
have  ^i;  as  the  triangle  ABC  is  to  the  triangle  ACD,  fo  is  the  pa-  ^-  <5-  5* 
ralMogram  EC  to  the  parallelogram  CF.  and  becaufe  it  has  been 
ihewn  that  as  the  bafc  BC  is  to  the  bafe  CD,  fo  is  the  triangle  ABC 
lo  the  triangle  ACD  i  and  as  the  triangle  ABC  to  the  triangle 
ACD,  fo  is  the  parallelogram  EC  to  the  parallelogram  CF$  diere- 
fore  as  the  bafe  BC  is  to  the  bafe  CD,  fo  is  « the  parallelogram  EC  *'  "*  ^ 
to  the  parallelogram  CF.   Wherefore  triangles,  &c.   Q^E.  D. 

CoR.  From  this  it  is  plain  that  triangles  and  parallelograms  that 
hare  equal  altitudes,  are  one  to  another  as  their  bafes. 

Let  the  figures  be  phiced  fo  as  to  have  their  bafes  in  the  fame 
firaigfat  line;  and  having  drawn  perpendiculars  from  the  vertices  of 
the  triangles  to  the  bafes,  the  ftrai^t  line  which  joins  the  vertices 
is  parallel  to  that  in  which  their  bafes  are  ^  becaufe  the  perpen-  ^  33*  '• 
dieubrs  are  both  equal  and  parallel  to  one  another,  then,  if  the 
£nne<:oiiftru£Hoo  be  made  as  in  the  Propoiitioai  the  Demooftnu 
tioa  will  be  the  fame* 

PROP.  II.     THEOR. 

IF  a  ftraight  line  be  drawn  parallel  to  one  oiF  the  fides  Scc  n* 
of  a  triangle,  it  (hall  cut  the  other  fides,  or  thefe 
produced,  proportionally,  and  if  the  fides,  or  the  fides 
produced  be  cut  proportionally,  the  ilraight  line  which 
joins  the  points  of  fe&ion  ihall  be  parallel  to  the  re- 
maining  fide  of  the  triangle. 

0 

Let  DE  be  dravm  parallel  to  BC  one  of  the  fides  of  the  triangle 
ABC.  BD  is  to  DA,  as  CE  to  Is  A. 

Jom  BE,  CD ;  then  the  tiij^ngle  BDE  la  equal  to  the  triangle 
CDE  •,  becaufe  they  are  on  the  fiime  bafe  DE,  and  between  the  *•  37-  ■* 
feme  parallels  t)E,  BC.  ADE  is  another  triangte,  and  eq^ual  magni- 
tudes have  to  the  fame,  the  fame  ratio  ^\  therefore  as  the  triangle  ^  >  5* 
BDE40  the  triangle  ADE,  fo  is  the  triangle  CDE  to  the  triangkr 
ADE;  but  as  the  triangle  BDE  to  the  triangle  ADE,  fo  is  «  BD  to  c  i.  C 
Da,  becaufe  having  the  fame  altitude,  viz.  the  perpendicular  drawn 
from  the  point  £  to  ABj  they  are  to  one  another  as  their  bafes.  andi 

K3 
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Book.  VI.  for  the  fame  T^afon,  as  the  triangle  CDJE  to  the  trhnglg  ADB,  fo 

^-""^'"^  18  CE  to  EA.    Therefore  as  BD  to  D  A  j  fo  is  CE  lo  EA  K 

^'  ''•  5-        jsjext.  Let  the  fid?$  AB,  AC  of  th§  triangle  ABC,  or  th^fe  pOm 


^  I-  ^• 


f .  p.  s- 


f*  ^9'  I' 
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4uced>  be  cut  proportionally  in  the  points  jD^  E,  that  is,  fo  that  BD 
be  to  DA,  as  CE  to  £A->  and  join  D£.  |DE  it  parallel  to  BC. 

The  fame  conftrudion  being  made,  bdcaufe  as  BD  to  DA»  ft 
is  CE  to  EA ;  and  as  BD  fo  DA,  fo  is  ihs  triangle  BDE  to  ihn 
triangle  ADE^;  and  as  CE  to  EA,  to  is  the  triangle  CD£  to  the 
triangle  ADE^  therefore  the  triangle  BDE  is  to  the  triangk  ADE^ 
as  the  triangle  CD£  to  the  triangle  AD£,  that  is,  the  triangle^ 
BDE,  CD£  have  the  fafne  ratio  to  the  trian^  ADE;  and  there- 
fore ^  the  triangle  BDE  is  equal  to  the  triangle  CDE.  and  they  are 
on  the  fame  bafe  DE;  but  equal  triangles  on  the  fame  bafeare 
between  the  fame  parallels  ^ ;  therefore  DE  is  paralle}  to  B(Ji 
Wherefore  if  a  ftraight  line,  &c-     Q^E,  P# 


:'  r 
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-  < 


IF  the  a^gle  of  ^  triangle  be  divid<sd  into  two  eaual 
angles,  by  a  ftraigtit  line  wh^ch  alfo  cuts  the  bafe ; 
the  fegments  of  the  bafe  Ihall  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another.  an4 
if  the  fegments  of  the  bafe  have  the  fame  ratio  which 
the  other  fides  of  the  triangle  have  to  one  another,  the 
jlraight  line  drawn  from  the  vertex  to  the  point  of  fe<:<< 
tion  divides  the  vertical  angle  into  two  equal  angles. 

Let  the  angle  B  AC  of  any  triangle  ABC  be  divided  in  two  equal 
^pgles  by  the  i^raight  line  AD.  BD  is  to  DCj  as  BA  to  A^^ 


O  P    E  U  C  L  I  D.  iji 

Thio*  the  point  C  dtxw  CE  parallel  •  to  DA,  and  let  B A  pro-  B«olt  VI. 
duced  meet  CE  in  E.   Becaufe  the  ftraight  Uac  AC  meets  the  pa-  ^     ^     ^ 
rallels  AD|  £C>  the  angle  ACE  is  equal  to  the  alternate  angle  *  ^  '   * 
CAD^.  but  CAD,  by  the  Hypothefis,  is  equal  to  the  angle  BADj  b.  sp.  i. 
wherefore  BAD  is  equal  to  the  angle  AC£«    A|;ain,  becaufe  the 
ftratght  line  BAE  meets  the  pa- 
rallels AD,  EC,  the  outward  an- 
gle BAD  is  equal  to  the  inward 
and  eppofite  angle  AEC.  but  the 
angle  ACE  has  been  proved  e<« 
qnal  to  the  angle  BAD  i  there* 
fote  idfo  ACE  it  equal  to  the 
angle  AEC,  and  confequently  the  _^  ^ 

fide  A£  is  equal  to  the  fide  «  ACB  J^  ^  ,c.4.«. 

and  becaufe  AD  is  drawn  parallel  to  one  of  the  fides  of  the  tri* 
angle BC£>  viz.  t«£C»  BD  U  to  DC,  as  BA  to  A£^i  but  A£  is^  *'  "^ 
Mupal  to  ACh  thctefofe  as  BD  to  DC,  fo  is  BA  to  AC  K  **  7*  ^ 

Let  now  BD  be  toDC»  as  BA  to  AC,  and  join  AD}  die  aa^ 
^e  BAG  is  divided  into  two  equal  angles  by  the  ifarai^  line 
AD. 

The  Cune  eotififuAion  being  made,  becaufe  as  BD  to  DC,  fo 
la  BA  to  AC;  and  as  BD  to  DC,  <b  is  BA  to  AE^  becaufe  AD 
is  parallel  to  EC  i  therefore  B A  is  to  AC,  as  BA  to  AE  ^  cvu-  ^  <<•  5< 
fequently  AC  is  equal  to  A£  ',  and  the  angle  AEC  is  therefoie  ?•  9-  5* 
equal  to  the  angle  ACE  K  but  the  angle  AEC  is  equal  to  the  out-  ^*  5*  >« 
ward  and  oppofite  angle  BAD  *,  and  the  angle  ACE  sa  equal  to 
the  alternate  angle  CAD  *'.  wherefore  alfo  the  angle  BAD  is  e» 
qual  to  the  angle  CAD.  therefore  the  angle  BAC  is  cut  into  two 
equal  angles  by  the  ftraight  line  AD.    Therefore  if  the  itigle* 
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T  H  E    E  L  E  M  E  NT  S 

PROP.   A.     THE  OR.      '  ■' 

IiF  the  outward  angle  of  a'  triangle  made  by  producing^ 
.  one  of  its  lides,  be  divideci  into  two  equal  angles, 
by  a  ftraight  line  which  alfd  cuts  the  bafe  prc^uced ; 
the  fegmei^ts  between  the  dividing  line  and  the  extre» 
mities  of  the  bafe  have  the  f^ine  ratio  which  the  other 
fides  of  the  triangle  have  to  one.  another,  and  if  the  feg*. 
ments  of  the  bafe  produced  have  the  faiqe  ratio  whick 
the  other-  fides  x>f  the  triangle  have,  the  ftraight  line 
drawn  from  the  vertex  to  the  point  of  feftioa  divides  ihc' 
outward  angle  of  ;he  triangle  into  two  equal  angles.    ^ 

'  Let  the  outward  angle  CAE  of  any  triangle  ABC  be*  4i«tdedl 
into  two  equal  angles  by  the  ftraight  line  AD  which  meets  tfas 
bafe  produced  m  D.  8P  is  to  DC,  as  BA  to  A&      -> 

a.  3»-  «•  Through  C  draw  CF  parallel  to  A D  * ;  and  bc^aufedhe-  ftraigl^ 
line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  is  equal  16 

h,  ap.  I.     the  alternate  angle  CAD  b.  but  CaD  is  equal  to  the  angle  DAE<^; 

^'  ^^*  tlierefore  alfo  DAE  is  equal  to  the  angle  ACF.  Again,  .becaufi 
the  ftraight  line  FAE  meets  the  parallels  AD,  FC,  the  outwurd 
angle  DAE  is  equal  to  the  in-i  tti 

waid  and  oppofite  angleCF  A* 
but  die  angle  ACF  has  been 
proved  equal   to   the   angle  ^, 

I) AE ;  therefore  alfo  the  an-  X^ 


gle  ACF  is  equal  to  the  angle 
CFA,  and  confequently  the  ^ 
fide  AF  is  equal  to  the  fide  -D 

d.  tf.  I.       AC  «*.  and  becaufe  AP  is  parallel  to  FC  a  fide  of  the  triangle  BCF, 

e.  2.  6.      BD  is  to  DC,  as  BA  to  AF  *;  but  AF  is  equal  tq  ACj  ^s  there-* 

fore  BD  is  to  DC,  fo  is  BA  tp  AC. 

Let  npw  BD  be  to  DC,  as  B  A  to  AC,  and  join  AP ;  the  angle 
CAD  is  equal  to  the  angle  DAE. 

The  fame  conftru£l:ion  being  made,  bepaufe  BD  is  to  DC,  as 

B  A  to  AC-,  and  that  BD  is  alfo  to  DC,  as  BA  to  AF  «•,  therefore 

"  ^'     BA  is  to  AC,  as  BA  to  AF  ^  wherefore  AC  is  equal  to  AF  », 

^^  5*  li      ^^d  the  angle  AFC  equal  ^  to  the  angle  ACf,  but  tl^e  an|le  AFCI 
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hi  eqaal  to  the  outward  angle  £AD,  and  the  angle  ACF  to  the  Book  vi. 
alternate  angle  CAD ;  theicfore  alio  EaD  is  «qual  to  the  angle        ▼ 
CAD.     Wherefore  if  the  outward,  &c.    (^t.  D. 

PROP.  IV.     THEOR. 

T'H£  fides  about  the  equal  angles  of  equiangular 
triangles  zre  proportionals ;  and  thofe  which  are 
oppofits  to  the  equal  angles  are  homologous  fides,  that 
18,  are  the  antecedents  or  confequems  of  the  ratios. 

Let  ABC,  DCS  be  equiangular  triangles,  havbg  the  angk  ABC 
equal  to  the  angle  DC£f  and  the  angle  ACB  to  the  angle  DEC, 
and  confequently  ^  the  angle  B  AC  equal  to  the  angle  CDE.  Tiic  **  3^  u 
fides  about  the  equal  angles  of  the  triangles  ABC,  DCE  are  pro* 
pottionals ;  and  tholGe  are  the  homologous  fides  which  arc  oppo* 
fite  to  the  equ;^  angles. 

Let  the  triangle  DCE  be  placed  fo  that  its  fide  CB  may  be  con- 
tiguous to  BC,  and  in  the  fame  ftraight  line  with  it.  and  becaufe 
,  the  angles  ABC,  ACB  are  together  left  than  two  right  angles  »>j  »>•  »7.  »• 
ABC  Wd  DEC,  which  is  equal  to 
ACB,  are  ^Ifo  lefs  than  two  right  an- 
gles^ whereforii  BA,  £D  produced 

(hall  meet  * ',  let  them  be  produced     \  \       ^S^     c.i«.A«.Si 

and  meet  in  the  point  F,  and  becaufe 

the  angle  ABC  is  equal  to  the  angle 

DCE,  BF  is  parallel  ^  tp  CD..  Again,  \  X.    \    N.       d.  ««.  i, 

becaufe  the  angk  ACB  is  equal  to     12  V,  .  ,    ,     'ZJ'   "  '<^ 

the  angle  DEC,  AC  is  parallel  to  C/        JDi 

Ffi<*.  therefore  FACD  is  a  parallelogram  j  and  confequently  AF  is 

equal  to  CD,  and  AC  to  FD  ^  and  becaufe  AC  is  parallel  to  FE  «•  34-  t. 

one  of  die  fides  of  the  triangle  FBE,  B  A  is  to  AF,  as  BC  to  CE  ^  ^-  *•  ^• 

but  AF  is  equal  to  CD,  therefore  «  as  BA  to  CD,  fii  is  RC  to  CE|  8-  T-  S- 

iuid  alternately,  as  A  B  to  BC,  (6  DC  to  CE.    Again,  becaufe  CD 

is  parallel  to  BF,  as  BC  to  CE,  fo  is  FD  to  DE  ^  ^  but  FD  is  equal 

to  ACi  therefore  as  SC  to  CE,  fo  is  AC  to  DE.  and  alternately, 

as  BC  to  CA»  fo  CC  to  ED.  therefore  becaufe  it  has  been  proved 

that  AB  is  to  BC,.  as  DC  to  CE-,  and  as  BC  to  CA,  fo  CE  to  EDj 

px  aequali »»,  BA  is  to  AC)  as  CD  to  DE^  Therefore  the  fides,  &c,  h-  «^  $• 
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PROP.  V.     THEOR- 

1F  the  fides  of  two  triangles^  about  each  of  their  an- 
gles, be  proportionals,  the  triangles  (hall  be  equian- 
gular, and  have  their  equal  angles  oppofue  to  the  ho- 
snologous  fides*  - 

Let  the  triangles  ABC,  DEF  have  their  fides  [Aropcntio&als,  fo 
that  AB  is  to  BC,  as  D£  to  £F ;  and  BC  to  C  A,  as  £F  to  FD  % 
and  confequently,  ex  aequali,  S  A  to  AC,  as  ED  to  DF.  the  trian- 
gle ABC  is  equiangular  to  the  triangle  DEF,  and  their  equal  angles 
are  oppofite  to  the  homologous  fides,  vi2.  the  angle  ABC  equal  tn 
the  angle  DEF,  and  EGA  to  EFD,  and  alfo  BAC  to  EDF. 
A.  33.  x«  At  the  poinu  E,  F  in  the  ftraight  line  EF  mdce  •  the  angle  FEGr 
equal  to  the  angle  ABC,  and  the  angle  EFG  equal  to  BCA;  wheve^ 
fore  the  remaining  angle  BAC 
is  equal  to  the  remaining  angle 

b.  5». «.    EGF  >»,  and  the  triangle  ABC 

is  therefore  equiangular  to  the 
triangle  GEFj  andconfequently 
they  have  their  fides  oppofite  to 

c.  4. 6.      the  equal  angles  proportionals^. 

%t^herefore  as  AB  to  BC,  fo  is 
GE  to  EF ;  but  as  AB  to  BC, 

d.  II.  ?.    fo  is  DE  to  EFj  therefore  as  DE  to  EF,  fo  «*  GE  to  EF.  therefore 

DE  and  GE  have  the  fame  ratio  to  EF,  and  confequently  are  e* 

e.  p.  5.      qual «.  for  the  fame  reafon  DF  is  equal  to  F6.  and  becaufe,  in  the 

triangles  DEF,  GEF,  DE  is  equal  to  EG,  and  EF  common,  the 
two  fides  DE,  EF  are  equal  to  the  two  GE,  EF,  and  the  bafe  DF 

{.  S.U  is  equal  to  the  bafe  GF^  therefore  the  angle  DEF  is  equal  ^  to  the 
angle  GEF,  and  the  other  angles  to  the  other  angles  which  are 

If,  4. 1.  fubtended  by  the  equal  fides  s.  Wherefore  the  angle  DFE  is  e* 
qua!  to  the  angle  GFE,  and  EDF  to  EGF.  and  becaufe  the  angle 
DEF  is  equal  to  the  angle  GEF,  and  GEF  to  the  angle  ABC  1 
therefore  the  angle  ABC  is  equal  to  the  angle  DEF.  for  the  £une 
reafoQ,  the  angle  ACB  is  equal  to  the  angle  DFE,  and  the  angle 
at  A. to  the  angle  at  D.  Therefore  the  triangle  ABC  is  equiangular 
tp  the  triangle  DEF*   Wherefore  if  the  fides^  Scq.   Q^B.  J)k 
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PROP,  VI.     THEQIt. 

IF  two  triangles  have  one  angle  of  the  one  eqnal  to 
cms  angle  of  the  odier,  and  the  fides  about  ttie    . 
equal  angles  prbportiboals,  the  triangles  ihall  be  equi- 
angular, and  fliall  have  thofe  angles  equal  which  are 
<^pofite  to  the  homologous  fides* 

.  Let  the  triangks  ABC,  D£F  have  the  angle  BAC  in  the  one 
equal  to  the  angle  EDF  in  the  other,  and  tke  fides  about  thoie 
gogliss.  piopcyitionalsi  that  is^  BA  to  AC|  as  £D  to  DF.  The  tri>- 
jm^Ji^^  ABC»  D£F  are  equiangular,  and  have  the  angk  ABC  equal 
tq  the  angle  DEF,  and  ACB  t»  DFE. 

At  the  points  D,  F,  in  the  ftraight  line  DF,  make  *  the  angle  »•  9t>  i 
H)G  eq\»al  to  either  of  th«s  angles  BAG,  EDF|  and  th^  angte  DFG 
equal  to  the  angle  ACB*  where- 
fore the  remaining  angle  at  B  is    A 
equal  to  the  remaining  one  at  "^ 
G  ^t  axul  confcquently  the  tri- 
angle ABC  is  equiangular  to 
the  triangle  DGF ;  and  there- 
fore as  BA  to  AC,  fo  is  ^  GD 
to  DF.  \>utf  by  the  Hypothefis, 
as  BA  to  AC,  fo  is  ED  to  DF;1> 
as  therefore  EJQ  to  DF,  fo  is  d"*^ 
GD  ta  DF;  wherefore  £D  is 

equal*  to  PG  j  and  DF  is  common  to  the  two  triangles  EDF,  GDF.  ••  ^  5- 
therefore  the  two  fides  ED^  DF  are  equal  to  the  two  fides  GD, 
DF  i  and  the  angk  EDF  is  equal  to  the  angle  GDF,  wherefore 
^e  bafe  EF  is  equal  to  the  bafe  FG  U  and  the  triangle  EDF  to  ^-  4*  i- 
the  triangleGDF,  and  the  remalningangles  to  the  remainingangles, 
each  to  each,  which  are  fiibtcnded  by  the  eqnal  fides,  therefore 
the  as^ie  DFG  is  eqtial  to  the  angle  DFE,  and  the  angle  at  G  to 
the  angle  at  £.  but  the  angle  DFG  is  equal  to  the  angle  ACB  $ 
therefore  the  angle  ACB  is  equal  to  the  angle  DFE.  and  the  angk 
BAC  is  equal  to  the  angk  EDF  S;  wherefore  alfo  the  remaining  g*  Hy|^ 
angk  at  B  is  equal  to  the  remaining  angle  at  £.     Therefore  the 
triangle  ABC  is  equiangular  to  Ac  triangle  DEF*    Wherefore  if 
^0  iTiaogles,  ^^    C^E,  p. 
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*       '      PROP.  VII.     THEOH. 

seeN.  TF  two  ttiangies  have  one  angle  of  the  one  equal  Co 
X  one  angle  of  the  other,  and  the  fides  about  two  o- 
ther  angles  proportionals ;  then  if  each  df  the  renutin«- 
ing  angles  be  either  lefs,  or  not  lefs  than  a  right  angle ; 
or  if  one  of  them  be  a  right  angle :  the  triangles  ibaii 
be  equiangubr,  and  have  thofe  angles  equal  about  which 
the  fides  are  proportionals. 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the  one 
equal  to  one  angle  in  the  other,  viz.  the  angle  B  AC  to  the  angfe 
EDF,  and  the  fides  about  two  other  angles  ABC,  DEF  propot*^ 
tionals,  fo  that  AB  is  to  BC,  as  DE  to  EFj  and,  in  the  firft  caf^ 
kt  each  of  the  remaining  angles  at  C,  F  be  lefs  than  a  right  angle. 
The  triangle  ABC  is  equiangular  to  the  triangle  DEF,  vi2.  Ac 
angle  ABC  is  equal  to  the  angle  DEF,  and  the  rem^ng  angle 
^t  C,  to  the  remaining  angle  ^t  F. 

For  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is  greater 
than  the  other;  let  ABC  be  th^  greater,  and  at  the  point  B  in  the 
ftraight  line  AB  make  the  an- 
«.  «3.  t.     glc  ABG  equal  to  the  angle  •  J^ 

D EF.  and  becaufe  the  angle  at  y\  J) 

A  is  equal  to  the  aqgle  at  D, 
and  the  angle  ABG  to  the  an- 
gle DEF;  the  remaining  angle 

b.  $t.  I.    aGB  is  equal  ^  to  the  remain-* 

ing  angle  DFE.  therefore  the 

c.  4. 6.      triangle  ABG  is  equiangular  to  the  triangle  DEF5  wherefore  «  at 

A  B  is  to  BG,  fo  is  DE  to  EFj  but  as  DE  to  EF,  fo,  by  Hypothec 

d-  "•  S-  -fis,  is  AB  to  BC;  therefore  as  AB  to  BC,  fo  is  AB  to  BG<i)  and 
becaufe  AB  has  the  fame  ratio  to  each  of  the  Knes  BC,  BGv 

«•  9-  5«      BC  is  equal « to  BG,  and  therefore  the  angle  BGC  is  cq»al  U . 

f.  5-  «•  the  angle  BCG  ^  but  the  angle  BCG  is,  by  Hypothefls,  lefs  thaA 
a  right  angle ;  therefore  alfo  the  angle  BGC  is  lefs  than  a  right 
angle,  and  the  adjacent  angle  AGB  muft  be  greater  than  a  right 

|.  13.  X.  angle  r.  But  it  was  proved  that  the  angle  AGB  is  equal  to  the 
9ngle  at  F ;  therefore  the  angle  at  F  is  greater  than  a  right  angles 
bvitj  by  the  Hypothefis,  it  is  lefs  than  a  right  angle  ^  which  is  ab^ 
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furd.   Therefore  the  angleis  ABC,  D£F  are  not/Unequal,  that  is,  ^'^  Vl»^ 
they  are  equal,  and  the  angle  at  A  is  equal  to  the  angle  at  D ; 
wherefore  the  remaining  angle  at  C  is  equal  to  the  remaining  angle 
at  F*  therefore  die  triangle  ABC  is  equiangular  to  the  triang|e 
DEF. 

Next^  Let  each  of  the  angles  at  C9  F  be  not  lefs  than  a  right 
angle,  the  triangle  ABC  is  alfo  in  this  cafe  equiangular  to  the  tri* 
angle  DEF. 

.  The  fame  conftruftion  being        ,  * 

made,  it  may  be  proved  in  like  J^ 

manner  that  BC  is  equal  to 
BG,  and  the  angle  at  C  equal 
1^  the  angle  BGC  but  the 

gle  at  C  is  not  lefs  than  a  right  ^  f^       V  *TA 

angle ;    therefore    the   angle  ^  ^      -t!^  JL 

BGC  is  not  lefs  than^  right  angle,  wherefore  two  angles  of  the 
triangle. BGC  are  together  not  lefs  than  two  ri^t  angles  j  which 
is  impoflible  ';  and  therefore  the  triangle  ABC  may  be  proved  to  ^  '7-  »• 
be  equiangular  to  the  triangle  DEF,  as  in  the  firft  cafe« 

Laftlyi  Let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C  bo  a 
right  angle ;  in  this  cafe  likewife  the  triangle  ABC  is  equiangular 
to  the  triangle  DEF. 

For  if  they  be  not  equiangu- 
lar, make  at  the  point  B  of  the 
ftraight  line  AB  the  angle  ABG 
oqual  to  the  angle  DEF ;  then 
it  may  be  proved,  as  in  the  fif^ni 
cafe,  that  BG  is  equal  to  BC.*^ 
but  the  angle  BCG  is  a  right 
angle,  therefofe  ^  the  angle  BGC 
is  alfo  a  right  angle;  whence  two 
of  the  angles  of  the  triangle  BGC 
are  together  not  lefs  than  twon 
right  angles ;  which  is  impofli- 
ble \  therefore  the  triangle  A  BC 

is  equiangular  to  the  triangle  DEF.    Wherefore  if  two  triangles, 
&c.    Q;^E.  D.  .        . 
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tS9  TH£    ttJLUtttta 

^"v-*^  PROP.  Vttl.     THEOR. 

See  N.  T{{  a  right  angled  triangle^  if  a  perpendifeuhtf  be  dtz'Wn 
J-  from  the  right  angle  to  the  bafe ;  the  triangles  on 
each  fide  of  it  are  fimliar  to  the  wHole  triangle,  and  t6 
one  another. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angk 
BAC ;  and  from  the  point  A  let  AD  be  drawn  {>erp^]fidiculaf'  t* 
'  the  bafe  BC.  the  triangles  ABD,  ADC  ate  fimilar  td  the  whok 
triangle  ABC,  and  to  one  another. 

Becaufe  the  angle  BAC  is  e^ual  to  the  angle  ADB,  each  of  them 
being  a  right  angle,  and  that  the  angle  at  B  is  common  to  the  tw^ 
triangles  ABC,  ABD;  the  re* 
matning  angle  ACB  is  equal  to 

••  ^^  '•  the  remaining  tngk  BAD».  there- 
fore the  triangle  ABC  is  equian- 
gular to  the  triangle  ABD,  and 
the  fides  about  their  equal  angles 

*'  4*  ^'      are  proportionals  *,  wherefore  the 

^^•^^^•^*  triangles  are  fimilar  ^.  in  the-like 

manner  it  may  be  demonftrated  that  the  triangle  ADC  is  fimikr 
to  the  triangle  ABC. 

Alfo  the  triangles  ABD,  ADC  ate  fimilar  to  one  another* 
Becauie  the  right  angle  BD A  is  equal  to  the  rigt^  angle  ADC, 
and  alfo  the  angle  BAD  to  the  angle  at  C,  as  has  beetl  proved;  the 
remaining  angle  at  B  is  equal  to  the  remaining  angle  D  AC.  there- 
fore the  triangle  ABD  is  eljuiangular  and  fimilar  *  to  t^e  triangle 
ADC.    Therefore  in  a  right  angled,  &c.     Q^E.  D. 

CoR.  From  this  it  is  manifeft  that  the  perpendicular  drawn  from 
the  right  angle  of  a  right  angled  triangle  to  the  bafe»  is  a  mean 
proportional  between  the  fegmcnts  of  the  bafe.  and  alfi»that  each 
of  the  fides  is  a  mean  proportional  between  the  bafe,,  and  its  feg« 
jnent  adjacent  to  that  fide,  becaufe  in  the  triangles  6DA)  ADG, 
BD  is  to  DA,  as  DA  to  DC  >»i  and  in  the  triangles  ABC,  DBA, 
BC  is  to  BA,  as  BA  to  BD  i";  and  in  the  triangles  ABC,  ACD# 
BC  is  to  CA,  as  CA  to  CD^ 


1 
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PROP.  IX.     PROB. 


F 


ROM  a  given  ftraight  line  to  cut  oS  any  part  re*  see  k. 
quired. 


Let  AB  be  the  given  ftraight  line ;  it  is  required  to  cut  off  any 
part  from  it. 

From  the  point  A  draw  a  ftraight  line  AC  making  any  angle 
with  ABj  and  in  AC  take  any  point  D,  and  take  AC  which  i$  the 
fame  multiple  of  AD  that  AB  is  of  the  part  A 
which  is  to  be  cut  off  from  itj  join  BC,  and  -^^^ 
draw  DE  parallel  to  it.  then  AE  is  the  fame 
part  of  AB  that  AD  is  of  AC ;  that  is,  AE  ^^ 
is  the  part  required  to  be  cut  off. 

Becaufe  ED  is  parallel  to  one  of  the  fides 
of  the  triangle  ABC,  viz.  to  BC,  as  CD  is  to 
DA,  fo  is  *  BE  to  £  A ;  and,  by  compoStion  ^, 
CA  is  to  AD,  as  BA  to  AE.  but  GA  is  a'^D 
multiple  of  AD,  therefore  ^  BA  is  the  fame 
multiple  of  A£*  whatever  part  therefore  AD  is  of  AC|  AE  is  the 
fame  part  of  AB.  wherefore  from  the  ftraight  line  AB  the  part 
required  is  cut  off.    Which  was  to  be  dooe* 

PROP.   X.     PROB. 

TO  divide  a  given  ftraight  line  fimilarly  to  a  given 
divided  ftraight  line,  that  is,  into  parts  that  ihall 
have  the  fame  ratios  to  one  another  which  the  parts  of 
the  divided  given  ftraight  line  have. 

Let  AB  be  the  ftraight  Fme  given  to  be  divided,  and  AC  the  di- 
vided line ;  it  is  required  to  divide  AB 
fimilarly  to  AC. 

Let  AC  be  divided  in  the  points  D, 
E ;  and  let  AB,  AC  be  placed  fo  as  to 
contain  atiy  angle,  and  join  BC,  and 
through  the  points  D,  E  draw  *  DF, 
EG  parallels  to  it;  and  through  D  draw 

DHK  parallel  to  AB.  therefore  each  of  B "V* 

the  figures  FH,  HB  is  a  parallelogram^         .    .    •*^ 


c.  D.5. 
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i6«  T  HE    ELEMENTS 

Botfk  VI.  wiierefote  DH  is  equal  ^  to  FG,  and  HK  to  GB*  and  bccaiife  1&^ 
is  parallel  to  KC  one  of  the  fides  of  the  ^ 

triangle  DKC,  a$  CE  to  ED,  fo  is « KH        JV 
to  HD-  but  KH  is  equal  to  BG,  and 
HD  to  GF ;  therefore  as  CE  to  ED,  fo    ^ 
is  BG  to  GF.  again,  becaufe  FD  is  pa-    Jc 
rallel  to  EG  one  of  the  fides  of  the  tri-  f^ 
angle  AGE,  as  ED  to  DA,  fo  is  GF  to 
FA.  but  it  has  been  proved  that^CE  is  B  'tr'       '      |^ 

to  ED,  as  BG  to  GF ;  as  therefore  CE  -"-  ^ 

to  ED,  fo  is  BG  to  GF;  and  as  ED  to  DA,  fo  GF  to  FA.  there^ 
fore  the  given  ftraight  line  AB  is  divided  fimilarly  to  AC«  Which 
was  to  be  done. 

PROP.   XI.     PROa 

TO  find  a  third  ptoportional  to  two  given  ftraight 
lines* 

Let  AB,  AC  be  the  two  given  ftraight  lines,  and  let  them  btf 
placed  fo  as  to  contain  any  ailgle^  it  is  required      tt 
to  find  a  third  proportional  to  AB,  AC.  jnL 

Produce  AB,  AC  to  the  points  D,  E ;  and 
make  BD  equal  to  AC,  and  having  joined  BC,— ^ 
ft'  31- 1-     thro'  D  draw  DE  parallel  to  it ».  JS 

Becaufe  BC  is  parallel  to  DE  a  fide  of  the 
l».  a.  6.      triangle  ADE,  AB  is  ^  to  BD,  as  AC  to  CE. 

but  BD  is  equal  to  AC,  as  therefore  AB  to.-_ ^ 

AC,  fo  is  AC  to  CE.     Wherefoi-e  to  the  two  D  lU 

given  ftraight  lines  AB,  AC  a  third  proportional  CE  is  found.' 
Which  was  to  be  done. 

PROP.  XII.     PROB. 

TO  find  a  fourth  proportional  to  three  givea  ftraight 
lines. 

Let  A,  -  B,  G  be  the  th^ree  given  ftraight  Cnei )  it  is  fo^uirei 
t0  find  a  fourth  proportional  to  A,  B>  C« 


i.  3I.  U 


6f   EtTCLtdi  t8t 

;  ^Ai  bko  f^ght  lines  DE,  DF  cmtaining  any  angle  MD#;  jUid  Bo6k  Vb 
Upon  thefe  make  DG  equal 
to  A,  G£  equal  to  B,  and 
DH  eqiiil  to  C;  ahd  hating 
joined  GH,  draw  £F  pand^ 
lel  ^  to  it  thirough  the  point 
£.  and  beeaufe  GH  is  paral- 
lel  to  EF  oiie  of  the  fides  of 
the  triangle  DEf  ,  t)G  is  to         _______ 

feE,  as  DH  tb  riF  *.  l>ii£    -g  "       ^ 

DG  is  equal  to  A,  GE  to  B,    "^  ^ 

and  DH  to  C;  therefore  as  A  is  (o  B,  fo  is  C  to  Uf*   Wherefore 

to  the  three  given  liraigiit  iiries  A,  ft^  6  a  fdiu1d&  proportkxnal  tif 

is  found.    Which  was  to  be  done; 


i.  i.$k 


PROP;   HIL     i*ROBi 

Tb  find  »  mean  proportional  bettrecn  two  giveti 
ftraigfat  Ui 


Let  Ab,  BC  be  the  two  given  ftraigtit  kne^  \  it  u  rehired  td 
find  a  mean  proportional  between  ihem. 

Place  AB,  BC  in  a  ftraight  line,  ahd  upon  A€  deferibe  the  fe* 
inicircle  ADC,  and  frditi  the  p<nnt 

B  draw  •  BD  at  right  angles  td  _.  >  _1[l  ■•  *'•  * 

AC,  and  join  AD,  DC. 

Beeaufe  the  an^l^  ADC  iii  a  ^e- 
liiicircle  i^  d  right  arigle  \  aind  be^ 
taiiie  in  the  right  attgkd  iristt^gle 
ADC,  DB  is  drawn  from  the  right    ^ 
angle  perj^ndieiilar  to  the  ba&,  DB  ix 
is  a  in6an  (rroporiionsd  betireen 

AB,  BC  the  f<^gmehts  of  the  bafe  «#  {Kerefore  between  the  two  i^O^tti 
Ipven  ftraight  lines  AB,  BC^  a  meait  proportional  DB  is  fotin^f 
tThieh  was  to  be  donc^ 


bi.  31.  i* 
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THE    EL  E  ME-NTS 

PROP.   XIV.     THEOR. 

EC^AL  paraIIelogra4iis  which  have  one  angle  of 
the  one  equal  to  one  angle  of  the  other,  have 
their  fides  about  the  equal  anglei  reciprocaliy  propor- 
tional, and  parallelograms  chat  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  and  their  fides 
about  the  .equal  angles  reciprocally  proportional,  are 
equal  to  one  another.  ^ 

Let  AB,  BC  be  equal  parallelograms  which  have  the  angles  at 
B  equal,  and  let  the  fides  DB,  BE  be  placed  in  the  fame  ftraight 
line;  wherefore  alfo  FB,  BG  are  in  one  ftraight  line  ».^heiides  of 
the  parallelograms  AB,  BC  about  the  equal  angles,  are  reciprocally 
proportional ;  that  is,  DB  is  to  BE,  as  GB  to  BF. 

Complete  the  parallelogram  FEj  and  becaufe  the  parallelogram 
AB  i$  teqtral  to  BC,  and  diat      %.  -m 

FE   is    another    parallelogram,    J-a.  J! 

^-  7-  S-  AB  is  to  FE,  as  BC  to  FE  «>. 
but  as  AB  to  FE,  £ois  jdie  batfe 

c.  1. 6.  pB  to  BE  « ;  and  as  BC  to  FE, 
ib  is  the  bafe  GB  to  BF;  there- 
fore as  DB  to  BE,  fo  is  GB  to 

a.  u-  5.     BF  ^.    "Wherefore  the  fides  of 
the  parallelograms  AB,  BC  a- 
bout  their  equal  angles  are  reciprocally  proportional. 
,»-         But  let  the  fides  about  the  equal  angles  be  reciprocally  propor- 
tional, VIZ.  as  DB  to  BE,  fo  GB  to  BF  (  the  parallelogram  AB  is 
equal  to  the  parallelogram  BC. 

Becaufe  as  DB  is  to  BE,  fo  GB  to  BFj  and  as  DB  to  BE,  fo  is 
the  parallelogram  AB  to  the  parallelogram  F£;  and  a^  GB  to 
BF,  fo  is  parallelbgram  BC  to  parallelogram  F£^  therefore  as  AB 

e*  9*  5-  to  FE,  fo  BC  to  FE  ^.  wherefore  the  parallelogram  AB  is  equal  « 
to  the  parallelogram  BC.  Therefore  equal  parallelograms,  &c. 
<^E.  D. 


L    O?   ItJCt!0»  t«S 

ftookVI. 

.    PROP.  XV.     THEOR. 

EQUAL  criangles  \vbich  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  fides 
&b.out  the  equal  angles  reciprocally  proportional,  and 
triangles  which  have  one  angle  in  the  one  equal  to  one 
angle  in  the  other,  and  their  fides  about  the  equal  angles 
reciprocally  proportionait  are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  tH^tnglcs  which  have  the  angle  BAC 
equal  to  the  angle  DAE ;  the  fides  about  the  equal  angles  of  the 
triangles  ajre  redptocally  ptoportional ;  that  is,  CA  is  to  AD,  aS 
EA  to  AB» 

Let  the  tl^angles  be  plaiCed  fb  that  their  fides  CA,  AD  be  in 
one  ftraigbt  line  ^  wherefore  alfo  E A  and  AB  are  in  one  ftraight 
line  * ;  and  join  BD.    Becaufe  the     -^  Ti  *'  '^*  ^* 

triangle  ABC  is  equal  to  the  friangle 
ADE,  aflid  that  ABD  is  another  tri« 
angle ;  therefore  as  the  triangle  CAB 
is  to  the  trlan^e  BAD  fo  is  triangle 
EAD  to  triangle  DAB  \  but  as  tri« 
angle  CAB  to  triangle  BAD,  fo  is 
the  bafe  CA  to  AD  «-,  and  as  triangk  (^ 
«  EAD  to  triangle  DAB,  fo  is  the  bafe 
E  A  to  AB  «;  as  therefore  CA  to  AD,  fo  is  E  A  to  AB  ^.  wherefote  ^-  "•  5- 
the  fides 'of  the  triangles  ABC,  ADE  about  the  equal  angles  are     «.. 
reciprocally  proportional. 

But  let  the  (ides  of  the  triangles  ABC,  ADE  about  the  equal 
angles  be  reciprocally  proportional,  viz.  CA  to  AD,  as  EA  to  ABj 
the  triangle  ABC  is  equal  to  the  triangle  Al^E. 

Having  joined  BD  as  before,  becaufe  as  C  A  to  AD,  fo  is  £A 
to  AB',  and  as  CA  to  AD,  fo  is  triangle  BAC  to  triangle  BAD  ^1 
and  as  £A  to  AB,  fo  triangle  EAD  to  triangle  BAD  «;  therefore  ^ 
as  triangle  BAG  to  triangle  BAD)  to  is  triangle  EAD  to  triangle 
BAD ;  that  is,  the  triatigles  BAC,  EAD  have  the  fame  ratio  to  die 
triangle  BAD*  wherefore  the  triangle  ABC  is  equal  « to  the  tri-<?*  9-  $• 
mg\6  ADE..   Therefore  equal  triangles,  &«.    C^E.  D. 


t»  II*  V 
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TH£fiL£MEHTS 

PROP.  XVI.     THEOR. 

IF  four  ftraight  lines  be  proportionals,  the  re&angte 
contained  by  the  extremes  is  e^ual  to  the  redangle 
Contained  by  the  means,  and  if  the  re^cangte  contained 
by  the  exttemes  be  equal  to  the  reflbangte  contained  by 
the  means,  the  four  ftraight  lines  ate  proportionals. 

Let  the  four  ftraight  liners  AB,  CI^,  £»  t  te  pf oit>ottiofiah,  vi2f; 
as  AB  to  CD,  fo  E  to  F ;  the  redangle  contained  by  AB,  F  is 
equal  to  the  reflangle  contained  hf  CD,  £. 

FiVnn  the  points  A,  C  draw  «  AO^  CH  at  Hght  angles  to  AS/ 
CD ;  and  make  AG  equal  to  F|  and  CH  e«|ual  to  E,  and  complete 
the  parallelograms  BG,  DH.  becaufe  as  AB  to  CD,  fo  is  E  to  F% 
and  that  E  is  equal  to  CH^  and  F  td  AG;  A'B  is  ^  to  CD,  as  CH 
to  AG.  therefore  the  fides  of  the  parallelograms  BG,  DH  afbout 
the  equal  angles  are  reciprocally  proportional;  but  pbrsdldoghnnit 
which  have  their  fides  about  equal  angles  reciprocaHy  proportional,^ 
are  equal  to  one  another^;  therefore  the  parallelogram  BG  is  equal 
to  the  parallelogram  DH.  and  _, 
the  parallelogram  BG  is  con-  Jt*' 
tained  by  the  ftraight  lines 
AB,  F,  becaufe  AG  is  equal 


A.       H 


to  F;  and  the  parallelogram 
DH  is  contained  by  CD  and 

E,  becauie  CH  is  equal  to  £* 
therefore  the  reStangte  con- 
tained by  the  ftraight  lines 
AB,  F  is  equal  to  that  whidi 
is  contained  by  CD  and  £• 

And  if  the  re£hmgle  contained  by  the  ftra^ht  lines  AB,  F  bc^ 
equal  to  that  which  is  contained  by  CD,  IBj  thcfe  four  lines  are 
proportionals,  viz.  AB  is  to  CD,  a&  E  to  F. 

The  fame  conftru£lion  being  made,  becaufe  the  reftangle  con- 
tained  by  the  ftraight  lines  AB,  F  is  equal  to  that  which  is  con- 
tained by  CD,  E,  and  that  the  reSangle  BG  is-  contained  by  AB,- 

F,  becaufe  AG  is  equal  to  F }  and  the  re£taagle  DH  by  CD,  By 
becaufe  CH  is  equal  to  E;  therefore  the  paraliclogram  BG  is  eqiual 
to  the  parallelogram  DH  -,  and  they  are  equiangular,  but  the  fide^ 


O  7    I  U  C  L  I  D.  t6s 

thvat  die  eqtul  angles  of  «qttal  panllelognois  ate  itciprocallj  pro>  Book  vi. 
portioned  «.  wherefore  as  AB  to  CD,  fo  U  CH  to  AGj  and  CH  ^     V" ' 
it  equal  to  £,  and  AG  to  F.  as  therefore  AB  i«  to  CD,  fo  £  to  F. ''  '^  *" 
Wherefof*  if  foi^,  ^9.    (^E.  D. 


PROP.  XVU.     THEOR. 

IF  three  ftraight  lines  be  proportionals,  the  rcQwglc 
contained  by  the  extremes  is  equal  to  the  fquare 
of  the  mean :  and  if  the  redangle  contained  by  the  txm 
^emes  be  equal  to  the  fquare  of  the  mw^^  the  three 
ftraight  lines  are  proportionals* 


Let  the  three  ftraight  lines  A»  B>  C  be  proportionsls,  m.  as  A 
Ip  By  fo  fi  to  C  ^  the  redan^  contained  by  A,  C  is  equal  to  the 
filua|eofB« 

.    Take  D  equal  to  B^  and  becaufe  as  A  to  B»  lb  B  toC,  and  that 
Bis  equal  to  D}  Ais*toB»asDtoC.  but  if  four  ftraight  lines  ••  7*> 
be  pToportionalSf  the  rec* 
tangle  contained  by  the    A 
extremes  is  equal  to  that  T^  _    ^ 
which  is  contained  by  die  ^ 

means  S  therefoie  the  rcc*  f!  — — ^_      b-  i*.  C 

tangle  contained  by  A,  C 
is  equal  to  that  contained       |  1^ 


-R 


by  B,  D,  bm  the  xtiki^ 

gle  contained  by  B»  D  is 

the  fquare  of  B|  becaufe 

B  is  equal  to  D.  therefofc  the  re£langle  contained  by  A,  C  is  equal 

to  the  fquare  of  B« 

^nd  if  the  ledlangk  contained  by  A>  C  be  equal  to  ^  fquare 
of  B;  A  is  to  B,  as  3  to C« 

The  fame  coiiftru£Hoo  being  ma4€>  becsufis  die  ledangle  eon* 
tftined  by  A,  C 16  equal  to  the  f^uase  of  B,  and  the  fquare  of  B  ia 
equal  to  the  reAan^  contained  by  B»  D,  becaufe  B  is  equal  to  Oi 
therefore  the  re^^angle  contained  by  A,  C  i$  equal  to  that  contaiaed 
by  By  D.  but  if  the.  re  Aangle  eontained  by  the  extremes  be  equal 
to  that  contained  by  the  means,  the  four  ftraight  lines  are  piopof^ 
tioaaU^  thacfiQce  A  is  lo  B,  asD  taCi  but  B  is  equaltft  O^ 

L  2 
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f*f  THEELEMENT5« 

Book  VI.  nrficrcforc  as  A  to  B,  fo.  B  to  C.    Thcrrfore  If  throe  ftniglil: 
^  lines,  &c.    <^E.  D. 

PROP.  XVIH,     PROB. 

UPON  a  given  (Iraight  line  to  defcribe  a  re£kilineal 
figure  fimilar^  and  fimilarly  iituated  to'  a  given 
re£|ilineal  6gure. 

Let  AB  be  the  given  ftraight  line,  and  CDEF  th^  given  refti- 
Cnial  figure  of  four  fides ;  it  i$  required  upon  the  given  ftraight 
Kne  AB  l!o  defcribe  a  reiStiHneal  %ure  fimilar  and  fimilarly  fituated 
to  CDEF, 

Join  DP,  and  at  the  points  A,  B  in  the  ftraight  line  AB  make  * 
^e  angle  BAG  equal  to  the  angle  at  C^  and  the  angle  ABG  equal  to 
die  angle  CDF;  therefore  the  mnatnisg  angle  CFD  is  eqaal  to  thtf 

b»  3««  !•  remaining  angle  AGB  ^.  wherefors  th?  triangle  FCDis  e«|uiang^daf 
to  the  triangle  QAB. 
a^ain,  at  the  points  G9 
B  in  the  ftraight  lin^ 
GB,  -make  *  the  angle  G^^ 
BGI|  equal  to  the  an* 
gle  DFE,  and  the  angle 
GBH  equal  to  FDE-, 
therefore  the  remaining 
^ngle  FED  is  equal  to 
^he  remaining  angle  GHB,  ^nd  the  triangle  FDE  eqidangulat  to 
the  triangle  GBH.  then  beqaufe  the  angU  AGB  is  equal  to  the  an« 
gle  CFD,  and  BGH  to  DFE,  the  whole  angle  AGH  is  equal  to 
the  ^hole  CfK.  for  the  fame  reafqn,  the  angle  ABH  is  equal  to  the 
angle  CDE;  alfo  the  angle  at  A  is  equal  to  the  angle  at  C,  and  the 
angle  GHB  to  FED.  therefore  the  reflilineal  figure  >  ABH6  is 
equiangular  to  CDEF.  but  likev^ife  thefe  figures  ^ave' their  fides 
about  the  eqj»al  angles  proportionals,  becaufe  the  triangles  G AB^ 

c.  4-  ^«  FCD  being  equiangular,  B A  is  ^  to  AG,  as  DC  to  CF ;  and  be., 
ca^fe  AG  is  to  GB,  as  CF  to  FD  i  and  as  GB  to  GH,  fo»  by 
reafon  of  the  equiangular  triangles  BGH,  DFE,  id  FD  to  FE  5 

*r  a?.  s«  therefore,  ex  acquali  «*,  AG  Is  to  GH,  as  CF  to  FE.  is  the  fame 
manner  it  may  be  proved  that  AB  is  to  BH^  as  CD  to  DE*  and 
QHistoHB,  asFEtpEDS   WhcreScnre  b^icaiOf  t^  re{^]}^^ 


O  F    E  U  C  L  I  D.  Itfy 

figiuM  AQ]9G,  CD£F  are  equtanguUur,  and  have  their  fides  about  Book  vi. 
the  equal  angles  proportionals>  they  are  fimilar  to  one  another  \    ^^^^>t'^>J 

Next>  Let  it  be  required  to  dcfcribe  upon  a  given  ftratght  line  **  **  ^^^'^ 
ABj  a  re&iUneal  figure  fimilar,  and  fimiiarly  fituated  to  the  re£ki« 
lineal  figure  tDKEF  of  five  fides. 

Join  DL,  and  upon  the  given  ftraight  fine  AB  deferibe  the  reo» 
tilineal  figure  ABHG  fimilar  and  fimilarly  fituated  to  the  quadrk 
lateral  figure  CD£F,  by  the  former  cafe,  and  at  tha  points  B,  H 
in  the  ftraight  line  EH,  make  the  angle  HBL  equal  to  the  angle 
EDK,  and  the  angle  BHL  equal  to  the  angle  D£K^  therefore  the 
remaining  angle  at  K  is  equal  to  the  remaining  angle  at  L.  and  be* 
caufe  the  figures  ABHGi  CD£F  are  fimilar^  the  angle  GHft  is 
equal  to  the  angle  FED,  and  BHL  is  equal  to  D£.K  ^  wherefbtt 
die  whde  angle  GHL  is  equal  to  the  whole  angle  F£K.  for 
Ae  fame  reafon,  the  angle  ABL  is  equal  to  the  angle  CDK.  there* 
feie  the  five  fided  figures  AGHLB,  CFEKD  are  equiaogulan  and 
keeaufe  the  figures  AGHB,  CF£D  are  fimUar,  GH  is  to  HB,  as 
FE  to  £D )  and  as  HB  to  HL^  lb  is  £D  to  £K  « •»  therefore  en  e.  4.  <s. 
aequali ',  GH  is  to  JHLi  as  F£  to  E^.  for  the  fame  reafon,  AB  is  d.  92. 5* 
to  BL|  as  CD  to  DK.  and  BL  is  to  LH>  as « DK  to  K£,  becaufe 
the  triangles  BLHy  DKE  are  equiangular,  therefore  becaufe  the  five 
fided  figures  AGHLBj  CFEKD  are  equiangular,  and  have  their 
fides  about  the  equal  angles  proportionals,  they  are  fimilar  to  one 
another,  and  in  the  fame  manner  a  rectilineal  figure  of  fix  fides 
may  be  defcribed  upon  a  given  ftraight  line  fimilar  to  one  given^ 
and  fo  on.    Which  was  to  be  done* 


s 


PROP.   XIX.     THEOR. 

IMILAR  triangles  are  to  one  another  in  the  du< 
plieate  ratio  of  their  homologous  fides. 


Let  ABC,  D£F  be  fimilar  triangles  having  the  angle  B  equal  to 
tlie  angle  £,  and  let  A  B  be  to  bC,  as  DL  to  £F,  fo  that  the  fide 
BC  is  homologous  to  CF  K  the  triangle  ABC  has  to  the  triangle  a.  X2.1)cf.5». 
DhV,  the  duplicate  ratio  of  that  which  BC  has  to  £F. 

Take  BG  a  third  proportional  to  BC,  EF  b,  fo  that  BC  is  to  EF,  b.  xi,  s; 
as  LF  to  BG,  and  join  G  A.  then,  becaufe  as  A  B  to  BC,  fo  D£  to 
£F|  alternately  S  AB  is  to  D£>  as  BG  to  £F.  but  as  BC  to  JkF>  fo  s.  x&  s^ 

1-4 
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9ook  VI.  is  KF  to  B6;  theiefore  <  as  AB  to  DE,  fois  EF  to  BO.  wk^fom 
^"^^^""^  fore  the  fides  of  the  triangles  ABG,  DEF  whicfi  arc  about  the  tm 
^'  '  *•  *•    qual  angles  are  refriprocaHy  proportional,  but  triangles  which  have 

the  fides  about  two  equal  angl^  reciprocally  proportional  are  equal 
^  'f  ^*    to  one  another «.  there^ 

fore  the  triangle  ABG  A 

is  equal  to  the  triangle 

DEF.  ^nd  becaufe  as 

BC  is  to  £F,  to  EF  to 

BG;  and  that  if  three 

ftraight  lines  be  propor<p 
filpJ>«ts*tiQnal8,  theftrftisfaidCT>  (L  f\    V  T? 

to  have  to  the  third  the  ^         Vf  V    4^  * 

duplicate  ratio  of  that  which  it  has,  to  ihe  fecond  y  BC.  therefore 

has  to  BG  the  duplicate  ratio  of  that  which  BC  h^n  tp.  EF.  l||it  st« 
f>  ^  <ft     BC  to  BG,  fo  ia^l  the  triangle  ABC  to  the  tHangle  ABG.  there? 

fore  the  triangle  ABC  has  to  th?  triangle  ABQ»  ^e  ^iiplicate  ratiq 

of  that  which  BC  h^s  tP  £F«  hut  the  triangle  ABG  it  equsd  tq^ 

Ac  tri$ingle  D£F ;  wherefore  alfo  the  trisingl^  ABC  has  to  thq 
'  triangle  DEF  the  duplicate  ratio  of  that  which  BQ  has  to  EF, 

therefore  fimilar  triangles,  &c.    Q^  E*  D. 

Cor.  From  this  it  is  manifeft,  that  if  th^ee  (Iraight  lines  b<| 

proportionals^  as  the  fir(t  b  to  the  third,  fo  \%  any  triangle  upon  th^ 

^(t  to  a  fimilar  and  Cmila^ly  defcrihed  triangle  uppn  t^e  (ecppdi 

« 

PRQP.   XX,     THEOH. 

SIMILAR  polygons  may  be  divided  into  the  fkv^^ 
number  of  fimilar  triangles,  having  the  faro^  ra«s 
tio  to  (me  aoothtr  that  the  pQlygqns  h9ve  j  s^pfl  t||^  po- 
lygons hav.e  to  QQc  another  th^  di^pU^at^  TMio  pf  tha^ 
which  their  hopiologous  fides  have* 

Let  ABCDE,  FQHKL  be  funilar  pplygon^,  ?nd  kt  AB  be  th^ 
homolc^pus  fide  to  FG.  the  polygons  ABCDEt  FpHKL  ii^iy  b^ 
divided  into  the  fame  number  of  fimilar  triangles^  whereof  eadi  t^ 
^ach  ha9  the  fame  ratio  which^  the  polygons  have  $  and  the  fohf-i 
son  ABCDE  has  to  the  polygon  FGHKL  the  du|>lica^e  ij^^  ^ 


a5?""'"T^'**-^*' -t^ 
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.  Jbisi  BE|  EC»  GL,  LH..  and  becaufe  the  poljrgofi  ABCDE  i9  Bn«k  yi. 
^ilar  to  tihe  polygon  FKHKL,  the  angle  BAE  is  equal  to  the  *^  ^^ 
9iigk  GFL  S  and  BA  is  to  A£,  as  OF  to  FL  K  vrherefote  becauft  «•  i>^^tL€. 
t^  trismgles  ABt^i  FGli  b»V(:  one  anj;l{^  in  0^9  equal  to  an  angle  in 
the  other,  and  their  fides  about  thefe  equal  angles  proportionals)  the 
triangle  ABE  is  equiangular  \  sind  therefore  fimilar  to  the  triangb  ^-  ^*  ^ 
FGL  ^i  wl^refqire  the  angl^  AB£  is  equal  to  the  angle  FGI>.  and*  c.  4.  €^ 
becaufe  the  polygons  are  (iniQari  the  whole  angle  ABC  is  equal  ^ 
^  the  whole  angle  FQH  \  therefore  the  remaining  angle  £BC  ia 
equal  to  the  repiaining  angle  IiGH.  and  becaufe  ^e  triangles  ABfi» 
FGL  are  fimilaf,  EB  h  to  BA»  as  LG  to  GF  «|  and  alfo«  bccaiife 
the  polygons  are  Gmilart  AB  is  to  EC,  219  FG  to  GH  *;  theiefore^ 
Cx  aec^iiali  ^,  £B  is  to  BC,  ^  LG  to  GH;  th^it  is,  the  fides  about  ^-  *«*  $' 
At  equal  angles  EBC,  LGH  are  proportionals ;  therefore  ^  the 
tnangle  EBC  is  e<|ttiaq^ul4r  \Q  th^  triangle  hQH^  ||n4  fimilar  M 
it  «•  for  the  fame 
veafon  the  trian^ 
0t  £CD   Itke^ 
wife    14   itmilarn 
to    the   triangle-"-' 
I4iK.  therrforc 
the  fimUar  pctly^ 

gons  ABCDE,  -w  ^ 

FGHKL  w  dir         ^  V 

vided  into  the  (ame  number  of  fimilar  triangles* 

Alfo  thefe  triangles  have,  each  to  each,  the  fame  ratio  which  tha 
polygons  haye  to  one  apotheit,  the  antecedents  being.  ABE,  EbC| 
ECD,  and  the  oonfequents  FGL,  LGH,  LHK.  and  the  polygon 
ABCDE  haa  tp  the  polygon  FGHKL  th^  duplicate  ratio  of  tliat 
which  the  bdifi  AB  has  to  tht^  homologous  fide  FG. 

Becau$:  tl^e  triangle  ABE  ia  finiilar  to  the  triangle  FGL,  ABS 
has  to  FGL  tb;  duplicate  ratio  ^  of  diat  Which  the  fide  BE  has  to  «i  i^.  ^ 
the  fide  GL.  for  the  fame  reafoh,  the  triangle  BEC  h^s  to  GLH  the 
duplicate  ratio  of  tliat  M(hich  BE  l^aa  to  GL.  therefore  ast  tlie  tri-> 
angle  ABEto  the  triangle  fGL,  fo^ia  the  triangle  BEC  to  the  triangle  ^ 
PLH.  Again,  hecanfe  the  triangle  EBC  i^  fimilar  to  the  triangle 
LGH,  EBC  has  to  hGH^  the  dHplicate  ratio  of  (hat  which  the  fide 
l^C  1ms  to  (he  fide  JtM^  i9^  tl^c  f^nic  reafon,  the  triangle  £CD  has 
|q  tlie  triangle  LHK,  the  duplicate  ratio  of  that  which  EC  has  to 
Jl^t  ^  therefor?  th^  triangle  flBC  to  th^  ti;iangle  L.QH^  fp  ^  ^  tfeq 


? 
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Book  vt  ^ianglo  £CD  to  the  triangle  LHK.  but  it  has  been  proved  tint 

^^<y^  Ae  tmiigle  EBC  is  likewife  to  the  trkiigle  LGH|  as  the  triangltf 
ABE  t^  the  triangle  FGL«  Therefore  as  the  triangle  ABE  is  t9 
4hc  tfiangle  FGL^  fo  is  triangle  EBC  to  triangle  LGH^  and  tri^ 
tngle  EGD  to 

triangle  UIK.  A. 

and  diercfore 
ts  one  of  At 
antecedent  to 
one  0t  the  con* 
iequentSy  fo  are 
all  the  antece- 
dents to  all  die 

ff'  X2. 5.  eonfequents  ».  Wherefore  as  the  triangle  ABE  to  die  triangle 
FGL»  fo  is  the  polygon  ABCDE  to  the  polygon  FGHKL.  bmt 
the  triangle  AB£  has  to  the  triangle  FGL,  the  duplicate  ratio  of 
that  which  the  fide  AB  has  to  the  homologous  fide  FG.  There- 
fore alfo  the  polygon  ABCDE  has  to  the  polygon  FGHEjL  the 
duplicate  ratio  of  that  which  AB  has  to  the  homologous  fide  FG. 
Wherefore  fimilar  polygons,  &c.     Q^E.  D.  . 

'  Cor.  I.  In  like  manner  it  may  be  proved  that  fimilar  four 
fided  figures,  or  of  any  number  of  fides  ate  one  to  another  to  the 
duplicate  ratio  of  their  homologous-  fides,  and  it  has  already  been 
proved  in  triangles.  Therefore  univerfally,  fimilar  re£tilineal  fi- 
gures are  to  one  another  in  die  duplicate  ratio  of  their  homologous 
fides. 

CoR.  a*  And  if  to  AB,  FG  two  of  the  homologous  fides  a 

h.xo.Def,5.  third  proportional  M  be  taken,  AH  has  i^  to  M  the  duplicate  ratio 
of  that  which  A  B  has  to  FG.  but  the  four  fided  figure  or  polygon 
upon  AB  has  to  the  four  fided  figure  or  polygon  upon  FG  like- 
\^ife  the'  duplicate  ratio  of  that  which  AB  has  to  FG.  therefore 
as  AB  is  to  M,  fo  is  the  figure  upon  AB  to  the  figure  upon  FGf 

i.Cor.ip.5.  which  was  alfo  proved  in  triangles  K  Therefore,  univerfalljr,  it  i^ 
inanifefl:,  that  if  three  (traight  lines  be  proportionals,  as  the  firfl:  is 
to  the  third,  fo  is  any  redilineal  figure  upon  the  firft,  to  a  fimilar 
and  fimiiarly  defcribed  rectilineal  figure  upon  the  focond* 


O  F   E  U  G  L  I  Z>«  <7i 

PROt*.  XXL     THEOR.  v-^v>^ 

RECTILINEAL  figures  irilich  ate  fimilar  t«  the 
fame  reftilineal  figure,  are  alfo  fimilar  tQ  one 
another. 

Let  each  of  the  re£lilineal  figures  A,  B  he  fimilar  to  the  re£li- 
Uneal  figure  C.  the  figure  A  is  fimilar  to  the  figure  B. 

Becaufe  A  is  fimilar  to  C,  they  are  equiangular,  and  alfo  have 
their  fides  about  the  equal  angles  proportionals  ••  Again,  becaufe  »•  ^^^^^  ^* 
B  is  fimilar  to  C,  they  are 
equiangular,    afid    have 
their  fides  about  the  e« 
qual  angles  proportion* 
als  *.   therefore  the  fi- 
gures A)  B  are  each  of 
them  tquiangular  to  C,  and  have  the  fidts  about  the  equal  angles 
of  eadi  of  them  and  of  C  proportionals.    Wherefore  the  rtOtU 
lineal  figures  A  and  B  arc  equiangular  ^  and  have  their  fides  about  ^'  '•  ^*  *' 
the  equal  angles  proportion's  «.    llierefore  A  is  fimilar  *  to  B*  *^'  **•  5- 

PROP»   XXn.     THEOR, 

• 

IF  four  ftraight  lines  be  prpportionals,  the  fimilar  rec« 
tilineal  figures  fimilarly  defcribed  upon  them  (hall 
aifo  be  proportionals,  and  If  the  fimilar  redilineal  figures 
fimilarly  defcribed  upon  four  ftraight  lines  be  propor- 
tionals,  thofe  ftraight  lines  fhall  be  proportionals. 

Let  the  four  ftnright  lines  AB,  CD,  £F,  GH  be  proportionals, 
vfsi.  AB  to  CDi  as  £F  to  GH|  and  upon  AB,  CD  let  the  fimilar 
re£tilineal  figures  KAB,  LCD  be  fimilarly  defcribed;  and  upofli 
£F,  GH  the  fimilar  re£kilineal  figures  MF,  NH,  in  like  manner. 
the  rcailineal  figure  KAB  i^  to  LGD>  as  MF  to  NH. 

To  AB^  CD  take  a  third  proporticmal  •  X  j  and  to  £F,  GH  as*  n.  ^. 
third  propoittonal  O.  an!  becaufe  AB  is  to  CD,  as  EF  to  GH> ,,  „^  ^^ 
tbefefo^re  CD  i$  ^  to  X^  as  GH  to  0|  whereforf  ex  ae^uali  ^|  as  AB  c  ^a.  $. 


I7t  T  H^    I  LIME  NTS 

Book  Vt.  toX^  fo  EF  toO.  but  as  AB  to  X,  fo  U^the  reailineal KAB  to 
1^^^^'^^  the  reaUijicad  LCD,  and  a$  EF  to  O,  fo  is  *  the  rcaUincal  MF  to 
*',^/^'' the  TcaUincal  NH.  therefore  as  KAB  to  LCD,  fo^isMF  toNH. 
b.  II.  5.        And  if  the  reaiUneal  KAB  be  to  LCD,  as  MF  tp  NH^  tlie 

ftraugbt  lin^  AB  is  to  CD,  as  £?  to  GH« 
t.  w.  4.        Make  «  as  AB  to  CD,  fo  EF  to  PR,  and  upon  PR  defcrib^  f 
>^*  ^'     (he  reailineal  figure  6R  fimilar  and  fimilarlj^  fituated  to  either  oC 


the  figures  MF^  NH.  then  becaufe  as  AB  to  CD,  fo  EF  to  PR,  and 
that  upon  AB,  CD  are  deforibed  the  fimilar  and  fimilarly  fituated 
reailineals  KAB,  LCD,  and  upon  EF,  PR,  in  like  jnanner,  the 
fimilar  reailineals  MF,  SR-,  KAB  is  to  LCD,  as  MF  taSR)  but, 
by  the  Hypothefis,  KAB  is  to  LCD,  as  MF  to  NH;  and  thereforo 
the  reailineal  MF  having  tlie  fame  ratio  to  each  of  the  two  NH, 
I*  I*  S'  SR,  thefe  are  equal  ^  to  one  another,  they  are  alfo  fimilar,  and  fi« 
miiarly  fituated;  therefore  QH  is  equal  to  PR.  a^d  heeaufo  as  AB 
to  CD,  fo  is  EF  to  PR,  and  that  PR  is  equal  to  GH  i  AB  is  to 
CD,  a^EFtQQH.  If  therefore  fovrftraight  lines,  ^c.  (^E*D, 

PROP.  XXW,     THEOR, 

««^N*  Pp  QUI  ANGULAR  paralldograms  have  to  oqe 
Xli  another  the  ratio  which  is  conapoonded  of  tho 
ratios  of  their  fides« 

I.et  AC,  CF  be  equiangular  parallelograms,  having  the  an^ 
QCD  equal  to  the  angle  ECG.  the  ratio  of  the  parallelogram  AC 
to  the  parallelogram  GF,  is  the  fame  fHidt  the  ratio  ^1^  i|  QWW 

pQ«ude4  q(  tb«  otigs  of  tbchr  fidc9« 


d.  U6t 
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BC,  CG  be  placed  in  a  ftYaagfat  tine,  disitfoce  DC  ktiil  CI  look  rh 
bte  alfo  in  a  ftraight  line  *;  and  complete  the  parallelogtam  DG^  ^"^""^^^ 
and,  taking  arty  fttaight  line  K,  make  >»  aa  BC  to  CG,  fo  K  lo  L|  ^  j^  ^| 
tind  ad  DC  to  C£,  fo  make  i»  L  to  M.  theiefate  die  ratios  of  K  to 
L,  and  L  to  M  are  the  fame  with  the  ratios  of  the  fides,  nt.  rf 
BC  to  CG,  and  DC  to  C£.  But  the  ratio  of  K  to  M  it  that  which 
IS  laid  to  be  compoiuided  ^  of  the  ratios  of  K  to  L,  and  L  to  Mi  c.  A«Dst5i 
wherefore  alfo  K  has  to  M,  the     J^  3)     H 

ratio  compounded  of  the  ratbs  of 
the  fides,  and  beCaUC^  as  BC  to 
CG,  fo  is  the  parallelogram  AC  to 
the  parallelograih  CH<>i  but  as  BC 
to  CG,  fo  is  K  to  L;  therefore  K  is 

« to  L,  as  the  parallelogram  AC  ^  \       \        «.  xt.  i. 

to  the  parallelogram  CH.  again, 
becaufe  as  DC  to  C£,  lb  is  the  pa- 

tallelogram  CH  to  the  pafallelo^  KLM  E  F 
gram  CF$  biit  as  DC  to  CE,  fo  is  L  to  M*,  wherefore  L  is  *to  M^ 
as  the  parallelogram  CH  to  the  parallekqiram  CF.  therefore  fince 
it  has  been  proved  that  as  K  to  L,  fo  is  the  parallelogram  AC  to 
the  parallelogram  CH ;  and  as  L  to  M,  jfo  the  parallelogram  CH 
to  the  parallelogram  CF;  ex  aequali  ^  K  is  to  M»  as  the  parallelo-  ^  *'*  i* 
gram  AC  to  the  parallelogram  CF.  but  K  has  to  M  the  ratio  which 
is  compounded  of  the  ratios  of  the  fides;  therefore  alfo  the  paralr 
lelogram  AC  has  to  the  parallelogram  CF  the  ratio  which  is  com« 
pounded  of  the  ratios  of  the  fides.  Wheitfore  equiangular  pa^ 
rallelogramsi  &c.    Q^E.  D« 

*       PROP.  XXIV.     THEOR- 

THE  parallelograms  about  the  diameter  of  any  pa*$«eR 
rallelogram,  are  fimiiar  to  the  whole,  and  to  one 
another. 

tiet  ABCD  be  a  pafallelogtaftt,  t>f  which  tke  dkoiieter  is  AGs 
and  EG,  HK  the  parallelograms  about  the  diameter,  the  paraildo* 
grams  EG,  HK  are  fimiiar  both  to  the  whok  parallelogram  ABCDb 
and  to  one  another. 

Becaufe  DCy  6F  are  parallels,  the  angle  ADC  is  equal  >  to  the  a*  sf^  <« 
angle  AGF.  for  the  fame  reafon,  bccaofe  fiQ,  hJf  ate  paraDelSy  the 
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took  vt  jtflgk  ABC  II  ^qasd  to  tKe  »9gk  AEF.  and  each  of  tb^  attfks 

"^  ▼  ^  BCD,  EFG  h  equal  to  the  opp^te  wg^  DAB  S  sw4  therefore  ^H 

'^  **    f  qua}  to  one  another ;  whereioTe  the  parallelpgrams  ABCD,  A£FG 

lure  ecyiiangular.  and  becaufe  the  angle  ABC  id  equal  (bo  the  «iiglf 

AEF,  aud  the  aagle  BAG  common  to  the  two  triangles  B AC>1EAP, 

Aey  are  equiangular  to  one  anotiier ;         . 
*•  4-^-      thcrcfoije  ^  as  AB  to  BC,  fo  is  AE  to       A.     IS  B 

EF.  and  becftufe  the  oppofite  fides  of, 

parallelograms  are  equal  to  one  aao*>  ^ 
4.  7-  S-      ther  ^  AB  is  *  to  AD,  ai  AE  to  AG ;   ^j 

and  DC  to  CB,  as  GF  taFEj  and  alfo 

CD  to  DA,  as  FiG  to  GA.  therefore 

the  fi^es  of  the  pa|:allelograms  ABCD,  y^ 

AEFG  about  the  equal  angles  are  pro*  " 
c.  i.Def.  6.  portionals^  and  they  are  therefore  fimilar  to  cme  another  ••  for  the 

fame  reaibn,  the  p aitallelogram  ABCD  is  fimilar  tx>  iht  paraUelo* 

gram  FIJCK.     Wherefore  each  of  the  parallelograms  0£,  KH 

is  fimilar  to  DB*  but  reflilineal  figures  ti^hich  are  fimijar  to  the 
f.  ai.  6.     ^Vyjjg  refkilineal  figure^  are  alfo  finUlar  to  one  another  %  dverefore 

the  parallelogram  G£  is  fimilar  to  KH.   Wherefore  the  paralleIo« 

grams,  &c.    C^E.  D. 

PROP.   XXV.      PROB. 

Sec  N.      rx^O  defcribe  a  re^ilineal  figure  which  fhall  be  fimi- 
X      l«LT  to  oae,  and  equal  to  another  given  re^ilineal 
figure. 

Let  ABC  be  the  given  reftilineal  figure,  to  which  the  figure  to 
be  defcribed  is  required  to  be  fimilar,  and  D  that  to  which  it  muft 
be  equal.  It;  is  required  to  defcribe  a  re£tilineal  figure  fimilar  to 
ABC  and  equal  to  D. 

«,Cor.45.i.  Upon  the  ftraight  line  BC  d^fqribe  » the  paraUdogram  BE  equal 
to  the  figure  ABC;  alfo  upon  C£  defcribe  *  the  parallelogram  CM 
equal  to  D,  and  having  the  angle  FCE  equal  to  the  angle  CBL. 

^'  {14.  i!  ^erefore  BC  and  CF  are  in  a  ftraight  line  ^  as  alfo  L£  and  EM. 

c.  13.  6.    between  BC  and  CF  find  ^  a  mean  proportional  GH,  and  upon 

d.  1^.6.    0Si  defcfibe  ^  die  veaUineal  figun:  KGH  fimilar  and  fimilarlf 

fituated  to  the  figure  ABC.  and  becaufe  BC  is  to  GH,  as  GH  to 

e.  2.Cor.:to.  ^^>  ^^  ^^  ^^^  ftraight  fines  be  proportionals,  a^  the  fiift  is  to 

6,       litt^d^&is^tlie^tueiifoatiuQfirfttotbellDa^ 
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defcribed  figure  upoii  the  fiecond^  thetefare  as  BC  to  CF»  fo  is  the  ^^"^  Jf% 
reaUincal  figure  ABC  to  4^GH.  but  as  BC  to  GF,  fo  is  ^  the  p»*  t'^^C^ 
xalletogram  BE  to  the  paralklogram  £F.  therefore  as  the  ce&ilineal 
£g«re  ABC  is  to  KGH,  fo  is  the  paraUdogtasn  BE  to  the  parat 
lelpgram  £F  ^s  and  the  re^ineal  figux>e  ABC  is  equal  to  the  n^  £*  "*  5* 


A 


USD'K. 


* 

rallelogTam  BE ;  therefore  the  rectilineal  figure  KGH  is  equal  ^  ^*  '^  ^* 
to  the  paraBelogram  £F.  b«t  EF  is  equal  to  the  figure  D,  where- 
fore alfo  KGH  is  equal  to  D;  and  it  is  fimilar  to  ABC  Therefore 
the  re^ineal  figure  KGH  has  been  defcribed  fimilar  to  the  &«• 
gure  ABC>  and  i^qual  to  D.    Which  was  to  be  done. 

PROP.   XXVI.     THEOR. 

IF  two  fimilar  parallelograms  have  a  common  angl^ 
and  be  fimilarly  fituated ;  they  are  about  the  fame 
diameter. 

Let  the  parallelograms  A6CD,  AEFG.be  fimilar  and  fimilarly 
fituated)  and  have  the  angle  DAB  common.  ABCD  and  AEFG 
are  about  the  fame  diameter. 

For  if  not,  let,  if  poifible,  the 
parallelogram  BD  have  its  diame- 
ter AHC  in  a  dii&rent  ftraight  line 
from  AF  the  diameter  of  the  paral- 
lelogram EG,  and  let  GF  nxeet  AHC 
in  H;  and  thro'  H  draw  HK  parallel 
to  AD  or  BC.  dicfcfore  ♦the  paral- 
lelpgrams  ABCD,  AKHG  being  B 
about  die  faate  diametisr,  diey  ace  fimihur  to  ofte  another  a.  ^vi^here-  *•  '4*  ^*  , 
fore  as  DA  to  AB,  fo  is  ^  GA  to  AK.  but  becaufe  ABCD  and  ^*  i*^>^'^* 
A£FG  are  firndbr  pacalklogtams^  as  DAis-tp  AB  (b^is  GA^  A& 


Bdbk  Ti.  tHercfore  «  as  GA  to  AE,  fo  GA  to  AK-,  wherefote  GA  liaB  di* 
^  *^V""'  fame  ratio  to  each  of  the  ftraight  Ibcs  AE»  AK;  and  confcqu^tlf 
c.  It.  5.     ^j^  .^  pqual  <*  to  AE,  the  Icfs  to  the  gteatcir,  iilrhich  is  impoffible. 

therefore  ABCD  and  AKHG  art  riot  abbut  the  fame  diameter  ; 

wherefore  ABCD  and  AEFG  hittft  He  about  the  £ink  dlaitseten 

'Therefore  \i  two  fimilar,  &c.    Q^  E.  D- 

<  Tb  iiiiderftand  the  three  following  propofitibns  ihttre  eafily^  ii 

*  is  to  be  obferved^ 

<^  t  •  That  a  paralleldgf am  is  faid  to  be  aj^plied  ib  a  ftraight  line^ 

<  when  it  is  defcribed  upon  it  as  on^  of  its  (ides.   Ex.  gr;  the  pa^ 

*  rallelogram  AC  is  faid  to  ht  applied  to  tke  ftraight  line  AB. 

<  2^  Bat  a  j;>araiieiogram  AE  is  faid  to  be  applied  to  a  ftndght! 
^  line  AB)  deficient  by  a  parallelogf  aiil,  wfaexi  AD  the  bafe  of  AE  U. 

*  lefs  than  AB,  and  therefore  AE 

*  is  lefs  than  the  parallelogram  AG    ^  JSi     C  Qg 
<,  defcribed  upon  AB  in  the  fame 

<  angle,  and  between  the  fame  p9^ 

<  rallels,  by  the  paralleldgtam  DCf    ^  -^  "-^ i     i"f*«.. 


<  and  DC  18  thcKifore  called  thfc  J^  Jtl    !B  "P 
«  defea  of  AE. 

<  3.  And  a  patallelograift  AG  k  faid  to  b^  applied  to  a  ftraight 

<  line  AB,  exceeding  by  a  parallelogram,  w;hen  AF  the  bafe  «f 
«  AG  Is  grcfatet  than  AB,  arid  thet^fefore  AG  exceeds  AC  the  p*^ 
«  rallelograni  deferibed  tipoii  AB  in  the  fame  aiigle,  rfhd  be'tweeri 
« thef  fame  parallels,  by  tMcJ  parallelogram  BG/ 

?ROP.  XXVIL     TH£Oft. 

s«eN#  /^^  2iH  parallelograms  applied  ta  the  fame  ftraigtf 
V^  line,  and  defideiit  by  paraUek)grams  fimilar  and 
fimilarly  fituated  to  that  whi(^h  is  defcribed  npoo  the 
half  of  the  Kne ;  that  ti^hich  h  appUed  to  the  ha;lf,  and 
is  fimifar  to  its  defed,  is  the  greateft. 

Let  Afi  be  a  ftraight  litre  divided  iittd  twd  equal  parts  in  C;  and 
let  the  parallelogram  AD  be  applied  to  the  half  AC,  which  is  there* 
fore  deficient  from  dbe  parallelogram  xspdn  the  whole  line  AB  by  th^ 
par^diclogranf  C£  Hj^n  the  other  half  CB.  of  all  the  parallelogram^ 
applied  ta  an(y  o&er  paits  of  AB  and  dcficiexu  by  fA^a&riogi^flit^ 


a.  25.  6$ 


b.  43,  Xt 


*t.  $6.  U 


that  are  fimOar  and  fimilariy  Ctuatcd  to  CE,  AD  is  the  greatcft.  Book  vi. 

Let  AF  be  any  parallelogram  applied  to  AK  any  other  part  of 
AB  than  the  half,  fo  as  to  be  deficient  from  the  parallelogram 
,upon  die  whole  line  AB  by  the  parallelogram  KH  fimibt  and 
fimilariy  fituated  to  CE  \  AJ)  is  greater  than  AF. 

Firft,  Let  AK  the  bafe  of  AF  be  greater  than  AC  the  half  of 
AB  \  and  becaufe  CE  is  firliilar  to  the 
parallelogram  KH,  they  are  about  the 
fame  diameter  *«  draw  their  diameter 
DB,  and  complete  the  fcheme.  becaufe 
•the  parallelogram  CF  is  equal  ^  to  F£, 
add  KH  to  both,  therefore  the  whole 
CH  is  equal  to  the  whole  KE.  but  CH 
is  equal  ^  to  CG,  becaufe  the  bafe  AC 
is  eqllal  to  the  bafe  CB ;  therefore  CG 

\&  equal  to  KE,  to  each  of  thefe  add  CF)  then  the  whole  AF  it 
^equal  to  the  gnomon  CHL.  therefore  CE  or  the  parallelogram 
AD  is  greater  than  the  parallelogram  AF* 

Next,  Let  AK  the  bafe  of  AF  i>e  lefs  than  AC,  and,  the  fame 
€onftru£^ion  being  made,  the  paral* 
lelogram  DH  is  equal  to  DO  «,  for 
KM  is  equal  to  MG  \  becaufe  BC 
is  equal  to  CA;  wherefore  DH  is. 
greater  than  LG.  but  DH  is  equal  ^ 
to  DK;  therefore  DK  is  greater 
than  LG.  to  each  of  thefe  add 
AL)  then  the  whole  AD  is  great* 
er  than  the  whole  AF.  Therefore 
of  all  .parallelograms  applied,   &c. 


fi::FK     H 


d.  34.  t< 
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THE    EL£MEKTS 

PROP.  XXVIII.     PROB, 

TO  a  given  ftralght  line  to  apply  a  parallelogram 
equal  to  a  given  redilineal  figure,  and  deficient 
by  a  parallelogram  (iiqilar  to  a  given  parallelogram,  but 
the  given  re£lilineal  ngure  to  which  the  parallelogram 
to  be  applied  is  to  be  equal,  mud  not  be  greater  than 
the  parallelogram  applied  to  half  of  the  given  line  hav- 
ing its  defeft  fimilar  to  the  defe£l  of  that  which  is  to 
be  applied ;  that  is,  to  the  given  parallelogram. 

Let  AB  be  the  given  ftraight  line,  and  C  the  given  re£lilineai 
figure,  to  which  the  parallelogram  to  be  applied  is  required  to  be 
equal,  which  figure  muft  not  be  greater  than  the  parallelogram 
applied  to  the  half  of  the  line  having  its  defefl:  from  that  upon  the 
whole  line  fimilar  to  the  defed  of  that  which  is  to  be  appUed;  and 
let  D  be  the  parallelogram  to  which  this  defe£t  is  required  to  be 
fimilar.  It  is  required  to  apply 
a  parallelogram  to  the  ftraight 
line  AB,  which  fliall  be  equal 
to  the  figure  C,  and  be  deficient 
from  the  parallelogram  upon 
the  whole  line  by  a  parallelo* 
gram  fimilar  to  D. 

Divide  AB  into  two  equal 
parts  *■  in  the  point  E,  and  upon 
EB  defcribe  the  parallelogram 
EBFG  fimilar  ^  and  fimilarly 
fituated  to  D,  and  complete  the 
parallelogram  AG,  which  muft 

either  be  equal  to  C,  or  greater  than  it,  by  the  determination,  and  if 
AG  be  equal  toC,  then  what  was  required  is  already  done;  for  upon 
the  ftraight  line  AB  the  parallelogram  AG  is  applied  equal  to  the 
figure  C,  and  deficient  by  the  parallelogram  EF  fimilar  to  D.  but 
if  AG  be  not  equal  to  C,  it  is  greater  than  it  *,  and  £F  is  equal  to 
AG,  therefore  £F  alfo  is  greater  than  C.  Make  « the  parallelogram 
KLMN  equal  to  the  excefs  of  EF  above  C,  and  fimilar  and  fimip 
larly  fituated  to  p;  but  O  is  fimilar  to  EF,  therefore  ^  alfo  KM  is 


C4  %6,  4* 
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fimilat  to  £V.  let  KL  be  the  homologoiu  fide  to  EG,  and  LM  to  Book  vt 

GF.  and  becaufe  £F  ia  equal  to  C  and  KM  together^  £F  is  greater 

tlian  KM;  therefore  the  ftraight  line  EG  is  greater  than  EX,  and 

GF  than  LM.  make  GX  equal  to  LK,  and  GO  equal  to  LM^ 

and  complete  the  parallelogram  XGOP.  therefore  XO  is  equal  and 

fimilar  to  KM }  but  KM  is  fimilar  to  EF ;  wherefore  al(b  XO  is 

fimilar  to  EF,  and  therefore  XO  and  EF  are  about  the  fame  dia* 

meter  ^  let  GPB  be  their  diameter,  and  complete  the  fcheme.  then 

becaufe  EF  is  equal  to  C  and  KM  together,  and  XO  a  part  of  the 

one  is  equal  to  KM  a  part  of  the  other,  the  remainder,  ¥i2.  the 

gnomon  ERG  is  equal  to  the  remainder  C.  and  becaufe  OR  is 

equal  ^  to  XS,  bj  addmg  SR  to  each,  the  whole  OB  is  equal  to  *  ^  ** 

the  whole  XB.  but  XB  is  equal  «  to  TE,  becaufe  the  bafe  AE  ^'  ^^'  ** 

is  equal  to  the  bafe  £B ;  wherefore  alfo  TE  is  equal  to  OB.  add 

XS  to  each,  then  the  whole  TS  is  equal  to  the  whole,  viz.  to 

the  gnomon  ERG.  butit-has  been  proved  that  the  gnomon  ERO 

is  equ^a  to  C,  and  therefore  alfo  TS  is  equal  to  C.    Wherefore 

the  parallelogram  TS  equal  to  the'  given  re£tilineal  figure  C,  is 

applied  to  the  given  ftraight  line  AB  deficient  by  the  paralldo^    ' 

gntm  SR  fimihr  to  the  given  one  D,  becaufe  SR  is  fimilar  to 

EFh.    Which  was  to  be  done;  .h.u.6. 

PROP.   XXIX.     PROB. 

TO  a  given  ftraight  line  to  apply  a  parallelogram  See  n» 
ec^ual  to  a  given  redilineal  figure,  exceeding  by 
a  parallelogram  fimilar  to  another  given. 

Let  AB  be  the  given 

ftraight  line,  and C  the      ^  iC  v'  '    " \!tl 

given  rectilineal  figure 
to  which  the  paralleto* 
gram  to  be  applied  is 
required  to  be  equal, 
and  D  the  parallelo^ 
gram  to  which  the  ex- 
cefs  of  the  one  to  be 
Applied  above  that  up«- 
on  the  given  line  is  re- 
<|uired  to  be  fimSar. 
It  is  required  to  apply 


a.  1 8.  6. 

b.  25*  6, 
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Book  VI.  a  parallelogram  to  the  given  ftraight  line  AB  which  (hall  be  ti^vaA 
▼        to  the  figure  C;  exceeding  by  a  parallelogram  fimilar  to  D. 

Diyide  AB  into  two  equal  parts  in  the  point  E,  and  upon  £B 
defcribe  *  the  parallelogram  £L  fimilar  and  fimilarly  fituated  to  D. 
and  make  ^  the  parallelogram  GH  equal  to  EL  and  C  together,  and 
fimilar  and  fimilarly  fituated  to  D;  wherefore  GH  is  fimilar  to  £L^. 
let  KH  be  the  fide  homologous  to  FL»  and  KG  to  FE.  and  becaufe 
the  parallelogram  GH  is  greater  than  £L»  therefore  the  fide  KH  is 
greater  than  FL,  and  KG  than  F£.  produce  FL  and  FE,  and  make 
^LM  equal  to  KH,  and  FEN  to  KG,  and  complete  the  parallel- 
ogram  MN.    MN  is 

therefore  equal  and  1  JL  v  "  vSL 
fimilar  to  GH ;  but 
GH  is  fimilar  to  EL ; 
wherefore  MN  is  fi- 
milar to  EL,  and  con- 
fequently  EL  and  MN 
are  about  the  fame  dia- 
meter ^.  draw  their  di- 
ameter FX,  and  com- 
plete the  fcheme.  there- 
fore fincc  GH  is  equal                           — ^     .^ 

to  EL  and  C  together,  -N         ^     -X 

^.and  that  GH  is  equal  to  MN}  MN  is  equal  to  EL  and  C.  take 
away  the  conynon  part  EL;  then  the  remainder,  viz.  the  gnomon 
NOL  is  equal  to  C.  and  becaufe  AE  is  equal  to  EB,  the  parallel- 
ogram AN  is  equal  ^  to  the  parallelogram  NB,  that  is  to  BM  ^. 
add  NO  to  each;  therefore  the  whole,  viz.  the  parallelogram  AX 
is  equal  to  the  gnomon  NOL.  but  the  gnomon  NOL  is  equal  to 
C;  therefore  alfo  AX  is  equal  to  C.  Whercfbre  to  the' ftraight 
line  AB  there  is  applied  the  parallelogram  AX  equal  to  the  given 
reflilineal  C,  exceeding  by  the  parallelogram  PO,  which  is  fimilar 
g.  24.  6.    to  D,  becaufe  PO  is  fimilar  to  EL  ^   Which  was  to  be  done. 


d.  16*  €• 


e.  3^.  I. 


PROP.  XXX.     PROB- 

TO  cot  a  given  ftraight  line  in  extreme  and  meaii 
ratio* 

Let  AB  be  the  given  ftraight  line ;  it  is  required  to  cut  it  in 
extreme  and  mean  rado. 


OF    EUCLID. 


ilf 


a.  46.  I. 


Upon  Afi  defcribe '  the  fquare  BC,  and  to  AC  apply  the  par^-  Book  vi. 
lelogram  CD  equal  to  BC  exceeding  by  the  figure  AD  fimilar  to 
BC  ^.  but  BC  is  a  fquarei  therefore  aifo 
AD  is  a  fquare.  and  becaufe  BC  is  equal 
to  CD9  by  taking  the  common  part  C£ 
from  each,  the  remainder  BF  is  equal  to 
the  remainder  AD.  and  thefe  figures  are 
cqoiangubr,  therefore  their  fides  about 
the  equal  angles  are  reciprocally  propor* 
tional  «•  wherefore  as  F£  to  £D,  fo  AE 
to  £B.  but  F£  is  equal  to  AC  S  that  is 
to  AB ;  and  ED  is  equal  to  AE.  there- 
fore as  BA  to  AE)  fo  is  AE  to  £B.  but 
AB  is  greater  than  AE)  wherefore  AE  is  greater  than  £B  *.  there-  «*  >4-  5- 
fere  the  ftraight  line  AB  is  cut  in  extreme  and  mesm  ratio  in  £ ^  ^>1^*^ 
VTtidk  waa  to  be  doae» 

Qtherwiie^ 

Let  AB  be  the  given  ftraight  line  $  it  is  required  to  cut  it  in 
ntreme  and  mean  ratio. 

Divide  AB  in  the  point  C,  fo  that  the  reAangle  contained  by 
AB,  BC  be  equal  to  the  fquare  of  AC  ».  then      .  f  • »»-  *• 


e.  14.  6, 
4.  54*  I. 


becaufe  the  redangle  AB^  BC  is  equal  to  the  a 
fquare  of  AC^t  as  BA  to  AC|  fo  is  AC  to 


C    B 


CB  \  therefore  AB  is  cut  in  extreme  and  mean  ratio  in  C^.  Which  ^  W*  ^ 
was  to  be  done. 


PROF.  XXXI.     THEOR, 


IN  right  angled  triangles  the  reffilineal  figure  dcfcrib-  see  n. 
ed  upoii  the  fide  oppofite  to  the  right  angle,  is  e- 
qual  to  the  fimilar,  and  fimilarly  defcribed  figures  upoo  ' 
the  fides  containing  the  right  angle* 

Let  ABC  be  a  right  angled  triangte,  having  the  right  angle 
BAC.  the  re£):ilineai  figure  defcribed  upon  BC  is  equal  to  the 
fimilar  and  fimilarly  defcribed  figures  upon  BA,  AC. 

Draw  the  perpendicular  Al)\  therefore  becaufe  in  the  right  an« 
gled  triangle  ABC,  A0  is  drawn  from  the  right  angle  at  A  perpen- 
dtcttkr  to  the  bafe  BC,  the  triangles  ABD,  ADC  are  fimilar  to  the 
whole  triwDgle  AfiC^  and  to  one  ano^r '«  and  becaufe  the  triangle  «•  ^  ^ 

M3 


b.  4.  6» 


ao»6. 


d.  3«f 


1^  A«S' 
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9ook  VI,  ABC  18  fimilar  to  ABD,  as  C3  to  BA^  fo  is  BA  to  BB  ^  and^ 
caufe  thefe  three  ftraight  lines  are  proportionals,  as  the  firft  to  th^ 
third,  fo  is  the  figure  upon  the  firft  to  the  fimilar,  and  finiiiarlf 
4efcribe4  figure   upon  .th^ 

c.  ».  Cor.  fccond  ^.  therefore  as  C9  to 
BD,  fo  is  the  figure  upon  CB 
to  the  fimilac^aml  fonilarly 
defc^bed  figure  upon  BA« 
9.ndf  inverfely  ^,  as  DB  to 
BC,  fo  is  the  figure  u|>on 
B  A  to  that  upoii  BC,  for  the 
fame  reafon,  as  DC  io  CB| 

fo  is  the  figure  upon  CA  to  that  upon  CB«  Wherefore  as  BD  and 
PC  together  to  BC,  fo  are  t}ie  figures  upon  B  A,  AC  to  that  \ipoi| 
BC  ^  but  ^BD  ^nd  DC  tog^th^r,  arc  equal  to  BC.  Tberefbsre  th$ 
figure  defcribed  qnfiC  is  equal  ^  to  the  fimijiar  ^d  fimilarly  defcri)|^ 
ed  figui^es  on  B A)  AC-  Wjieieff^t  h.  right  angled  triangle$^  &C« 

Q;.E.  P. 

PROP,  XXXII,     THBORt  ' 

SccN,  TF  two  triapgjes  which  have  two  fides  of  the  cue  pro* 
Jl  por(ioiial  to  two  fides  of  the  other,  be  joined  at  one 
angle  fo  as  to  have  their  homologous  fides  parallel  to  one 
another ;  the  remaining  fides  fhali  be  in  a  ftraight  line^ 

Let  ABC,  PCE  be  two  triangles  which  have  the  two  fides,  HA^ 
AC  proportional  to  the  twp  CD,  DE,  vix.  B  A'  t<^  AC,  as  CD  to 
DE-,  and  let  AB  be  parallel  to  DC,  and  AC  to  D%.  BC  and  Cfi 
arc  in  a  ftraight  iine, 
.  Becaufe  AB  is  parallel  to 
PC,  and  the  ftraight  line  A^ 
AC  meets  them,  the  alter- 
nate angles  BAG,  ACD  are 
«i.  a^.  X.  equal  ^S,  for  the  fame  r^afon 
the  angle  CDE  is  equal,  to 
the  angle  ACD}  wherefore 
alfo  BAG  is  equal  tp  CDE.. 
and  becaufe  the  triangles 
ABC,  DCE  have  one  angle  at  A  equal  to  one  at  D,  and  ijie  Hd^ 
about  thefe  angles  prpyortional%  vi*.  BA  to  AC^  a^  CP^tP.OSyr 


OF    EUCLID.  ftf 

At  triangle  ABC  b  eqiiiangubr  ^  to  JDC£.  ilbetcktc  the  angle  Book  vi. 
ABC  is  equal  to  the  angle  DC£.  and  the  angle  B  AC  was  proved  ^^-^^nt*^ 
to  be  equal  to  ACD.  therefore  the  whole  angle  AC£  is  equal  to  * 

the  two  angles  ABC,  B  AC.  add  the  common  angle  ACB,  then  the 
angles  ACE,  AoB  are  equal  to  the  angles  ABC,  BAC,  ACB.  but 
ABC>  BAG,  ACB  are  equal  to  two  right  angles  ^;  therefore  aiio^*  3><  >• 
the  angles  ACE,  ACB  are  equal  to  two  right  angles*  and  lioce  at 
Ac  point  C  in  the  ftraight  line  AC,  the  two  ftraight  lines  BC,  C&, 
which  are  on  the  oppofite  fides  of  it,  make  the  adjacent  angles 
ACE,  ACB  equal  to  two  right  angles;  therefore  <*  BC  and  CL  are  d.  14^  i. 
in  a  ftraight  Ihie.   Wherefore  if  two  triangles,  &c.    (^E.  D* 

PROP.  XXXin.     THEOR. 

IN  equal  circles^  angles  whether  at  the  centers  or  cir*  see  h.  , 
cumferences  have  the  fame  ratio  which  the  circum* 
ferences  on*  which  they  ftand  have  to  one  another,  fo 
alfo  have  the  fedors. 

Let  ABC,  DEF  be  equal  circles;  and  at  their  centers  the 
sngles  BGC,  EHF,  and  the  angles  B AC,  EDF  at  their  circumfe- 
fences,  as  the  circumference  BC  to  the  circumference  £F,  fo  is  the 
angle  BGC  to  &e  angle  EHF,  and  the  angle  BAC  to  the  angle 
EDF;  and  alfo  the  k€tor  BGC  to  the  kfkor  EHF. 

Take  any  number  of  circumferences  CK,  KL  each  equal  to  BC» 
and  any  number  whatever  FM,  MN  each  equal  to  £F ;  and  join 
GKj  GL,  HM^  m^.  Becaufe  the  circumferences  BCi  CK,  KL  are 


rft  ^iial,  the  angles  BGC,  CGK,  KGL  are  alfo  all  equal  *•  there^  ••  «?•  S* 
fore  what  multiple  focver  the  circumference  BL  is  of  the  drcumfc** 
rcncc  BC,  the  fame  multiple  is  the  angle  BGL  bf  the  angle  BGC. 
for 'the  fam^'reafoni  whatever  multiple  the  circumference  EN  is  of 

M4 


t*« 


T  H^    EL  E  RIENTT  S 


Book  VL  the  circumference  EF,  the  fame  multiple  is  the  angle  EHNof  thtt. 
^^>^y^>^  angle  EHF.  and  if  the  circumference  BL  be  equal  to  the  circunfifs* 
•*  >7«  3*  rence  EN,  the  angle  BGL  is  alfo  ^qual  *  to  the  angle  EHN;  and  if 
the  circumference  BL  be  greater  than  EN,  likewife  the  angle  BGL' 
is-greater  than  EHNj  and  if  lefs,  lefs.  there  being-then  four  magni- 
tudes, the  two  circumferences  BC,  EF,  and  the  two  angles  BGC, 
EHF;  of  the  circumference  BC,  and  of  the  angle  SGC,  have  been: 
t;^ken  any  equimultiples  whatever,  viz.  the  circumference  Bi»,  anck 
t{ie  angle  BGL ;  and  of  the  circumference  £F,  and  of  the  angle- 


EHF,  any  equimultiples  whatever,  viz.  the  circumference  EN,  and' 
the  angle  EHN.  apd  it  has  bee^i  proved  that  if  the  circumferen^eBL 
be  greater  than  EN,  the  angle  BGL  is  greater  than  EHN;  and  if. 
equal,  equal",  and  if  lefs,  lefs.  as  therefore  the  circumference  BC^ 
b.  5.Dcf.  5-  tp  the  circumference  EF,  fo  ^  is  the  angle  BGC  to  the  angle  EHF, 
ct  15.  s-    but  as  tlie  angle  BGC  is  to  the  angle  EHF,  fo  is  « the  angle  BAC  ta 
d.  ao.  3.    the  angle  EDF,  for  each  is  double  of  each  **.  therefore  as  the  cir- 
c^umference  BC  is  to  EF,  fo^is  the  angle  BGC  to  the  angle  EHF,; 
and  the  angle  BAC  to  the  angle  EDF. 

Alfo,  as  the  circumference  BC  to  EF,  fo  is  the  feftor  BGC  to 
the  feaor  EHF.  Join  BC,  CK,  aAd  in  the  circumferenc<;s  BC,  CK 
take  any  points  X,  O,  and  join  BX,  XC,  CO,  OK.  then  becaufe  in 
the  triangles  GBC,  GCK  the  two  fides  BG,  GC  are  equal  to  the  two 
CG,  GK,  and  thai  they  contain  equal  angles  5  the  bafe  Bp  is  equal  < 
to  the  bafe  CK,  apd  the  triangle  GBC  to  the  triangle  GCK.  and 
becaufe  the  citx:umfercnceBC  is  equal  to  the  circumference  CK,  the 
remaining  part  of  the  whole  circumference  of  the  circle  ABC,  is 
equal  to  the  remaining  part  of  the  whole  circumference  of  the  fame 
.f  -^    circle,  wherefore  the  angle  BXC  is  equal  to  the  angle  COK^*.^  andl- 
fii.bcf.j.  the  fegment  BXC  is  therefore  fimilar  to  the  fegment  COK  ^5  and 
they  are  upon  equal  ftraight  lines  BC^  CK.  but  fimilar  fegments  of 
f •  »4-  3»    c^ti^s  upoA  eqi^  ftraight  lifiesi  aj?,equaJi^  t;9  ope  ww><hqrt  ttujrc*. 


t.  4.  X. 


.    OF    EU  CLI  D.  ' 

fore  die  fegment  BXC  is  equal  to  the  fegment  COK.  and  the  tri- 
angle BGC  is  equal  to  the  triangle  CGK;  therefore  the  vhole,  the 
fedor  BGC  is  equal  to  the  whole>  the  fe£ior  CGK.  for  the  fame 
rtafon  the  fedor  KGL  is  equal  to  each  of  the  CtGtors  BGC,  CGK* 
in  the  fame  manner  the  fedors  EHF,  FHM,  MHN  may  be  proved 
equal  to  one  another,  therefore  what  multiple  foever  the  circumfe*- 
reoce  BL  is  olthe  circumference  BC,  the  fame  multiple  is  the  fedor 
BGL  of  the  (c&or  BGC.  for  the  fame  reafon,  whatorer  muitiplv 
the  circumference  EN  is  of  EF,  the  fame  multiple  is  the  fe£ior£HN 
of  the  fedor  EHF.  and  if  the  circumference  BL  be  equal  to  EN, 
die  fe£lor  BGL  is  equal  to  the  fe£lor  EHN^  and  if  the  circumfc- 
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.•  ; 


rence  BL  be  greater  than  EN,  the  k&or  BGL  is  greatef  than  the 
fe^lor  EHN*,  and  if  lefs,  lefs.  fmce  then  there  are  four  magnitudes, 
the  two  circumferences  BC,  EF,  and  the  two  feflors  BGC,  EHF, 
smd  of  the  circumference  BC  and  fe&or  BGC,  the  circumference 
BL  and  feflor  BGL  are  any  equimultiples  whatever ;  and  of  the 
circumference  EF  and  fe£lor£HF,  the  circumference  EN  and  k&ot  . 
EHN  are  any  equimultiples  whatever;  and  that  it  has  been  proved 
if  the  circumference  BL  be  greater  than  £N,  the  fe£tor  BGL  is 
greater  than  the  fe&or  EHN;  and  if  equal,  equal;  andif  lefs,  lefs. 
Therefore  ^  as  the  circumference  BC  is  to  the  circumference  EF,  fo  ^  S«^«^  $• 
is  the  feaor  BGC  to  tlie  feaor  EH.F.  Wherefore  in  equal  circles, 
&c.    <^E.  D. 
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PROP-  R     THEOR. 

IF  an  angle  of  a  triangle  be  bifeded  by  a  ftraight  line^ 
which  likewife  cut$  the  bafe;  the  re&angle  coa* 
tained  by  the  fides  of  the  triangle  U  equal  to  the  rec«> 
tangle  contained  by  the  fegments  of  the  bafe,  together 
with  the  fquare  of  the  ftraight  line  bifeding  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  B AC  be  bife&ed  by 
by  the  ftraight  line  AD ;  the  re£langle  BA,  AC  is  equal  to  the 
re£tangle  B  D,  DC  together  with  the  fquare  of  AD* 

Defcribe  the  circle  ^  ACB  about  the  triangle,  and  produce  AD  to 
the  circumference  in  £,  and  join  EC.  then  becaufe  the  angle  BAD 
is  equal  to  the  angle  C  A£}  and  the 
angle  ABD  to  the  angle  ^  AEC,  for 
they  are  in  the  fame  fegmentj  the 
triangles  ABD,  AEC  are  equiann* 
gular  to  one  another,  therefore  as 
BA  to  AD,  fo  is«  EA  to  AC,  and 
confequentlythe  rectangle  BA,  AC 
is  equal  ^  to  the  redangle  EA, 
AD,  that  is « to  the  rcftangle  ED, 
PA  together  with  the  fquare  of 
AD.  but  the  red^angle  ED,  DA  is  equal  to  the  re£langle  ^  BD| 
DC.  Therefore  the  re£langle  B  A,  AC  is.equal  to  the  re£langle  BDr 
DC  together  with  the  fquare  of  AD.   Wherefore  if  an  angle,  &c» 

,  £•  D. 


PRQP.  C.     THEOR* 

IF  from  an  angle  of  a  triangle  a  ftraight  line  be 
drawn  perpendicular  to  the  bafe;  the  redangle 
contained  by  the  fides  of  the  triangle  is  equal  to  the 
re&angle  contained  by  the  perpendicular  and  the  dia« 
meter  of  the  circle  defcribed  about  the  triangle. 

Let  ABC  be  a  triangle^  and  AD  the  perpendicular  from  the 
angle  A  to  the  bafe  BC;  the  re&angle  BAy  AC  is  equal  to  the 
vedangie  contained  by  AD  and  the  diameter  of  the  circle  defcrib- 
ed about  the  triangle. 


OF   EUCLID. 

Delcribe  *  the  circle  ACB  about 
the  triangky  and  draw  its  diameter 
AEy  and  jmn  EC.  becaufe  the  fight 
angle  BDA  is  equal  ^  to  the  angle 
£C  A  in  a  femicirclei  and  the  angle 
ABD  to  the  angle  A£C  in  the  fame 
iegment  <^ ;  the  triangles  ABD,  AEC 
are  equiangular*  therefore  as  ^  BA 
to  AD,  fo  t$  £  A  to  AC,  and  cotife- 
quently  the  redangle  BAf  AC  is 
equal  <^  to  th^  redangle  EA,  AD.  If  therefore  from  an  angle,  &c.  «•  »^  ^' 
C^E-  D*      . 

PROP-  D.     THEOR. 

■ 

THE  re£tangle  complied  by  the  diagonals  of  a  qua* 
drilateral  infcribed  in  a  drcte,  is  equal  to  both 
the  re£Ungles  contained  by  its  oppofite  fides. 

)xt  ABCD  \it  any  quadrilateral  in(cri|)cd  iif  a  circle,  and  johi 
AC,  BD-,  the  rectangle  contained  by  AC,  BD  is  equal  to  the  two 
reaangles  contained  by  AB,  CD  and  by  AD,  BC  *.  ^ 

Make  the  angle  ABE  equal  tp  the  angle  DBC;  add  to  each  of 
thefe  the  common  angle  EBD,  then  the  angle  ABD  is  equal  to  the 
angle  EBC.  and  the  angle  BDA  is  equal* to  the  angle  BCE,  becaufe  > 
they  are  in  the  fame  fegment}  therefore  the  triangle  ABD  is  equi- 
angular to  the  triangle  BCE.  where- 
fore^as  BC  is  ^  CE;  fo  is  BP  to  DA,  3 
a^d  a^uftqueu^ly  the  re<9:angle  BC,   /  Jv^^'"''*""'*^'''---^  C 
AD  is  eqiial  ®  to  the  rcAangle  BD, 
C£.  again,  becaufe  the  angle  ABE  is 
equal  to  the  anglcDBC,  and  th^  angle 
•  S  A£  to  the  angle  BDQ,  the  triangle 

ABE  i^  equiangular  to  the  triangle     \|/_....,-----'-'"^T\ 
iftCP.  as  thcrefpre  BA  to  AE,  fo  is      ^^      """        >^  -W 

BD  to  DC}  wherefpre  the  rei^angle 

BA,  DC  is  equal  to  the  rcdangle  BD,  AE.  but  the  reftangle  BQ 
AD'h^  been  ibewn  equal  to  the  reasinglc  BD,  CE;^  therefore  the 
vbole  reftanglc  AC,  BD  is  equal  to  the  rcftangle  AB,  DC  together 
Wi*  the  reaai^  AD,  BC.  Therefore  the  reaanglc,  &c.  Q^E.  D, 
f  J\m  U  a  lea^a  rf  CL  Ptolemsem  in  Mge  y.  of  his  [^^  fimK^H, 
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BOOK  XI. 


DEFINITIONS. 

A  I. 

SOLID  is  that  which  hath  length,  breadthj  and  thicknefs. 

11. 

That  which  bounds  a  folid  is  a  fuperficies. 

III. 
A  ftraight  line  is  perpendicular,  or  at  right  angles,  to  a  plane, 

when  it  makes  right  angles  with  every  ftraight  line  meeting  it 

in  that  plane. 

IV. 
A  plane  is  perpendicular  to  a  plane,  when  the  ftraight  lines  drawn 

in  one  of  the  planes  perpendicularly  to  the  common  feAion  of 

the  two  planes,  are  perpendicular  to  the  other  plane* 

V. 
The  inclination  of  a  ftraight  line  to  a  plane  is  the  acute  angle  con<> 

tained  by  that  ftraight  line,  and  another  drawn  from  the  point 

in  which  the  firft  line  meets  the  plane,  to  the  point  in  which  a 

perpendicular  to  the  plane  drawn  from  any  point  of  the  firft 

line  above  the  plane,  meets  the  fame  plane. 

VL 
The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  ccmtained 

by  two  ftraight  lines  drawn  from  any  the  lame  point  of  their 
.  CQn%nK)n  leftion  at  right  angles  to  it,  one  tt|<m  one  planC',  and 

the  o^r  upon  (he  other  plane* 
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Two  planes  are  faid  to  have  the  (amet  or  a  like  inclination  to  one 
aAodicr,  wluch  two  other  planes  have,  when  the  faid  angles  of 
inclination  are  equal  to  one  another. 

VIIL 
Parallel  planes  are  fuch  which  do  not  meet  one  another  tho'  pro- 
duced. 

IX. 
A  folid  angle  is  that  which  is  made  by  the  meeting  of  more  than  See  K. 
two  plane  angles^  which  are  not  in  the  fame  plane,  in  one 
point. 

X. 
<  The  tenth  Definition  is  omitted  for  reafons  given  in  the  Notes.'  See  N. 

XI. 
Similar  folid  figures  are  fuch  as  have  all  their  folid  angles  equal,  See  N. 
:    each  to  eadif  and  which  are  contained  by  the  fame  number  <^ 
fimilar  planes.  « 

xn. 

A  Pyramid  is^  a  fdiid  figure  contained  by  planes  that  are  conftitute^ 
betwixt  one  plane  and  one  point  above  it  in  which  they  meet. 

XIII. 
A  Prifm  is  a  (olid  figure  contained  by  plane  figures  of  which  two 
that  are  oppofite,  are  equal,  fimilar,  and  parallel  to  one  another; 
and  the  others  parallelograms. 

XIV. 
A  Sphere  is  a  folid  figure  defcribed  by  the  revolution  of  a  femi« 
circle  about  its  diameter,  which,  remains  unmoved. 

XV. 
The  axis  of  a  fphere  is  the  fixed  ftraight  line  about  which  the  fe- 
.   micircle  revolves. 

XVI. 
The  center  of  a  fphere  is  the  fame  with  that  of  the  femicircle. 

XVII. 
The  diameter  of  a  fphere  is  any  ftraight  line  which  pafles  thro* 
the  center,  and  is  terminated  b6th  ways  by  the  fuperficies  of 
tbe-^diere. 

XVIII.  , 

A  Cone  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  fides  containihg  the  Hglil 
angle,  which  fide  remaiiis^ fixed*.        ,      -    -    *  .  * 
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B6ok  Xt.  If  the  fixed  fide  be  equal  to  the  other  fide  cofttaimng  the  right  - 
aiigle>  the  Cone  is  caJled  a  right  angled  Gone ;  if  it  be  lefii 
than  the  other  fide^  ail  obCttfe  ai^kd,  and  if  greater,  an  iicute 
angled  Cone. 


The  a3Cis  ^  a  Cone  i»  the  fixed  ftraight  line  about  whith  the 
triangle  revolves. 


The  bafe  of  a  Cone  is  the  circle  defcribed  by  that  fide  conitsurdng 
the  right  angle,  which  f evolves. 

XXI. 
A  Cylinder  is  a  folid  figure  defcribed  by  the  revolution  of  a  right 
angled  parallelogram  about  one  of  its  fides  which  remains 
fixed. 

XXIL 
The  axis  of  a  cylinder  is  the  fixed  ftraight  line  about  viiuch  the 
parallelogram  revolves. 

xxni. 

The  bafes  of  a  cylinder  are  the  circles  defcribed  by  th^  two  rtm 
.  volving  oppofite  fides  of  the  parallelogram* 

JaJakJi\  • 

Similar  cones  and  cylinders  are  thofe  which  have  theti^  aois  and 
the  diameters  of  their  bafes  proportionals. 

XXV. 
A  Cube  is  a  folid  figure  contained  by  fix  equal  fquares. 

XXVI. 
A  Tetrahedron  is  a  folid  figure  contained  by  four  equsd  and  equi'- 
lateral  triangles. 

XXVII. 
An  0£lahedron  is  a  folid  figure  contained  by  tight  equal  afid 
equilateral  triangles. 

XXVIIL 
A  Dodecahedron  is  a  folid  figure  contained  by  twelve  equal  pen* 
tagons  which  are  equilateral  and  equiangular. 


An  Icofahedron  is  a  folid  figure  contained  by  twenty  ei^  and 

equilateral  triangles. 

DEF.    A. 
ilk  Paralkkpiped  is  a  folid  Agate  contained  by  fix  quadfibteral 

figures  whmof  every  oppofile  two  ate  paraUeU 


OF   EtTCLIO. 


PROP.  I.    TH£OR. 
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NE  part  of  a  ilraight  line  cannot  be  in  a  plane  and  see  k« 
another  part  above  it. 


If  it  be  poffible/Iet  AB  pan  of  the  ftraight  line  ABC  be  in  the 
plane,  and  the  part  BC  above  it.  and  fince  the  ftraight  line  AB  is  in 
the  plane,  it  can  be  produced  in  that  ^ 

plane.  let  it  be  produced  to  D.  and  ^_^  ^ 

let  any  plane. pafs  thro'  the  ftraight  \ 

line  AD,  and  be  tuined  about  it  until    \| 

it  pafs  thro*  the  point  C*,  and  becaufe 

the  points  B,  C  are  in  this  plane,  the 

ftraight  line  BC  is  in  it  *.  therefore  diere  are  two  ftraight  lines  a«7l>«^<« 

ABC,  ABD  in  the  fame  plane  that  have  a  common  fegment  AB^ 

which  is  impoffible  \  Therefore  one  party  &c.  (^E.  D.  b.GQr.u.s« 

PROP.  11.     THEOR. 

TWO  ftraight  lines  ivhicb  cm  one  another  are  inSeeN. 
one  plane,  and  three  ftraight  lines  which  meet 
one  another  are  in  one  plane. 

Let  two  ftraight  lines  AB,  CD  cut  one  another  in  E ;  AB,  CD 
are  in  one  plane,  and  three  ftraight  lines  EC,  CB,  BE  which  meet 
one  another,  are  in  one  plane. 

Let  any  plane  pafs  thro'  the  ftraight  line  j^^  "Jy 

EB,  and  let  the  plane  be  turned  about  EB, 
prbduced  if  necef&ry,  until  it  pafs  thro*  the 
point  C.  then  becaufe  the  points  E,  C  are 
in  this  plane,  the  ftraight  line  EC  is  in  it  K 
for  the  fame  reafon^  the  ftraight  line  BC  is  . 
in  the  fame;  and,  by  the  Hypothefis,  EB  is 
in  it.,  therefore  the  three  ftraight  ^linei  EC,  ^ 
CB,  BE  Me  in  one  pUne.  but  in  the  plane  C 
in  which  EC,  EB  are,  in  the  fame  are  b  CD, 
AB.  dierelbre  ABj  CD  ar«  In  one  plane«  Wherefore  two  ftrai|^ 
lines,  &c.    Q.  «£.  IK  .  .    . 
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PROP.  ni.     THEOR. 


IF  two  planes  cut  one  another^  their  common  fedion 
is  a  ftraight  line. 


Let  two  planes  AB,  BC  cut  one  another,  and  let  the  ^ne  DB 
be  their  common  fedion ;  DB  is  a  ftraight 
)ine.  If  it  be  not,  from  the  point  D  to  B 
draw  in  the  plane  AB  the  ftraight  line 
DEB,  and  in  the  plane  BG  the  ftvaight 
line  DPB.  then  two  ftraight  lines  DEB, 
DTB  have  the  fame  extremities,  and  there- 
fore include  a  fpace  betwixt  them;  which 
•.io.Az.1.  j^  impoffible  ».  therefore  BD  the  common 
,  fediion  pf  the  planes  AB,  BC  cannot  but 


»< 


be  a  ftraight  line.   Wherefore  if  two  planes,  &c*   Q^E.  D. 


SeeK, 


»<» 


a. 
b. 


IS 
4.1. 


X. 
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PROP.   IV.     THEOR. 

IF  a  ftraight  line  ftand  at  right  angles  to  each  of  two 
ftraight  lines  in  the  point  of  their  interfedion,  it 
(hall  alfo  be  at  right  angles  to  the  plane  which.,  p^fl^ 
through  them,  that  is,  to  the  plane  in  which  they  are. 

Let  the  ftraight  line  £F  ftand  at  right  angles  to  each  of  the 
ftraight  lines  AB,  CD  in  E  the  point  of  their  interfe£lion.  EF  ia 
alfo  at  right  angles  to  the  plane  pai&ng  thro'  AB,  CD. 

Take  the  ftraight  lines  A£,  £B,  C£,  ED  all  equal  to  one  ano« 
ther;  and  thro'  E  draw,  in  the  plane  in  which  are  AB,  CD,  any 
ftraight  line  GEH;  and  join  AD,  CBj  then  from  any  point  F  in 
EF,  draw  FA,  FG,  FD,  FC,  FH,  FB.  and  bccaufe  the  two  ftraight 
lines  AE,  ED  are  equal  to  the  two  BE^  EC,  and  that  they  contain 
equal  angles  «  AED,  BEC*  the  bafe  AD  is  equal  b  to  the  bafe  BC^ 
and  the  angle  DAE  to  the  angle  EBC.  and  the  angle  AEG  is  equal 
to  the  angle  BEH  *s  therefore  the  triangles  AEG,  BEH  have  two 
angles  of  oneequal  to  two  angles  of  the  other,  each  to  each,  and  the 
;fides  AE,  EBt  adjacent  to  the  equal  angles,  equal  to  one  another; 
wherefore  they  fliall  have  their  other  fides  e.qual «.  G£  is  tberefot^ 
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equ^  to  EH,  »id  AG  to  BH.  and  becaufe  A£  is  equal  to  £B»  and  Book  XL 

J*E  common  and  at  right  angles  to  them,  the  bafe  AF  isr  equal  **  to  *^'  ^^ 

the  bafe  FB ;  foir  the  fame  reafon  CF  is  equal  to  FD.  and  be-   '  ^*  ** 

caufe  AD  is  equal  to  BC,  and  AF  to  FB,  the  two  fides  FA,  AD 

are  equal  to  the  two  FB,  BC,  each  to  each; 

and  the  bafe  DF  was  proved  equal  to  the 

bafe  FC ;  therefore  the  angle  FAD  is  e-* 

qual  ^  to  the  angle  FBC.  again,  it  was       •  ///    \\  d,  S.  v 

proved  that  AG  i»  equal  to  BH,  and  ^^fo  4 

AF  to  FB-,  FA  then  and  AG,  are  equal  A 

to  FB  and  BH,  and  the  angle  FAG  hiis^ 

been  proved  equal  to  the  angle  1?BH  ;^ 

therefore  the  bafe  GF  is  equal  *>  to  the 

bafe  FH.  again,  becaufe  it  was  proved 

that  G£  is  equal  to  EH,  and  £F  is  com-x^ 

men;  GE,  EF  are  equal  to  HE,  EFj  and 

the  bafe  GF  is  equal  to  the  bafe  FH ;  therefore  the  angle  GEF 

is  equal  ^  to  the  angle  HEF,  and  confequentlj  each^f  thefe  angles 

is  a  right  *  angle.  Therefore  FE  makes  right  angles  with  GH,  that  ^'^o.l>t{.u 

isy  with  any  ftraight  line  drawn  thro'  £  in  the  plane  paffing  thro' 

AB,  CD.    In  like  manner  it  may  be  proved  that  FE  makes  right 

angles  with  every  ftraight  line  which  meets  it  in  that  plane.   But  a 

ftraight  line  is  at  right  angles  to  a  plane  when  it  makes  right  angles 

with  every  ftraight  line  which  meets  it  in  that  plane  f.  therefore  EF  f«3»Def.it. 

is  at  right  angles  to^he  plane  in  which  are  AB,  CD.    Wherefore 

if  a  ftraight  line,  &c.    C^E.  D. 

PROP.  V.     THEOR. 

IF  three  ftraight  lines  meet  all  in  one  pointy  and  aseeN. 
ftraight  line  ftands  at  right  angles  to  each  of  them 
in  that  point ;  thefc  three  ftraight  lines  are  in  one  and 
the  fame  plane. 

Let  the  ftraight  line  AB  ftand  at  right  angles  to  each  of  the 
ftraight  lines  BC,  BD,  BE, -in  B  the  point  where  they  meet;  BC, 
BD,  BE  are  in  one  and  the  fame  plane. 

If  not,  let,  if  it  be  poffible,  BD  and  BE  be  in  one  plane,  and  BC 
be  above  it )  and  let  a  plane  pafs  through  AB,  BC,  the  commpn 
ie£lion  of  which  with  the  plane,  in  which  BD  and  BE  arei  (hall  be  a 
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Book  XI,  ftraight » line;  let  this  be  BF.  thcrrfore  the  three  Itraigbt  lines  AB, 

^^'^'^^'^^  BC,  BF  are  all  in  one  plane,  viz.  that  which  paffes  thro'  AB,  BC. 

and  becaufe  ABftands  at  rightangles  toeach  of  theftraight  linesBD, 
b.  4.  II.    B£^  jj.  jj  ^if^  ^^  yjgj^j.  ^j^gi^g  b  to  the 

plane  paffing  thro'  them  5  and  there- ^/^ 
c.3.Dcf.ik.  f^yg  makes  right  angles  ^  with  every 
ftraight  line  meeting  it  in  that  plane ; 
but  BF  which  is  in  that  plane  meets 
it.  therefore  the  angle  ABF  is  a  right 
angle;  but  the  angle  ABC,  by  the 
Hypothefis,   is  alfo  a   right 'angle; 
therefore  the  angle  ABF  is  equal  to 
the  angle  ABC,  and  they  are  both 
in  the  fame  plane,  which  is  impoffibfe.  therefore  the  ftraight  line 
fiC  is  not  above  the  plane  in  which  are  BD  and  BE.  wherefore 
the  three  ftraight  lines  BC,  BD,  BE  are  in  one  and  the  fame  plane. 
Therefore  if  three  ftraight  lines,  &c.   Q^E.  D. 

PROP.  VI.     THEOR. 

IF  two  ftraight  liqes  be  at  right  angles  to  the  fanie 
plane,  they  (hall  be  parallel  to  one  another. 

Let  the  ftraight  lines  AB,  CD  be  at  right  angles  to  the  fame 
plane ;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 
ftraight  line  BD,  to  which  draw  DE  at  right  angles,  in  the  fame 
plane ;  and  make  DE  equal  to  AB,  and  m 

join  BE,  AE,  AD.  Then  becaufe  AB  is   Ah  '  ^ 

perpendicular  to  the  plane,  it  fliall  make 

a.3J>ef.ii*  right  a  angles  with  every  ftraight  line 
which  meets  it,  and  is  in  that  plane,  but 
BD,  BE,  which  are  in  that  pla|i^  do  each 
of  them  meet  AB.  therefore  each  of  the  JBl 
angles  ABD,  ABE  i|s  a  right  angle,  for 
the  fame  reafon,  each  of  the  angles  CDB, 
CDE  is  a  right  angle,  and  becaufe  AB  is  -w^"^ 

equal  to  DE,  and  BD  common,  the  two 
fides  AB,  BD,  are  equal  to  the  two  ED,  DB;.and  they  contain  right 

b.  4.  r,      angles;  therefore  the  bafe  AD  is  equal  ^  to  the  bafe  BE.  again,  be- 
caufe AB  is  equal  to  DE|  and  BE  to  AD  ^  AB>  BE  are  equal  to  £D> 
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lyA,  and,  in  die  trangles  ABE,  IDA,  the  bafe  AE  is  common ;  1^1^  ^f- 
therefore  Afc  angle  ABE  is  equal  «  to  the  angle  EDA.  but  ABE  ^  ^    ^ 
is  a  right  angle;  therefore  ED  A  is  alfo  a  right  angle,  and  ED  per- 
pendicular ta  DA.  but  it  is  alfo  perpendicular  to  each  of  die  two 
BD,  DC.  wherefore  ED  is  at  right  angles  to  each  of  the  three 
ftraight  lines  BD,  DA,  DC  in  the  point  in  which  they  meet,  there^ 
fore  thefe  three  ftraight  lines  arc  all  in  the  fame  plane  *.  but  AB  ^-  S-  »»• 
is  in  the  plane  in  which  are  BD,  DA,  becaufe  any  three  ftraight 
lines  which  meet  one  another  are  in  one  plane  ^  therefore  AB,  ^'  *•  **•    ' 
BD,  DC  are  in  one  plane,  and  each  of  the  angles  ABD,  BDC  is 
ar  right  angle ;  therefore  AB  is  parallel  ^  to  CD.    Wherefore  if  ^-  **•  '• 
tmo  ftraight  lines,  &c.    Q^E.  D.  •  j— 
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1!F  two  ftraight  lines  be  parallel,  the  ftraight  line  drawn  see  k« 
.    from  any  point  in  the  one  to  any  point  in  the  other 
is  in  the  fame  plane  witt\  the  (Ikrallels. 

I^  AB,  CD  be  parallel  ftraight  lines,  and  take  any  point  E  in 
the  one,  and  die  point  F  in  the  other,  the  ftraight  line  which  joins 
E  and  F  is  in  the  fame  plane  with  the  parallels. 

If  not,  let  it  be,  if  poffible,  above  the  plane,  as  EGF}  and  in  the 
plane  ABCD  in  which  the  paral-      a.         -m  -c^ 

Icls  are,  draw  the  ftraight  line  EHF    .A        Jj JB 

from  E  to  F ;  and  fince  EGF  alfo 
is  a  ftraight  line,  the  two  ftraight 
lines  EHF,  EGF  include  a  fpace  be- 
twixt them,  which  is  impoflible  *.  y)  a.io.Ax.i» 
Therefore  the  ftraight  line  joining      ^                    "p           TJ. 
the  points  £,  F  is  not  above  the 

plane  in  which  the  parallels  AB,  CD  are,  and  is  therefore  in  that 
plane.     Wherefore  if  two  ftraight  lines,  &c.     Q^E.  D. 

PROP.   Vin.     THEOR. 

IF  two  ftraight  lines  be  parallel,  and  one  of  them  is  see  k. 
at  right  angles  to  a  plane ;  the  other  alfo  fhall  be  at 
right  angles  to  the  fame  plane. 
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Let  AB,  CD  be  two  parallel  ftraight  lines,  and  let  one  of  diem 
AB  be  at  right  angles  to  a  plane;  the  otiier  CD  is  at  right  angle* 
to  the  fame  plane. 

Let  AB,  CD,  meet  the  plane  in  the  points  B,  D*  and  join  BD. 
Aerefore  AB,  CD,  BD  are  in  one  plane.   In  the  plane,  to  which 
AB  is  at  right  angles,  draw  DE  at  right  angles  to  BD,  and 
make  DE  equal  to  AB,  and  join  BE,  AE,  AD.    And  becaufe  AB 
is  perpendicular  to  the  plane,  it  is  perpendicular  to  every  ftraight 
%»yDttii.  line  which  meets  it,  and  is  in  that  plane  *.  therefore  each  of^the 
angles  ABD,  ABE,  is  a  right  angle,  and  becaufe  the  ftraight  line 
BD  meets  the  parallel  ftraight  lines  AB,  CD,  the  angles  ABD» 
CDB  are  together  equal  i»  to  two  right  angles,  and  ABO  is  a  right 
angle;  therefore  alfo  CDB  is  a  right  angle,  and  CD  perpendicular 
ta-BD.  and  becaufe  AB  is  equal  to  DE,  and  BD  common*  the  two 
AB,  BD,  are  equal  to  the  two  ED,  DB, 
and  the  angle  ABD  is  equal  to  the  angle     A 
£DB,  becaufe  each  of  them  is  a  right 
angle ;  therefore  the  bafe  AD  is  equal  ^ 
to  the  bafe  BE.  again,  becaufe  AB  is  equal 
to  DE,  and  BE  to  AD;  the  two  AB,  BE 
are  equal  to  the  two  ED,  DA ;  and  the 
bafe  A£  is  common  to  the  triangles  ABE, 
EDA;  wherefore  the  angle  ABE  is  equal 
^  to  the  angle  EDA.  and  ABE  is  a  right 
angle;  and  therefore  EDA  is  a  right  angle, 
and  ED  perpendicular  to  DA.  but  it  is 
alfo  perpendicular  to  BD ;  therefore  ED 
c.  4.  II.    is  perpendicular  «  to  the  plane  which  pafles  thro'  BD,  DA,  and 
f.3.De£ii.  (hall  ^  make  right  angles  with  every  ftraight  line  meeting  it  in  that 
plane,  but  DC  is  in  the  plane  pafling  thro*  BD,  DA,  becaufe  all 
three  are  in  the  plane  in  which  are  the  parallels  AB,  CD.  where- 
fore ED  is  at  right  angles  to  DC ;  and  therefore  CD  is  at  right 
angles  to  DE.  but  CD  is  alfo  at  right  angles  to  DB;  CD  then  is 
at  right  angles  to  the  two  ftraight  lines  DE,  DB  in  tlie  point  of 
their  interfe£iion  D ;  and  therefore  is  at  right  angles  to  the  plane 
pailing  thro'  DE,  DB,  which  is  the  fame  plane  to  which  AB  is  at 
right  angles.    Therefore  if  two  ftraight  lines,  &c,    Q^i^E.  D. 


c.  4.  t* 
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BooliXt 

PROP.  rX.     THE^OR. 

TWO  ftraight  lines  which  are  each  of  tbem  parallel 
to  the  fame  ftraight  line,  and  not  in  the  £une 
plane  with  it,  are  parallel  to  one  another* 

Let  AB^  CD  be  each  of  them  parallel  to  EF,  and  not  in  the 
fame  plane  with  it  j  AB  (hall  be  parallel  to  CD. 

In  £F  take  any  point  G,  from  which  draw,  in  the  plane  paiBn^ 
thro'  £F,  AB»  the  ftraight  line  GH  at  right  angles  to  £F;  and  in 
the  plane  pailing  thro'  £F,  CD,  draw  GK  at  right  angles  to  the 
fiune  £F.  and  becaufe  £F  is  per*     A     -rr 
pcndicular  both  to  GH  and  GK,  £F  -^^    •"" 
is  perpendicular  *  to  the  plane  HGK 
paffing  thro'  them,  and  £F  is  parallel 
to  AB}  therefore  AB  is  at  right  an* 
gles  ^  to  the  plane  HGK.  for  the 

fame  reafon,  CD  is  likewife  at  right  ^    _—  ..^ 

angles  to  the  plane  HGK.  therefore  ^    JKk.  Jjf 

AB,  CD  are  each  ci  them  at  right  angles  to  the  plane  HGK. 
but  if  two  ftraight  lines  be  at  right  angles  to  the  fame  plane,  they 
fh^ili  be  parallel  ^  to  one  another,  therefore  AB  is  parallel  to  CD*  ^  ^-  <>• 
Wherefore  two  ftraight  linesy  &c.    Q^  £.  D. 

PROF.  X.     THEO^ 

IF  two  ftraight  lines  meeting  one  another  be  parallel 
to  two  others  that  meet  one  another,  aad  are  not  ia 
the  fame  plane  with  the  firft  two  *,  the  firft  two  and  the 
other  two  (hall  comaia  equal  angles* 

Let  the  two  ftraight  lines  AB,  BC  which  meet  oiie  another  be 
parallel  to  the  two  ftraight  Knes  D£,  £F  that  meet  one  another, 
and  are  not  in  the  fame  plane  with  AB,  BC.  The  angle  ABC  is: 
equal  to  the  angle  D£F. 

Take  BA,  BC,  £D,  £F  all  equal  to  one  anothei ;  and  join  AD, 
C¥,  B£,  AC,  DF.  bccauie  BA  i^equal  and  parallel  to£D^  there^- 
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Book  X\  fore  AD  is  ^  both  equal  and  parallel  to 
BE.  For  the  fame  reafon,  CF  is  pqual 
and  parallel  to  BE,  Therefore  AD  and 
CF  are  each  of  them  equs^l  and  parallel  ^ 
lo  BE.  But  ftraight  lines  that  are  paral- 
lel to  the  fame  ftraiglu  line,  and  not  in 

b.  9. 11.    the  fame  plane  with  it,  arc  parallel  ^  to 

one  another.    Therefore  AD  is  parallel 

c.  i.Ax. I.  to  CF',  and  it  is  equal  «  to  it,  and  AC, 

•OF  join  them  towards  the  fame  p^rts; 

and  therefo^re  ^  AC  is  equal  and  parallel 

to  DF.  apd  becaufe  AB,  BC  are  equal  to  DE,  EF,  and  the  bafe 

AC  to  the  bafe  DF-,  the  angle  A3C  is  equal  f*  to  the  angle  DEF, 

Therefore  if  two  ftraight  lines,  &c.    (^E.  D^ 


d.  8.  I. 


PROP.  XI.    prob; 


«.   X3.  I. 


TO  dr^w  a  ftraight  line  perpendicular  to  a  plane; 
from  a  given  point  above  it* 

Let  A  be  the  given  point  above  the  plane  BH;  it  is  required  ta 
draw  from  the  point  A  a  ftraight  line  perpendicular  to  the  plane 
BH. 

In  the  plarie  4raw  any  ftre^ight  line  BC,  and  from  the  point  A 
draw  *  AD  perpendicular  to  BC.  If  then^  AD  be  alfo  perpendi* 
cular  to  the  plane  BH,  the  thing  required  is  already  done^  but  if  it 

b.  IX.  I.    be  not,  from  the  opint  D  draw  **  A 

in  the  plane  BH,  tfe  ftraight  line  ^ 

DE  at  right  angles  to  BC;  and  from         J& 
.    the  point  A  drawtAiF  perpendicular  Vj,       ^ 

c.  51.  X.    (o  DEj  ^nd  thro*  F  draw  <^  GH  pa^  y^^-.'   • 

r^lkl  to  BC.  and  becaufe  BC  is  at 
right  angles  to  ED  and  DA,  BC  is 

d.  4«  II.    ^t  right  angles  ^  to  the  plane  paf*. 
fing  thro*  ED,  DA.     And  GH  is 


9.  8.  XX. 


parallel  to  BC  -,  but  if  two  ftraight  lines  be  parallel,  on^  of  which  1% 
at  rijht  angles  to  a  plane,  the  Dther  fiiall  be  at  right  ^  angles  to 
the  fame  plane;  wherefore  GH  is  at  right  angles  to  the  plane  thrp* 
t3.Dcf.x1.  Ei>^  DA,  and  is^perpendicUlar  ^  tp  ^very  ftraight  line  nieetin^;  it  in 

tbat  pi»n«*  ^t  A^i  wbiq^  k  i^  tl»e  pl^e  ^9*  £l>«  DA  Q)6St$.it* 
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therefore  GH  U  perpendicular  to  AF»  and  oonfequently  AF  is 
perpendicular  to  GH.  and  AFis  perpendicular  to  D£;  therefore 
AF  is  perpendicular  to  each  of  the  ftraight  lines  GH|  D£.  but 
if  a  ftraight  line  ftands  at  right  angles  to  each  of  two  ftraight  lines 
in  the  point  of  their  interfedtion,  it  (hall  alfo  be  at  right  angles  to 
the  plane  pai&ng  through  them,  but  the  plane  pafiing  through  ED» 
GH  is  the  plane  BH;  therefore  AF  b  perpendicular  to  the  plane 
BH.  therefore  from  the  given  point  A  above  the  plane  BH,  the 
ftraight  line  AF  is  drawn  perpendicular  to  that  plane.  Which 
was  to  be  done. 

PROP.  XII.     PROS. 
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A 


:b 


TO  ered  a  ftraight  line  at  right  angles  to  a  givea 
plane,  from  a  point  given  in  the  plane* 

Let  A  be  the  point  given  in  the  plane;  it  is  required  to  ere£l  a 
ftraight  line  from  the  point  A  at  right  an* 
gks  to  the  plane. 

From  any  point  B  above  the  plane 
draw  *  BC  perpendicular  to  it ;  and  from 
A  draw  ^  AD  parallel  to  BC.  becaufe 
therefore  AD,  CB  are  two  parallel  ftraight 
lines,  and  one  of  them  BC  is  at  right  an- 
gles to  the  given  plane,  the  other  AD  is 

alfo  at  right  angles  to  it «.  therefore  a  ftraight  line  has  been  ere£l-  « 
ed  at  right  angles  to  a  given  plane  from  a  point  given  in  if. 
Which  was  to  be  done. 
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PROP.  XIII.     THEOR. 

FROM  the  fame  point  in  a  given  plane  there  cannot 
be  ti^o  ftraight  lines  at  right  angles  to  the  plane^i 
upon  the  fante  fide  of  it.  and  there^can  be  but  one  per* 
pendicular  to  a  plane  from  a  point  ibove  the  plane. 

For,  if  it  be  poffible,  let  the  two  ftraight  lines  AB,  AC  be  at 
right  angles  to  a  given  plane  from  the  fame  point  A  in  the  piane^ 
and  upon  die  fame  fide  of  it;  and  let  a  plane  pafs  thro'  BA,  AC; 
the  common  feftion  of  this  with  the  given  plane  is  a  ftraight '  line  ^ 
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Book  XI.  paffing  through  A.  kt  DA£  be  their  common  fedion.  therefore 

^■''^"^''^^  the  ftraight  lines  AB,  AC,  DAE  are  in  one  plane,  and  becaufe 

C A  is  at  right  angles  to  the  given  plane,  it  (hall  make  right  angles 

with  every  ftraight  line  meeting  it  in 

that  plane,  but  DAE  which  is  in 

that  plane  meets  C  A ;  therefore  C  A£ 

is  a  right  angle*  for  the  fame  reafon 

BAE  is  a  right  angle,  wherefore  the 

angle  CA£  is  equal  to  the  angle    -«.  m 

BAE;  and  they  are  in  one  plane,    J^  J\^  JCi 

which  is  impoflible*    Alfo,  from  a  point  above  a  plane  there  can 

be  but  one  perpendicular  to  that  plane;  for  if  there  could  be  two^ 

b.  tf.  11.    they  would  be  parallel  ^  to  one  another,  which  is  abfurd.   There* 

fore  fropi  the  fame  point,  &c.    Q^E.  D. 
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PROP,  XIV.     THEOR. 

LANES  to  which  the  fame  ftraight  line  is  perpeii« 
diculary  are  parallel  tp  one  another. 


Let  tlie  ftraight  line  AB  be  perpendicular  to  each  of  the  planes 

CD,  EF  5  thefe  planes  are  parallel  to  one  another. 
If  not,  they  fliall  meet  one  another  when  produced ;  let  them 

meet ;  their  common  feflion  Ihall  be  a 

ftraight  line  QH,  in  which  take  any 

point  K,  and  join  AK,  BK.  tlien  be* 

caufe  AB  is  perpendicular  to  the  plane 
•.3,De£ii.£F,  it  is  perpendicular  ■  to  the  ftraight 

line  BK  which  i$  in  that  plane,  tliere- 

fore  ABK  is  a  right  angle,  for  the  fame 

reafon,  BAK  is  a  right  angle  •,  wherein 

fore  the  two  angles  ABK,  BAK  of  the 

triangle  ABK  are  equal  to  two  right 
b.  i«f.  I.    anglps,  which  is  impml^le  **.  therefore 

the  planes  CD,  EF  thougTi  produced  do 
c.l4)ef.ix. not  meet  one'  another;  that  is,  they  are  parallel  ^t    Therefore 
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PROP.  XV.     THEOR. 


IF  tro  ft  might  lines  meeting  one  another,  be  parallel  see  k, 
to  two  ftraight  lines  which  meet  one  another,  but 
are  not  in  the  fame  plane  with  the  firft  two ;  the  plane 
which  pafles  through  theie  is  parallel  to  the  plane  pal^ 
fmg  through  the  others. 

Let  AB,  BC  two  ftnight  lines  meeting  one  anotberi  be  pa« 
mUel  to  D£»  £F  that  meet  one  another,  but  are  not,  in  the  fame 
plane  with  AB,  BC.  the  planes  through  AB,  BC,  and  DE,  £F 
Ihall  not  meet  diough  produced. 

From  the  point  B  draw  BG  perpendicular  *  to  the  plane  which  *•  <i-  «• 
pafles  through  D£,  EF,  and  let  it  meet  that  plane  in  G  i  and 
through  G  draw  GH  parallel  ^  to  £D,  and  GK  parallel  to  £F.  ^-  3<«  <• 
and  becaufe  BG  is  perpendicular  to  the  plane  through  Dfi,  £F,  it 
fliall   make   right   angles   with 
ever  J  ftraight  line  meeting  it  in 
that  plane  «.   but  the  ftraight 
lines  GH,   GK  in  that  plane 
meet  it.  therefore  each  of  the 
angles  BGH,  BGK  is  a  right 
angle,  and  becaufe  BA  is  paral-  J^ 
lei  <*  to  GH  (for  each  of  them  is 
parallel  to  D£,  and  they  are  not 

both  in  the  fame  plane  with  it)  the  angles  GBA,  BGH  are  to* 
gether  equal  « to  two  right  angles,  and  BGH  is  a  right  angle, «.  a>.  «• 
^  therefore  alfo  GBA  is  a  right  angle,  and  6B  perpendicular  to  B A. 
for  the  fame  reafon,  GB  is  perpendicular  to  BC.  fince  therefore 
the  ftraight  line  GB  ftands  at  right  angles  to  the  two  ftraight 
luies  BA,  BC,  that  cut  one  another  in  B  ^  GB  is  perpendicular  '  ^*  4*  >'• 
to  the  plane  through  B  A,  BC.  and  it  is  perpendicular  to  the  plane 
through  D£,  EF'9  therefore  BG  is  j^rpendicular  to  each  of  the 
pjanes  through  AB,  BC  and  D£,  £^.  but  planes  to  which  the 
fame  ftraight  line  is  perpendicular,  are  parallel  r  to  one  another,  g*  X4*  ><< 
therefore;  the  plane  thro'  AB,  BC  is  parallel  to  the  plane  tliro' 
0^,  £F«    Whereff^it  if  two  fti^i^t  lines,  &c.   C^£.  D. 


c.yXhttu 
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T  H  E.  E  L  EM  E.WT  S 


PROP,  XVI.     THEOR. 

IF  two  parallel  planes  be  cut  by  another  plane,  their 
common  fedions  with  it  are  parallels. 

Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFH6; 
and  let  their  common  fedions  with  it  be  £F,  GH«  £F  is  parallel 
toGH. 

For,  if  it  is  not,  £F,  GH  (hall  meet,  if  produced,  either  on  the 
fide  of  FH,  or  EG.  firft,  let  them  be  produced  on  the  fide  of  FH, 
and  meet  in  the  point  K,  therefore  fince  £FK  is  in  the  plane  AB> 
ev<ry  p9int  in  £FK  is  in  that 
plane;  and  K  is  a  point  in  EFK; 
therefore  K  is  in  the  plane  AB. 
for  the  fame  reafon  K  is  alfo  in 
the  plane  CD.  wherefore  the 
planes  AB,  CD  produced  meet 
one  another;  but  they  do  not 
meet^  £ace  they  are  parallel  by 
the  Hypothefis.  therefore  the 
ftraight  lines  EF,  GH  da  not 
meet  when  produced  on  the  fide 

of  FH.  in  the  fame  manner  it  may  be  proved  that  EF,  GH  do 
not  meet  when  produced  on  the  fide  of  EG.  but  ftraight  lines 
which  are  in  the  fame  plane  and  do  not  meet,  though  produced 
either  way,  are  parallel,  therefore  EF  is  parallel  to  GH.  Where- 
fore if  two  parallel  planes,  &c.    <^E.  D. 


t  » 
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PROP.  XVII.     THEOR. 

F  two  ftraight  lines  be  cut  by  parallel  planes,  they 
ihall  be  cut  in  the  fame  ratio. 

Let  the  ftraight  Jines  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,  in  the  points  A,  E,  Bj  C,  F,  D.  as  AE  is  to  EB, 
foisCFtoFD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in  the  point 
X;  and  join  EX,  XF.  becaufe  t^^  two  paralldl^planes  SIL,  MN  are 
cut  by  the  plane  EBDXj  the  common  fedion^  £2^^  BD  are  paral« 


or    EUCLIIL 

Id  »•  &r  the  fame  icafon,  bccaufe  the  two  pawllel  pism 

arc  cut  hj  the  ybn<^  AXFC, 

the  coakman  b&mts  AC,  XF 

are  parallel,  and  bccaufe  £X 

is  parallel  to  BD,  a  fide  of  the 

triangle  ABD»  as  A£  to  £B» 

ib  i$  t>  AX  to  2D.  2ffinj  be. 

caufe  XF  is  parallel  to  AC,  a  ^^^ 

fide  of  the  triangle  ADC,  as  /  « 

AX  to  XD,  fo  is  CF  to  FD.   K/^jB 

and  it  was  proved  that  AX  is 

to  XD,  as  AE  to  EB.  therefore 

c  as  AE  to  EB|  fo  is  CF  tp  j^ 

FD.  Wherefore  if  two  ftraight 

lines,  &c.    Q^E.  D. 
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b*  %»  6» 
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PROP.  XVm,     THJOR. 


IF  a  ftraight  line  be  at  right  angles^^  to  a  plane,  every 
plane  which  pafles  thro'  it  fh^tU  be  at  right  angles 
to  (bat  plane* 

Let  the  ftraight  line  AB  be  at  right  angles  to  the  plane  CK, 
every  plane  which  pafles  through  AB  (hall  be  at  right  angles  to 
the  plane  CK. 

Let  ai»y  plane  DE  pafs  through  AB,  and  let  CE  be  the  common 
ftftion  of  the  planes  DE,  CK  5  take  any  point  F  in  CE,  from 
\fhich  draw  FG  in  the  plahe 
I^E  at  right  angles,  to  CE.  and 
fa(pcaufe  AB  is  perpendicular  to 
t^e  plane;  CK,  therefore  it  is  alfo 
perpendicular  to  every  ftrajght 
lir^  in  that  pbne  meeting  it  *. 
and  confequently  it  is  perpendi- 
cular to  CE,  wherefore  ABF  ^         ^  'JI\       1%        'WI^ 
9  right  angle;  but  GFB  is  like-         C  J        Jp        Jd4 
wife  a  right  angle;  therefore  AB  is  parallel  ^  to  FG.  and  AB  is  at  b.  aS.  »♦ 
right  angles  to  the  plane  CK;  therefore  FG  is  alfo  at  right  angles 
to  the  fame  plane  <=.  but  one  plane  is  at  right  angles  to  another  plane  c  8.  u« 
when  the  teaight  lines  drawn  in  one  of  the  planes,  at  right  angle* 


a.3.re£ix<i 


2Q4 


THE    ELEMENTS 


Book  XI.  to  their  common  feftion,  are  alio  at  riglu  angles  to  the  other 
^^'^^'^^'^  plane  ^ ;  and  any  ftraight  line  FG  in  the  plane  D£,  which  is  at 
4«4*  i&*  y'gj^^  angles  to  CE  the  common  fe£tion  of  the  planes»  has  been 
proTed  to  be  perpendicular  to  the  other  plane  GK;  therefore  die 
plane  D£  is  at  right  angles  to  the  plane  CK.  In  like  manner^  it 
may  be  proved  that  all  the  planes  which  pafs  through  AB  are 
at  right  angles  to  the  plane  CK.  Therefore  if  a  ftraight  line,  &c 
D. 

—        -PROP.  Xlt.     THEdR. 

IF  two  planes  cutting  one  another  be  each  of  them 
perpendicular  lo  a^ third  plane;  their  cqmmon  fec- 
tion  ihall  be  perpendicular  to  the  fame  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to 

a  third  plane,  and  let  BD  be  the  common  fe£lion  of  the  firft  two* 

BD  is  perpendicular  to  th^  third  plane. 
^        If  it  be  not,  friwn  the  point  D  draw,  in  the  plane  AB,  tlie 

ftraight  line  D£  at  right  angles  to  AD  the  common  fe£tion  of  the 

plane  AB  with  the  third  plane;  and  in  the  plane  BC  draw  DF  at 

right  angles  to  CD  the  common  fe£lion  of 

the  plane  BC  with  the  third  plane,  and  be- 

caufe  the  plane  AB  is  perpendicular  to  the 

diird  plane,  and  D£  is  drawn  in  the  plane 

AB  at  right  angles  to  AD  their  common 

fedion^  D£  is  perpendicular  to  the  third 
M«^f"«  plane  *.   in  the  fame  manner,  it  may  be 

proved  that  DF  is  perpendicular  to   the 

third  plane*   wherefore  from  the  point  D 

two  Ibraight  lines  ftand  at  right  angles  to 

the  third  plane,  upon  the  fame  fide  *of  it,   ^ 
b*  fj-  II-  which  is  impoffible  •>.  therefore  from  the  "" 

point  D  there  cannot  be  any  ftraight  line  at  right  angles  to  the. 

third  plane,  except  BD  the  common  fedlion  of  the  planes  AB» 

BC.  BD  therefore  is  perpendicular  to  the  third  plane*    Where^ 

fore  if  two  planes,  &c.    (^E,  D» 


I 


OF    EUCLID.  ws 

BoakXf. 

PROP.   XX.     THEOR. 

F  a  folid  angle  be  contained  by  three  plane  angles^  see  ^. 
any  two  of  them  are  greater  than  the  third. 


Let  the  folld  angle  at  A  be  contained  by  the  three  pbne  angles 
BAC,  CAD,  DAB.  any  two  of  them  are  greater  thaathc  third. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  evident  that 
any  two  of  them  are  greater  than  the  third,  but  if  they  are  not,  let 
BAC  be  that  angle  which  is  not  lefs  than  either  of  the  other  two» 
and  is  greater  than  one  of  them  DAB;  and  at  the  point  A  in  the 
ftraight  line  AB,  make  in  the  plane  which  pafies  through  BA» 
AC,  the  angle  BAE  equal  •  to  the  angle  DAB ;  and  make  AE  *'  *^  ** 
equal  to  AD,  and  through  E  draw  BEC 
cutting  AB,  AC  in  the  points  B,  C,  and 
join  DB,  DC.  and  becaufe  DA  is  equal 
to  AE,  and  AB  is  common,  the  two  DA, 
AB  are  equal  to  the  two  £A,  AB,  and 
the  angle  DAB  is  equal  to  the  angle 
EAB.  therefore  the  bafe  DB  is  equal  ^.^ — r  ^^pT"^  ^*  ^  *• 
to  the  bafe  BE.  and  becaufe  BD,  DcB  J^     ^ 

are  greater  « than  CB,  and  one  of  them  BD  has  been  proved  equal  ^  «*•  *» 
to  BE  a  part  of  CB,  therefore  the  other  DC  is  greater  than  the 
remaining  part  EC.  and  becaufe  DA  is  equal  to  AE,  and  AC 
common,  but  the  bafe  DC  greater  than  the  bafe  EC ;  therefore ' 
the  angle  D AC  is  greater  «*  than  the  angle  EAC ;  and,  by  the  ^»  "H-  '• 
conftrudion,  the  angle  DAB  is  equal  to  the  angle  B AE  j  where- 
fore the  angles  DAB,  D AC  are  together  greater  than  the  angle 
B  AC.  but  BAC  is  not  lefs  than  either  of  the  angles  DAB,  D AC, 
therefore  BAC  with  either  of  them  is  greater  than  the  other. 
Wherefore  if  a  folid  ^ngle,  &c.     Q^E.  D. 


PROP-  XXI.     THEOR. 

VERY  folid  angle  is  contained  by  plane  angles 
which  together  are  lefs  than  four  right  angles. 

Firft,  Let  the  folid  angle  at  A  be  contained  by  three  plane  an* 
^es  BAC,  CAD,  DAB.  tlicfc  three  together  are  lefs  than  four 
right  angles.  -    - . 


E 


%•  30.  f  I. 


THB    ELEMENTS 

Book  XI,  Take  in  each  of  the  ftraight  lines  AB,  AC,  AD  any  points  B,  C, 
D,  and  join  BC,  CD,  D&«  theni  becaufe  flhc;  folid  angle  at  B  is 
contained  by  the  three  plane  angles  CB  A,  ABD,  DBC,  any  two  of 
them  are  greater  *  dian  the  third;  therefore  the  angles  CBA,  ABd 
are  greater  than  the  angfe  DBC.  fot  the  fame  teafon,  the  anglc^* 
BCA9  ACD  are  greater  than  the  angle  DCB  j  and  the  angles  CD  A, 
ADB  greater  than  BDC.  wherefore  the  fix  angles  CBA,  ABD, 
EGA,  ACD,  CDA,  ADS  are  greater 
than  the  three  angles  DBC,  BCD,  CDB. 
but  the  three  angles  DBC,  BCD,  CDB 
b.  32.  z.  3yg  equal  to  two  right  angles  K  there- 
fore the  fix  anglesCBA,  ABD,  BCA, 
ACO,  CDA,  ADB  are  greater  than  two 
right  angles,  and  becaufe  the  three  angles 
of  each  of  the  triangles  ABC,  ACD, 
ADB  are  equal  to  two  right  angles,  therefore  the  nine  angles  of 
thefe  three  triangles^  viz.  the  angles  CBA,  BAC,  ACB,  ACD, 
CDA,  DAC,  ADB,  DBA,  BAD,  are  equal  to  fix  right  angles, 
of  thefe  the  fix  angles  CBA,  ACB,  ACD,  CDA,  ADB,  DBA  are 
greater  than  two  right  angles,  therefore  the  remaining  three  angles^ 
BAC,  DAC,  BAD  which  contain  the  folid  angle  at  A,  are  lefs 
than  four  right  angles. 

Next,  Let  the  folid  angle  at  A  be  contained  by  any  number  of 
plane  angles  BAC,  CAD,  DAE,  EAF,  FAB;  thefe  together  are 
lefs  than  four  right  angTes. 

Let  the  planes  in  which  the  angles  are  be  cut  by  a  plane,  and 
let  the  common  feftions  of  it  with  thofe 
planes  be  BC,  CD,  DE,  ET,  FB.  and 
becaufe  the  folid  angle  at  B  is  contained 
by  three  plane  angles  CBA,  ABF,  FBC, 
of  which  any  two  are  greater  *  than  the 
third,  the  angles  CBA,  ABF  are  greater  |^ 
than  the  angle  FBC.  for  the  fame  rea-*^ 
fon,  the  two  plane  angles  at  each  of  the 
points  C,  Dy  £,  F,  viz.  the  angles  which 
are  at  the  bafes  of  the  triangles  having 
>the  common  vertex  A,  are  greater  than 
tbe  third  angle  at  the  fame  point,,  vrhich^ 
is  one  of  the  angles  of  die  poison  BCDEF.  therefor^  all  the 
angles  at  the  bs^s  of  the  triangles  are  together  greater  than  alb  fixr 


O  F    E  U  C  L  I  O.  So? 

snigles  of  the  polygon*  and  becaufe  all  the  angles  of  the  triangles  Book  XI. 
are  together  equal  to  twice  as  many  right  angles  as  there  are  tri-        ▼ 
angles  ^ ;  that  is^  as  there  are  fides  in  die  polygon  BCDEF ;  and  ^*  3^*  <• 
that  all  the  angles  of  the  polygon  together  with 'four  right  angles 
are  likewife  equal  to  twice  as  many  right  angles  as  there  are  fides 
in  the  polygon  ^\  therefore  all  the  angles  of  the  triangles  are  equal  c.  t.  Cor. 
to  all  the  angles  of  the  polygon  together  with  four  right  angles.     ^*'  *• 
But  all  the  angles  at  the  bafes  of  the  triangles  are  greater  than  all 
die  angles  of  the  polygon,  as  has  been  proved,  wherefore  the 
remaining  angles  of  the  triangles,  viz.  thofe  at  the  vertex,  which 
contain  the  folid  angle  at  A,  are  lefs  than  four  right  angles. 
Therefore  every  folid  angle,  &c.    Q^E.  D. 

PROP.   XXn.      THEOR. 

IF  every  two  of  three  plane  angles  be  greater  than  the  See  n. 
third,  and  if  the  ftraight  lines  which  contain  them  be 
all  equal ;  a  triangle  may  be  made  of  the  ftraight  lines 
that  join  the  extremities  of  thofe  equal  ftraight  lines. 

Let  ABC,  DEF,  GHK  be  three  plane  angles,  whereof  every 
two  are  greater  than  the  third,  and  are  contained  by  the  equal 
ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK;  if  dieir  extremities  be 
joined  by  the  ftraight  lines  AC,  DF,  GK,  a  triangle  may  be  made 
of  three  ftraight  lines,  equal  to  AC,  DF,  GKj  that  is,  every  two 
ef  them  are  together  greater  than  the  third. 

If  the  angles  at  B,  E,  H,  are  equal;  AC,  DF,  GK  arc  alfo  equals  ••  4-  «• 
and  any  two  of  them  greater  than  the  third,  but  if  the  angles  are 


not  all  equal,  kt  the  angle  ABC  be  not  lefs  than  either  of  the  two 
at  £^  H^  thi^refore^he  ftraight  line  AC  is  not  lefs  than  ekfact  of  the 


Book  20.  other  two  DF,  GK  •»;  and  it  is  plain  that  AC  togcAcr  with  d&er 

^  V  ""^  of  the  other  two  muft  be  greater  than  the  third,  alfo  DF  with  GK 

•4-    «4«  »^j.p  greater  than  AC.  for,  at  the  point  B  in  the  ftrai^t  line  AB 

c.  aj.  X.    maic  c  the  angle  ABL  equal  to  the  angle  GHK,  and  make  BL 

equal  to  one  of  the  ftraight  lines  AB,  BC,  DE,  EF,  GH,  HK,  and 

join  AL|  LC.  then  becaufe  AB,  BL  are  equal  to  GH,  HK,  and 

the  angle  ABL  to  the  angle  GHK,  the  bafe  AL  is' equal  to  the 

bafe  GK.  and  becaufe  the  angles  at  £,  H  are  greater  than  the  angle 

ABC^  of  which  GHK  is  equal  to  ABL,  therefore  the  remaining 


I"   G 


angle  at  E  is  greater  than  the  angle  LBC.  and  becaufe  the  two  fides 
LB,  BC  are  equal  to  the  two-DE,  EF,  and  that  the  angle  DEF  is 

d.  14. 1.     greater  than  the  angle  LBC,  the  bafe  DF  is  greater  **  than  the  bafe 

LC.  and  it  has  been  proved  that  GK  is  equal  to  AL ;  therefore 
DF  and  GK  are  greater  than  AL  and  LC.  but  AL  and  LC  are 

e.  ao.  I.    greater  *  than  AC;. much  more  then  are  DF  and  GK  greater  than 

•  AC.     Wherefore  every  two  of  the  ftraight  lines  AC,  DF,  GK 

f.  44.  !•     are  greater  than  the  third,  and  therefore  a  triangle  may  be  made  ^ 

the  fides  of  which  fliall  be  equal  to  AC,  DF,  GK.    Q^E.  D. 

PROP.   XXIIL     PROB. 

Sec  N.      rr\0  make  a  folid  angle  which  (ball  be  contained  by 
X      three  given  plane  angles,  any  two  of  them  being 
greater  than  the  third,  and  all  three  together  lefs  than 
four  right  angles. 

Let  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  any  two 
of  which  are  greater  than  the  diird,  and  all  of  them  together  lefs 
than  fourright  angles.  It  is  required,  to  make  a  foKd angle  cont^^ned 
by  thiee  phne  angles  equal  to  ABC,  DEF,  GHK,  each  10  each. 


O  F   £  It  (5  L  1  1>*  *e>^ 

"Rtom  thi*  ftraight  lines  containing  the  arigles,  cut  oft  AB,  BC,  ^^ 
BE,  EF,  GH,  HK  all  equal  to  one  another ;  and  join  AC,  DF, 
GK.  then  a  triangle  may  be  made  »  of  three  ftraight  lines  equal  *•  **•  **• 


to  AC,  DF,  GK.     Let  this  be  the  triangle  LMM  «>,  (o  that  AC  b.  a».  !• 
be  equal  to  LM,  DF  to  MN,  and  GK  to  LN  5  and  about  the  tri- 
angle LMN  defcribe  ^  a  circle,  and  find  its  center  X,  which  will  c-  s-  V 
cither  be  within  the  triangle,  or  in  one  of  its  fides,  or  without  it, 
Firft,  Let  the  center  X  be  within  the  triangle,  and  join  LX, 
MX,  NX.  AB  is  greater  thah  LX.  if  not,  AB  muft  either  be 
equal  to,  or  lefs  than  LX  j  firft,  let  it  be  equal,  then  becaufe  AB 
is  equal  to  LX,  and  that  AB  is  alfo  equal  to  BC,  and  LX  to  XM, 
AB  and  BC  are  equal  to  LX  and  XM,  each  to  each ;  and  the 
bafe  AC  is,  by  conftrudion,  equal  to  the  bafe  LM;  wherefore  the 
angle  ABC  is  equal  to  the  angle  LXM  <».  for  the  fame  reafon,  the  ^*  ••  *• 
angle  DEF  i6  equal  to  the  angle 
MXN,  and  the  angle  GHK  to  the    • 
angle  NXL.  therefore  the  three  art* 
gles  ABC,  DEF,  GHK  are  equal  to 
the  three  angles  LXM,  MXN,  NXL. 
but  the  three  angles  LXM,  MXNf, 
NXL  are  equal  to  four  right  angles*; 
therefore  alfo  the  three  angles  ABC, 
DEF,  CHK  are  eqUal  to  four  right  M 
angles*  but,  hf  the  hypothefis,  they 
are  lefs  than  four  right  angles)  which 

is  abfurd.  therefore  AB  is  not  equal  to  LX.  but  neither  can  ABht 
lefs  than  LX.  for,  if  poffible,  let  it  be  lefs,  and  upon  the  ftraight 
line  LM,  on  the  fide  of  it  on  which  is  the  denter  X,  defcribe  the 
triangle  LOM,  the  fides  LO»OM  of  which  are  equal  to  AB,  BCj 
and  becaufe  the  bafe  LM  it  equal  to  the  bafe  AC,  ihe  angle  LOM 

O 


i»  Cor; 
t5,i« 


d.  8. 


f.  fli.  I. 
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tfio  THEELEMENTS 

Book  Xf.  Js  equal  to  the  angle  ABC  ^.  and  AB,  that  is,  LO,  by  the  hypo- 
thefis,  is  lefs  than  LX;  wherefore  LO,  OM  fall  within  the  triai^ 
gle  LXM;  for,  if  they  fell  upon  its  fides,  or  without  it,  they  would 
be  equal  to,  or  greater  than  LX, 
XM  f,  therefore  the  angle  LOM, 
that  is,  the  angle  ABC  is^  greater 
than  the  angle  LXM  ^,  in  the  fame 
manner  it  may  be  proved,  that  the 
angle  DEF  is  greater  than  the  angle 
MXN,  and  the  angle  GHK  greater 
than  the  angle  NXL.  therefore  the 
three  angles  ABC,  DEF,  GHK  arc' 
greater  than  three  angles  LXM, 
MXN,  NXL}  that  is,  than  four  right 

angles,  but  the  fame  angles  ABC,  DEF,  GHK  are  lefs  than  four 
right  Angles ;  which  is  abfurd.  therefore  AB  is  not  lefs  than  LX^ 
and  it  has  been  proved  that  it  is  not  equal  to  LX ;  wherefore  AQ 
is  greater  than  LX. 

Next,  Let  the  center  X  of  the  pircle  fall  in  one  of  the  fides  of 
the  triangle,  viz.  in  MN,  and  join 
XL.  in  this  cafe  alfo  AB  is  greater 
than  LX.  if  not,  AB  is  either  equal 
to  LX  or  lefs  than  it.  firft,  let  it  be 
equal  to  LX.  therefore  AB  and  BC, 
that  is,  DE  and  EF,  are  equal  to  MX 
and  XL,  that  is  to  MN.  but,  by  the 
conftruftion,  MN  is  equal  to  DF  j 
therefore  DE,  EF  are  equal  to  DF, 
which  is  impoffible  f.  wherefore  AB 
is  not  equal  to  LX ;  nor  is  it  lefs  \ 

for  then,  much  more,  an  abfurdity  would  follow,  therefore  AB 
is  greater  than  LX. 

But  let  the  center  X  of  the  circle  fall  without  the  triangle  LMN, 
and  join  LX,  MX,  NX.  In  this  cafe  likewife  AB  is  greater  than 
LX.  if  not,  it  is  either  equal  to,  or  lefs  than  LX.  firft,  kt  it  be 
jequal ;  it  may  be  proved,  in  the  fame  manner,  as  in  the  firft  ea&j 
that  the  angle  ABC  is  equal  to  the  angle  MXL,  and  GHK  to 
LXN;  therefore  the  whole  angle  MXN  is  equal  to  the  two  angles 
ABC.  GHK.  but  ABC  and  GHK  ^xc  together  greater  than  the 
angle  DEF  ^  therefoie  alfo  the  angle  |dXN  is  greater  thaja  P£F. 


OF    fi  U  C  I  I  D. 


Alt 


aftdliecaufe  DE,  EF  are  equal  to  MX,  XN,  and  the  bafe  DP  to  Book  xi. 
tiie  bafe  MN,  the  angle  MXN  is  equal  <>  to  the  angle  DEF.  and  it  ^     »  -^ 
has  been  proved  that  it  is  greater  than  DEF,  which  is  abfurd. 
therefore  AB  is  not  equal  to  LX.  nor  yet  is  it  lefs ;  for  then,  as 
has  been  proved  in  the  firft  cafe,  the  angle  ABC  is  greater  thaa  > 

the  angle  MXL,  and  the  angle  GHK  greater  than  the  angle  LXN. 
at  the  point  B  in  the  ftraight  line  CB  make  the  angle  CBP  equal 
to  the  angle  GHK,  and  make  BP  equal  to  HK,  and  join  CP,  AP» 


g-  3a.  Tr 


and  becaufe  CB  is  equal  to  GH;  CB,  BP  are  equal  to  GH,  HK^ 
saeh  to  each,  and  Acj  contain  equal  angles ;  wherefore  the  bafe 
CP  is  equal  to  the  bafe  G£,  that  is,  to  LN.  and  in  the  Ifofcetes- 
triangles  ABC,  MXL,  becaufe  the  angle  ABC  is  greater  than  the 
angle  MXL,  therefore  &e  angle  MLX 
at  the  bafe  is  greater  ?  than  the  angle 
ACB  at  the  bafe*  for  the  fame  rea- 
fon,  becaufe  die  angle  GHK»  or  C^, 
is  greater  than  the  angle  LXN,  the 
angle  XLN  is  greater  than  the  angle 
BCP.  therefore  the  whole- angle  MLM 
is  greater  than  the  whole  angle  ACP.  -\/H 
and  becaufe  ML,  LN  are  equal  to 
AC,  CP,  each  to  each,  but  the  angle 
MLN  greater  than  the  angle  AOP, 
the  bafe  MN  is  greater  ^  than   the 
bafe  AP.  and  MN  is  equal  to  DF; 
therefore  alfo  DF  is  greater  than  AP.  Again,  becaufe  DE,  EF  are 
equal  to  AB,  BP,  but  the  bafe  DF  greater  than  the  bafe  AP,  the 
angle  DEF  is  greater  ^  than  the  angle  ABP.  and  ABP  is  equal  to  k.  «s.  i, 
tl>e  two  angles  ABC,  CBP,  that  is  to  the  two  angles  ABC, 
GHK  5  therefore  the  angle  DEF  is  greater  than  the  two  angles 

O  :: 
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.Book  XL  ABC,  GHK;  but  it  is  alfo  lefs'than  thefej  which  is^ impoffiWc. 

^^'■"'' — 'therefore  AB  is  not  lefs  than  LXj  and  it  has  been  proved  that 
it  is  not  equal  to  it ;  therefore  AB  is  greater  than  LX. 

I.  It.  II.  From  the  point  X  ereft  '  XR  at  right  angles  to,  the  plane  of 
the  circle  LMN.  and  becaufc  it  has  been  proved  in  all  the  cafes, 
that  AB  is  greater  than  LX,  find  a  fquarc  equal  to  the  cxccfs  of 
the  fquare  of  AB  above  the  fquare  of 
LX,  and  make  RX  equal  to  its  tide, 
and  join  RL,  RM,  RN.  becaule  RX 
is  perpendicular  to  the  plane  of  the 

o.  3.  DeL  (circle  LMN,  it  is  "  perpendicular  to 
"•  eath  of  the  ftraight  lines  LX,  MX, 
NX.  and  becaufc  LX  is  equal  to  MX,  . 
and  XR  common,  and  at  right  angles  1^ 
to  each  of  them,  the  bafe  RL  is  equal 
to  the  bafe  RM.  for  the  fame  reafon, 
RN  is  equal  to  each  of  the  two  RL, 
RM.  therefore  the  three  ftraight 
lines  RL,  RM,  RN  are  all  cquaL  and 

becaufe  the  fquare  of  XR  is  equal  to  the  excefs  of  the  fquare  of 
AB  above  the  fquare  of  LX ;  therefore  the  fquare  of  AB  is  equal 

fl.  47.  t,  to  the  fquarcs  of  LX,  XR.  but  the  fquare  of  RL  is  equal  "  to  the 
fame  fquzres,  becaufe  LXR  is  a  right  angle,  therefore  the  fquare 
of  AB  is  equal  to  the  fquare  of  RL,  and  the  ftraight  line  AB  to 
RL.  but  each  of  the  ftraight  lines  BC,  DE,  EF,  GH,  HK  is  equal 
to  AB,  and  each  of  the  two  RM,  RN  is  equal  to  RL.  wherefore 
AB,  BC,  DE,  EF,  GH,  HK  are  each  of  them  equal  to  each  of 
,  the  ftraight  lines  RL,  RM,  RN.  and  becaufe  RL,  RM,  are  equal 
to  AB,  BC,  and  the  bafe  LM  to  the  bafe  AC  1  the  angle  LRM 

o,  8. 1,  is  equal "  to  the  angle  ABC.  for  the  fame  reafon,  the  angle  MRN 
is  equal  to  the  angle  DEF,  and  NRL  to  GHK.  Therefore  there 
is  made  a  folid  angle  at  R,  winch  is  contained  by  three  plane  an- 
gles LRM,  MRN,  NRL,  which  are  equal  to  the  three  given 
plane  angles  ABC,  DEF,  GHK,  each  to  each.  Which  was  to 
be  done. 


OF    EUCLID. 


PROP.   A.     THEOR. 


Book  XL 


IF  each  of  two  folid  angles  be  contained  by  three  See  n, 
plane  angles  equal  to  one  another,  each  to  each; 
the  planes  in  which  the  equal  angles  are  have  the.  fame 
inciination^to  one  aiiather. 


Let  there  be  two  folid  angles  at  the  points  Aj  B  i  and  let  the  ^  ^t 

angle  at  A  be  contained  by  the  three  plane  angles  CAD,  CAE, 
EAD ;  and  the  angle  at  B  by  the  three  plane  angles  FBG,  FBH, 
HBG ;  of  which  the  angle  CAD  is  equal  to  the  angle  FBG,  and 
CAE  to  FBH,  and  EAD  to  HBG.  the  planes  in  which  the  equal 
angles  are,  have  the  fame  inclination  to  one  another. 

In  the  ftraight  line  AC  take  any  point  K,  and  in  the  plane  CAD 
from  k  draw  the  ftraight  line  ELD  at  right  angles  to  AC,  and  in 
the  plane  CAE  the  ftraight  lin^  KL  at  right  angles  to  the  fame 
AC.  therefore  the  angle  DKL  is  the  inclination  «  of  the  plane  *-^-I>«f-w» 
CAD  to  the  plane  CAE.  in  BF  take  BM  equal  to  AK,  and  from 
the  point  M  draw,  in  the  planes  FBG,  FBH,  the  ftraight  lines 
MG,  MN  at  right  an* 
gles  to  BF ',  therefore 
the  angle  GMN  is  the 
inclination  ^  of  the  plane 
FBG  to  the  plane  FBH. 
join  LiD,  NG ;  and  be^* 
caufe  in  the  triangles  C 
KAD,  MBG,  the  angles 
I^D,  MBG  are  equal, 

as  alfo  the  right  angles  AKD,  BMG,  and  that  the  (ides  AK,  BM» 
adjacent  to  the  equal  angles,  are  equal  to  one  another,  therefore 
KD  is  equal  ^  to  MG,  and  AD  to  BG.  for  the  fame  reafon,  in  the  ^  ««•  »- 
triangles  KAL,  MBN,  KL  is  equal  to  MN,  and  AL  to  BN.  and 
in  the  triangles  LAD,  NBG,  LA,  AD  are  equal  to  NB,  BG,  and 
diey  contain  equal  angles  j  therefore  the  bafc  LD  is  equat*^  to^-  4-  *• 
the  bafe  NG.  laftly,  in  the  triangles  KLD,  MNG,  the  fides  DK» 
EL  are  equal  to  GM,  MN',  and  the  bafe  LD  to  the  bafe  NO ; 
therefore  the  angle  DKL  is  equal  **  to  the  angle  GMN.  but  the  ^«  ••  »* 
angle  DKL  is  th«  inclination  of  the  plane  CAD  to  the  plane  C A£j 

O3  ^ 
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ifiok  XI.  and  the  angle  GMN  is  the  inclination  of  the  plane  FBG  to  the 
^^■^^^"^  plane  FBH,  which  planes  have  therefore  the  fame  inclination  *  to 

* '  '  one  another,  and  in  the  fame  manner  it  may  be  demonftrated,  that 

the  other  planes  in  which  the  equal  angles  are,  have  the  fame  in* 
clination  to  one  another^    Therefore  if  two  folid  angles,  &c> 

PROP.   B.     THEOR. 

fit  N.  vp  two  folid  angles  be  contained,  each  by  three  plane 
X  angles  whiqh  are  equal  to  one  another,  each  to 
each,  and  alike  iituated  \  tbefe  folid  angles  are  equal  to 
one  another. 

,  Let  there  be  two  folid  angles  at  A  and  B,  of  which  the  folid 
angle  at  A  is  contained  by  the  three  plane  angles  CAD,  CAE» 
E AD ;  and  that  at  B,  by  the  three  plane  angles  FBG,  FBH,  HBGj 
of  which  CAD  is  equal  to  FBG  5  C AE  to  FBH ;  and  EAD  to 
HBG.  the  folid  angle  at  A,  is  equal  to  the  folid  angle  at  B. 

Let  the  folid  angle  at  A  be  applied  to  the  folid  angle  at  B ; 
and  firft,  the  plane  angle  CAD  being  applied  to  the  plane  angl^ 
FBG,  fo  as  the  point  A  may  coincide  with  the  point  B,  and  the 
ftraight  line  AC  with  BF ;  then  AD  coincides  with  BG,  becaufe 
the  angle  CAD  is  equal  to  the 
angle  FBG.  and  becaufe  the  in- 
,  clination  of  the  plane  CAE  to  the 

«•  A.  II.  plane  CAD  is  equal  *  to  the  in* 
clination  of  the  plane  FBH  to  the 
plane  FBG,  the  plane  CAE  coin-  w 
cides  with  the  plane  FBH,  be- 
caufe the  planes  CAD,  FBG  coincide  with  one  another,  and  be* 
caufe  the  ftraight  lines  AC,  BF  coincide,  and  that  the  angle  CAE 
is  equal  to  the  angle  FBH,  therefore  AE  coincides  with  BH.  and 
AD  coincides  with  BG,  wherefore  the  plane  EAD  coincides  with 
the  glane  HBG.  therefore  the  folid  angle  A  coincides  with  the 

b.  8.  Ax.  I.  (olid  angle  B,  and  confequendy  they  are  equal  ^  to  one  another^ 
Q^E.  D. 


look  Xt 


OF    EUCLID. 


PROP.  C     THEOR. 


SOLID  figures  contained  by  the  fame  number  of  equal  see  k. 
and  fimilar  planes  alike  fuuated,  and  having  none 
of  their   folid   angles  contained  by  more  than  three 
plane  angles ;  are  equal  and  fimilar  to  one  another. 

Let  AG,  KQJje  two  folid  figures  contained  by  the  fame  num* 
her  of  fimiiar  and  equal  planes,  alike  fituated,  nz.  let  tshe  plane 
AC  be  fimilar  and  equal  to  the  plane  KM ;  the  phne  AF  to  KP; 
BG  to  LQ^  GD  to  QN;  DE  to  NOj  and  laftly,  FH  fimihr  and 
equal  to  PR.  the  folid  figure  AG  is  equal  and  fimilar  to  the  folid 
figurd  K(^ 

Becaufe  the  folid  angle  at  A  is  contained  by  the  three  plane  angles 
Bad,  B  A£,  EAD  which,  by  the  hypotfaefis,  ar^  equal  Xa  the  plane 
angles  LKN,  LKO,  OKN  which  contain  the  folid  angle  at  K,  each 
to  each;  therefore  the  folid  angle  at  A  is  equal  >  to  the  foUd  angle  s.  B»  ii. 
at  K.  in  the  faxipe  manner,  the  other  folid  angles  of  the  figures  are  - 
equal  to  one  an()ther.  If  then  the  folid  figure  AG  be  applied  to  the 
folid  figure  KQ^  firft,  the  plane  figure  AC  being  applied  to  the 
plane  figure  KM;  the 
ftiatght  line  AB  coin-  JFI  G 

ciding  with  KL,  the    J\ -p 
figure  AC  muft  co-         :  — 
lilcide  with  the  figurejj 
KM,    becaufe    they       \. 
are  equal  and  fimilar.  a 

therefore  the  ftraight        ^^ 

lines  AD,  DC,  CB  coincide  with  KN,  NM,  ML,  each  with  each; 
and  the  points  A,  D,  C,  B  with  the  points  K,  N,  M,  L.  and  the 
folid  angle  at  A  coincides »  with  the  folid  angle  at  K ;  wherefore 
the  plane  AF  coincides  with  the  plane  KP,  and  the  figure  AF 
with  the  figure  KP,  becaufe  they  are  equal  and  fimilar  to  one  ano* 
ther.  therefore  the  ftraight  lines  AE,  EF,  FB  coincide  with  K<^ 
OP,  PL  J  and  the  points  E,  F,  with  the  points  O,  P.  In  the 
fame  manner,  the  figure  AH  coincides  with  the  figure  KR,  and 
the  ftraight  line  DH  with  NR,  and  the  point  H  with  the  point  R. 
and  becaufe  the  folid  angle  at  B  is  equal  to  the  folid  angle  at  L,  it 
m%j  be  proved  m  the  fame  manner,  that  the  figure  £G  coincides 
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B&Qk  XL  with  the  figure  LQ^,  and  the  ftraight  line  CG  with  MQ^,  and 
jthe  point  G  with  the  point  Q^  fince  therefore  all  the  planes  and 
fides  of  the  folid  figure  AG  coincide  with  the  planes  and  fides  of 
the  folid  figure  KQ^,  AG  is  equal  and  fimilarto  KQ^  and  in  the 
fame  manner,  any  other  folid  figures  whatever  contained  by  thi 
fame  number  of  equal  and  fimilar  planes,  alike  fituated,  and  having 
none  of  their  folid  angles  contained  by  more  than  three  plane  angles^ 
may  be  proved  to  be  equal  and  fimilar  to  one  another*  Q;^£.  P.  ^ 


PROP.   XXIV,     THEOR- 

6eeN,  yp  a  folid  be  cbntained  by  fix  planes,  two  and  two  of 
X  which  are  parallel ;  the  oppofite  planes  are  fimilar 
and  equal  parallelograms* 

Let  the  folid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF;  BG,  C£-,  FB,  AE.  its  oppofite  planes  are  fimilar  and  equal 
.     .       parallelograms.  .      " 

Becaufe  the  two  parallel  planes,  BG,  CE  are  cut  by  the  plane 

ft.  i6.  It.  AC,  their  common  feflions  AB,  CD  arc  parallel  •.  again,  becaufe 
the  two  parallel  planes  BF,  AE  are  cut  hy  the  plane  AC>  tl^eir 
common  feftions  AD,  BC  arc  parallel  *.  and  AB  is  parallel  to  CD| 
therefore  AC  ia  a  paralleiogram.  in 
like  manner,  it  Riay  be  proved  that 
each  of  the  figures  CE,  FG,  GB,  BF, 
AE  is  a  parallelogram,  join  AH,  DFj 
and  becaufe  AB  is  parallel  to  DC,  and 
BH  to  CF  j  the  two  ftraight  lines  AB, 
BH,  which  meet  one  another,  are  pa- 
rallel to  DC  and  CF  which  meet  one 
another  and  are -not  in  the  fame  plane 

with  the  other  two  v  wherefore  they  contain  equal  angles  ^ ;  the 
angle  ABH  rs  therefore  equal  to  the  angle  DCF.  and  hecaiife  AB, 
BH  are  equal  to  DC,  CF,  and  the  angle  ABH  equal  to  the  angle 

c.  4. 1.  PCF,  therefore  the  hafe  AH  is  equal  ^  to  the  bafe  DF,  and  the 
triangle  ABH  to  the  triangle  DCF.  and  the  parallelogram  BG  is 

4.  34. 1,  double  ^  of  the  triangle  ABH,  and  the  par«iUe|ogram  CE  double 
of  the  triangle  DCF*,  therefore  the  parallelogram  BG  is  equal  and 
^milar  to  the  parallelogram  CE*  in  the  fame  mannerj  it  may  be 
proved  that  the  p^rallelp|ram  AC  »»  c^urf  %nd  fiwibw  %^  Uid  pa» 


t>*   ZO.  XT. 


OF    EU  CL  ID.  «J7 

tallelograni  GF,  and  the  paialklognun  A£  to  BF.  Therefore  if  »  Book  xt 
folid,  &c.    <^E,D.  >-Nr-* 

PROP.  XXV.     THEOR. 

IF  a  folid  parallelepiped  be  cut  by  a  plane  parallel  to  See  n. 
two  of  its  oppofite  planes;  it  divides  the  whole 
into  two  folids,  the  bafe  of  one  of  which  ihall  be  to  the 

bafe  of  the  other,  as  the  one  folid  is  to  the  other. 

f 

Let  the  foiid  parallelepiped  ABCD  be  cut  by  the  plane  EV 
which  is  parallel  to  the  oppofite  planes  AR,  HD,  and  divides  the  ' 
whole  into  the  two  folids  ABFV,  EGCD ;  as  the  bafe  AEFY  of 
the  firft  is  to  the  bafe  EHCF  of  the  other,  fo  is  the  folid  ABFV  to 
the  folid  EGCD. 

Produce  AQ'both  ways,  and  take  any  number  of  ftraight  lines 
HM»  MN  each  equal  to  EHf  and  any  number  AK»  KL  each  equal 
to  £  A|  and  complete  the  parallelograms  LO,  KY,  HQ^  MS,  and 
the  folids  LP,  KR,  HU,  MT.  then  becaufe  the  ftraight  lines  LK, 
K  A,  A£  are  all  equal,  the  parallelograms  LO,  KY,  AF  are  equal  *•  «•  3^-  u 


IP     c 

and  like  wife  the  parallelograms  KX,  KB,  AG  •;  as  alfo  ^  the  pa-  b.  84.  fz. 
rallelograms  LZ,  KP,  AR,  becaufe  they  are  oppofite  planes,  for 
the  fame  reafon,  the  parallelograms  EC,  HQ^,  MS  are  equal  •;  and 
Ihe  parallelograms  HG,  HI,  IN,  as  alfo  b  HD,  MU,  NT.  there- 
fore  three  planes  of  the  folid  LP,^are  equal  and  fimiiar  to  three 
planes  of  the  folid  KR,  as  alfo  to  three  planes  of  the  folid  AV.  but 
the  three  planes  oppofite  to  thefe  diree  are  equal  and  fimiiar  ^  to 
them  in  the  feveral  folids,  and  none  of  thair  folid  angles  are  con- 
tained by  more  than  three  plane  angles,  therefore  the  three  folids 
LPf  KR,  AV  are  equal  ^  to  one  another,  for  the  fame  reafon,  the  «•  C.ix< 
tbrfe  felids^)  J1U|  MX  ac&ei|ual  to  oncanod)er.-therefbi;e.whal 
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Book  %i.  multiple  feenrer  the  bafe  LF  U  ol  the  bafe  AF,  the  fame  nmlliple  19 
the  folid  LV  of  the  folid  AV.  for  the  fame  reafoH)  whatever  mulni 
tiple  the  bafe  NF  is  of  the  bafe  HF,  the  fame  multiple  is  the  folid 
NV  of  the  folid  ED.  and  if  the  htk  LF  be  equal  to  the  bafe  NF, 
the  folid  LV  is  equal  «  to  the  folid  NV ;  and  if  the  bafe  LF  be 
greater  thafi  die  bafe  NF,  the  folid  LV  is  greater  than  the  folid 
N V ;  and  if  lefs,  lefs.  fince  then  there  are  four  magnitudes,  via. 


0    Y    r    c   ct 

Ae  two  bafes  AF,  FH,  and  the  two  folids  AV,  ED,  and  of  the 
bafe  AF  and  folid  AV,  the  bafe  LF  and  folid  LV  are  aiiy  equi- 
'  muhiples  whatever ;  and  of  the  bafe  FH  and  folid  ED,  the  bafe 
FN  and  folid  NV  are  any  equimultiples  whatever  j  and  it  has  beeit 
proved,  that  if  the  bafe  LF  is  greater  than  the  bafe  FN,  the  folid 
LV  is  greater  than  the  folid  NVj  and  if  equal,  equal  •,  and  if  lefs, 
d.  s.Def.  5.  lefs.  Therefore  ^  as  the  bafe  AF  is  to  the  bafe  FH,  fo  is  the  folid 
AV  to  the  folid'  ED.    Wherefore  if  a  folid,  &c.    Q^^E.  D. 


SeeN. 


PROP.   XXVL     PROB. 

AT  a  given  point  in  a  given  ftraight  line,  to  make  a 
folid  angle  equal  to  a  given  folid  angle  contained 
by  three  plane  angles. 

Lef  AB  be  a  given  ftraight  line,.  A  a  given  point  in  it,  and  D  a 
given  folid  angle  contained  by  the  three  plane  angles  EDC,  EDF^ 
FDC.  it  is  riequired  to  make  at  the  point  A  in  the  ftraight  line 
AB  a  folid  angle  equal  to  the  folid  angle  D. 

In  the  ftraight  line  DF  take  any  point  F,  from  which  draw  ♦ 

FG  perpendicular  to  the  plane  EDC,  meeting  that  plane  in  6*| 

b.  t3. 1,    join  DG,  and  at  the  point  A  in  the  ftraight  line  AB  make  *>  th^ 

angle  B AL  equal  to  die  angle  £i>C,  and  in  the  plane  B  AL  make 

the  angle  BAK  equal  to  the  angle  £D6  ^  then  make  AK  equal 


a.  IX.  XI. 


O  F    E  U  C  L  I  D; 

to  DG,  and  from  the  p<nnt  K  ere£k  *  KH  at  right  tii^  to  thf 
^aoe  BAL}  and  make  KH  cqoal  to  GF»  and  join  AH.  then  th« 
folid  angle  at  A  which  is  contained  by  the  three  plane  an^kftBALi 
BAH>  HaL  is  equal  to  the  folid  angle  at  D  contained  by  the 
three  plane  angles  £DC|  £DF,  FDC. 

Take  the  equal  ftraight  lines  AB,  DE,  and  join  HB,  KB,  FE, 
G£.  and  becaufe  FG  is  perpendicular  to  the  plane  £DC»  it  makcf 
right  angles  **  with  every  ftraight  line  meeting  it  in  that  plane. 
Aercfore  each  of  the  angles  FGD,  FGE  is  a  right  angle,  for  the 
fame  reafon,  HKA,  HKB  are  right  angles,  and  becaufe  KA,  Att 
are  equal  to  GD,  DE,  each  to  each,  and  contain  equal  angles, 
therefore  the  bafe  BK  is  equal  ^  to  ihe  bafe  EG.  and  KH  is  equal 
to  GF,  atld  HKB,  FGE  are  right  angles,  therefore  HB  is  equal  «^  t6 
FE.  again,  becaufe  AK,  KH  are  equal  to  DG,  GF,  and  bontam 
right  angles,  the  bafe  AH  is  equal  to  the  hafe  DF  \  and  AB  is 
equal  to  DE  j  therefore  HA,  AB  are  equal  to  FD,  DE,  and  the 
bafe  HB  is  equal  to  the 
bafe  FE;  therefore  the 
angle  BAH  is  equal '  to 
the  angle  £DF.  for  the 
fame  reafon,  the  angle 
HAL  is  equal  to  theS 
angle  FDC.  becaufe  if 
AL  and  DC  be  made 
equal,  and  KL,  HL, 
GC,  FC  be  joined,  fince  the  whcie  angle  BAL  is  equal  to  the 
whole  tDC,  and  the  parts  of  them  BAK,  EDG  are,  by  the  con- 
ftruftion,  equals  therefore  the  remaining  angle  KAL  is  equal  tq 
the  remaining  angle  GDC.  and  becaufe  K  A,  AL  ate  equal  to  GD, 
DC,  and  contain  equal  angle's,  the  bafe  KL  is  equal  *  to  the  bafe 
GC.  and  KH  is  equal  to  GF,  fo  that  LK,  KH  are  equal  to  CG, 
GF,  and  they  contain  right  angles;  therefore  the  bafe  HL  is  equal 
to  the  bafe  FC.  again,  becaufe  HA,  AL  are  equal  to  FD,  DC,  and 
the  bafe  HL  to  the  bafe.  FC,  the  angle  HAL  is  equal  ^  to  the 
an^le  FDC.  therefore  becaufe  the  three  plane  angles  BAL,  BAH, 
HAL  which  contain  the  folid  angle  at  A,  are  equal  to  the  three 
plane  angles  EDC,  EDF,  FDC  which  contain  the  folid  angle  at  D, 
each  to  each,  and  are  fituated  in  the  fame  order;  the  folid  angle 
at  A  is  equal  ^  to  the  folid  angle  at  D.    Therefore  at  a  given 
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Ikkk  XL  pmnt  in  a  giren  ftraight  line  a  folid  angle  has  been  made  equal  to  a 
'  giTen  folid  -angle  contained  by  three  plane  angles.    Which  was 
to  be  done. 


i.  t^.  XX. 


c.  «a.  $. 


PROP.  XXVII.     PROB. 

* 

TO  defcribe  from  a  given  ftraight  line  a  folid  pa- 
rallelepiped fimilar,  and  fimilarly  fituated  to  one 
given. 

Let  AB  be  the  given  ftraight  line,  and  CD  the  given  folid  pa- 
rallelepiped. It  is  required  from  AB  to  defcribe  a  folid  parallel- 
epiped fimilar,  and  fimilarly  fituated  to  CD. 

At  the  point  A  of  the  given  ftraight  line  AB  make  »  a  folid 
angle  equal  to  the  folid  angle  at  C,  and  let  BAK)  EAH,  HAB 
be  the  three  plane  angles  which  contain  it,  fo  that  B  AK  be  equal 
to  the  angle  ECG,  and  KAH  to  GCF,  and  HAB  to  FCE.  and  as 
EC  to  CG,  fo  make  ^  BA  toAK,  and  as  GC  to  CF,  fo  make  «> 
KA  to  AH ;  wherefore,  ex  aequali  «,  as  EC  to  CF,  fo  is  B  A  to 
AH.  complete  the  parallelogram  BH,  and  the  folid  AL.  and  be» 
caufe,  as  EC  to  CG,  fo  ^ 

BA  to  AK,   the  fides 'Jj 

about  the  equal  angles       I  x*    '        'V 

ECG,   B AK  are    pro-        ^^'**'— 1^ 

portionals }      therefore 

the    parallelogram    BK 

is  fimilar  to  EG.  for  the  K 

fame  reafon  the  parallel- 

bgram  KH  is  fimilar  to       ^ 

GF,  and  HB  to  FE.  wherefore  three  parallelograms  of  the  folid 

AL  are  fimilar  to  three  of  the  folid  CD  5  and  the  three  oppofit^ 

d.  24.  zx.  ones  in  each  folid  are  equal  '  and  fimilar  to  thefe,  each  to  each« 

aifo,  becaufe  the  plane  angles  which  contain  the  folid  angles  of 
the  figures  are  equal,  each  to  ^ach,  and  fituated  in  the  fame  order^ 

e.  B.  II.    the  folid  angles  are  equal  «,  each  to  each.     Therefore  the  folid 
i;xx.I>ef.ii  AL  is  fimilar  ^  to  the  folid  CD.  wherefore  from  a  given  ftraight 

line  AB  a  folid  parallelepiped  AL  has  been  defcribed  fimilar,  and 
fimilarly  fituated  to  the  given  one  CD.   Which  was  to  be  done. 


Bdok  XI. 


b.  i5.  XI, 
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OV    EUCLID. 


PROP.   XXVra.     THEOR. 


IF  a  folid  parallelepiped  \k  cut  by  a  plane  pafllngSeeK. 
thro'  the  diagonals  of  two  of  the  oppofite  planes ; 
it  fhall  be  cut  into  two  equal  parts. 

Let  AB  be  a  folid  parallelepiped,  and  DE,  CF  the  diagonals  of 
the  oppofite  paraUelograms  AM,  GB,  viz.  thofe  which  ate  drawn 
betwixt  the  equal  angles  in  each,  and  becaufe  CD,  F£  are  each  of 
theni  parallel  to  G  A,  and  not  in  the  fame  plane  with  it,  CD,  EF  are 
parallel  * ;  wherefore  the  diagonals  CF,  D£  are  in  the  plane  in  **  9* ''' 
which  the  parallels  are,  and  are  them- 
felves  parallels  *».  and  the  plane  CDEF 
(hall  cut  the  folid  AB  mto  two  equal /^ 
parts.  ^ 

Becaufe  the*  triangle  CGF  is  equal  « 
to  the  triangle  CBF,  and  the  triangle 
DAE  to  DHE ;  and  that  the  parallelo- 
gram CA  is  equal  ^  and  fimilar  to  the  op- 
pofite one  BE;  and  tke  parallelogram 
GE  to  CH.  therefore  the  prifm  contained  l?y  the  two  triangles^ 
CGF,  DAE,  and  the  three  parallelograms  CA,  GE,  EC,  is  equal «  «•  ^'  "- 
to  the  prifm  contained  by  the  two  triangles  CBF,  DHE,  and  the 
three  parallelograms  BE,  CH,  EC  *,  becaufe  they  are  contained  by 
the  fame  number  of  equal  and  fimilar  planes,  alike  fituated,  and 
none  of  their  folid  angles  are  contained  by  more  than  three  plane 
angles.  Therefore  the  folid  AB  is  cut  into  two  equal  parts  by 
the  plane  CDEF.    Q^E.  D. 

<  N.  B.   The  infifting  ftraight  lines  of  a  parallelepiped,  men* 

*  tioned  in  the  next  and  fome  following  Propofitions,  are  the  fides 

*  of  the  parallelograms  betwixt  the  bafe  and  the  oppofite  plane 
<  parallel  to  it.' 

PROP.  XXIX.     THEOR. 


d.  24.  ir« 


A. 


SOLID  paralleleinpeds  upon  the  fame  bafe,  and  of  the  See  U. 
fame  altitude^  the  infifting. ftraight  lines  of  which 
are  terminated  in  the  fame  ftraight  lines  in  the  plane 
i>ppofite  to  the  bafe,  are  equal  to  one  aaothen  . 
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Book  a      Let  the  folid  parallelepipeds  AH,  AK  be  upon  the  fame  bafe 
AB,  and  of  the  fame  akitude,  and  let  their  infilling  ftraight  lines 


See   the 


figures  be-  ^^^  ^^>  ^M,  LNj  CD,  CE,  BH,  BK  be  terminated  in  the  fame 
low.  ftraight  lines  TN,  DK.  the  foUd  AH  is  equal  to  the  folid  AK. 

Firft,  Let  the  paralldograms  DG,  HN  which  are  oppofit^  to  the 

bafe  AB  have  a  common  fide  HG.  then  hecaufe  the  folid  AH  iB 

*  cut  by  the  plane  AGHC  palling  thro*  the  diagonals  AG,  CH  of 

the  ©i^ofite  planes  ALGF,  CBHD,  AH  is  cut  into  two  equal 

a.  28.  n.  parts  »  by  the   plane  AGHC.    jk  W  TC 

therefore  the  folid  AH  is  double 

of  the  prifm  which  is  contained 

by  die  triangles  ALG,  CBH.  for 

the  fabie  reafon,  hecaufe  the  fo-  C/' 

lid  AKiS  cut  by  the  plane  LGHB 

thro'  the  diagonals  LG,  BH  of 

the  oppofite  planes  ALNG,  CBEH,  the  folid  AK  is,  double  of 

the  famp  prifm  which  is  contained  by  the  triangles  ALG,  CBH. 

Therefore  the  folid  AH  is  equal  to  the  folid  AK. 

But  let  the  parallelograms  DM,  EN  <^pdfite  to  the  bafe  have 
no  common  fide,  then  hecaufe  CH,  CK  are  parallelograms,  CB  i$ 

b.  34*  I.  equal  **  to  each  of  the  oppofite  fides  DH,  EK ;  wherefcwre  DH  is 
equal  to  EK.  add,  or  take  away  the  common  part  HEj  then  DE  is 
equal  to  HK.  wherefore  alfo  the  triangle  CDE  is  equal  ^  to  the 
triangle  BHK.  and  the  parallelogram  DG  is  equal  **  to  the  paral- 

lelogram HN.  for  the  fame  reafon,  the  triangle  AFG  is  equal  to 
€•  24. 1 1,  the  triangle  LMN,  and  the  parallelogram  CF  is  equal  *  to  the  paral- 


c.  3S.  t. 
4.  3tf.  I, 


t  C.  IX. 


lelogram  BM,  and  CG  to  BN ;  for  they  are  oppofite.  Therefore 
the  prifm  which  is  contained  by  the  two  triangles  AFG,  CDE,  and 
die  three  parallelograms  AD,  DG,  GC  is  equal  ^  to  the  prifm 
contained  by  the  two  triangles  L&QJ,  BHK,  and  the  three  paral** 
lelograms SM.  MKi  SLL.  if  tbcref orcih^  nrifm LMK,  SHK hf 


OF  IBIf  C  t  ID.  «fej 

tskm  from  tbe  folid  of  w^ch  the  bade  is  the  par^Uelegrsm  AB»  ^^^  ^ 
^d  in  i«4iich  FDKN  is  Ui«  one  opposite  to  it  %  and  if  from  this  ^*^'V%^ 
jEame  foUd  there  \^  taken  the  prifm  AFG»  CDE ;  the  remaining 
folid»  yix,  the  parallelepiped  AH>  i3  equal  to  the  remaining  pscsJp 
leiepiped  AK«   Therefore  Iblid  parallelepipeds^  &c*  Q^E*  D* 

prop:  XXX.     THEOR. 

•it 

SOLID  parallelepipeds  upon  the  fame  bafe,  and  ofs«<^- 
the  fame  altitude,  the  infifting  ftraight  lines  of 
which  are  not  terminated  in  the  fame  ftraight  lines  in  the 

plane  oppolite  to  the  bafe,  are  equal  to  one  another. 

« 

I-.et  the  parallelepipeds  CM,  CN  be.  upon  the  fame  bafe  AB, 
and  of  the  fame  altitude,  but  their  infifting  ftraight  lines  AF,  AG, 
LM,  LN,  CD,  CE,  BH,  BK  not  terminated  in  the  fame*  ftraight 
lines,  the  folids  CM,  CN  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  K£,  and  let  them  meet  one  another 
in  the  points  O,  P,  Q^  R;  and  join  AO,  LP,  BQ^  CR.  and  be-» 
caufe  die  plane  LBHM  is  parallel  to  the  oppofite  plane  ACDF^ 


and  that  the  plane  LBHM  is  that  in  which  are  the  parallels  LB9 
MHPQ^,  in  which  aifais  die  figure  BLPQi  and  the  plane  ACDF 
is  that  m  which  are  the  parallels  AC,  FDOR,  in  which  aUb  10  the 
figure  CAOR;  therefore  the  figures  BLPQ^  CAOR  are  in  paraikl 
planes,  in  like  manner,  becaufe  the  plane  ALNG  is  parallel  to  the 
<>F9ofitiQ  plane  CS&E^  and  thai  the  plane  ALNG  is  that  in  Joi^ith 
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Bdok  xt.  aw  the  parallels  AL,  0?GN,  in  which  alfo  is  flie  figut€  ALPO^ 
''^'"  v"^'"^  and  the  plane  CBKE  is  that  in  which  ate  the  parallels  CB,  RQEK^ 
in  which  alfo  is  the  figure  CBQR ;  therefore  the  figures  ALPO, 
CBQR  are  in  parallel  planes,  and  the  planes  ACBL,  ORQP  are 
parallel;  therefore  the  folid  CP  is  a  paralieiepiped.  but  the  f<^t^ 
CM  of  which  the  bafe  is  ACBL,  to  which  FDHM  is  the  oppofite 
a.  29,  II.  parallelogram,  i$  equal  •  to  the  foUd  CP  of  which  thcxbafe  is  the 


parallelogram  ACBL,  to  which  ORQP  is  the  one  oppofite  j  be- 
caufe  they  are  upon  the  fame  bafe,  and  their  infifting  ftraight  lines 
AF,  AO,  CD,  CR ;  LM,  LP,  BH,  BQ^are  in  the  fame  ftraight 
lines  FR,  M<^  an.d  the  folid  CP  is  equal  »  to  the  folid  CN,  for 
they  are  upon  the  fame  bafe  ACBL,  and  their  infifting  ftraight 
lines  AO,  AG,  LP,  LN ;  CR,  CE,  BQj  BK  are  in  the  fame 
ftraight  lines  ON,  RK.  therefore  the  folid  CM  is  equal  to  tlia 
folid  CN.     Wherefore  folid  parallelepipeds,  &c.     Q;^E.  D* 

PROP.   XXXI.     THEOR. 

iSceN.       ^OLID  parallelepipeds  which  are  upon  equal  bafes, 

l3  ^nd  of  the  fame  altitude,  are  equal  to  one  another. 

.  ••  .  *  '      •     ... 

Let  the  folid  parallelepipeds  A£,  CF,  be  upon  equal  bafes  AB, 
CD,  and  be  of  the  fame  altitude ;  the  folid  AE  is  equal  to  the 
folid  CF. 

Firftj  let  the  infifting  ftraight  lines  be  at  right  angles  to  the  bafes 
A&9  CD>  and  let  the  bafes  be  placed  in  the  fame  plane,,  and  fo  as 


Ill 
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tKat  the  fides  CL,  LB  be  in  a  ftraight  line  j  therefore  the  ftraight  Book  XL 
Kne  LM,  which  is  at  right  angles  to  the  plane  in  which  the  bafes  ate,  ^^-"^^^^^ 
in  the  point  L,  is  common  *  to  the  two  folids  AE,  CF;  \tt  the  *•  ^3-  *i' 
other  infifting  lines  of  the  folids  be  AG,  HK,  BEj  DF,  OP,  CN. 
and  firft,  let  the  angle  ALB  be  eqUal  to  the  angle  CLDj  then 
AL,  LD  are  in  a  ftraight  line  \  produce  OD,  HB,  and  let  them  b-  M- 1' 
meet  in  Q^  and  complete  the  folid  parallelepiped  LR  the  bafe  of 
which  is  the  parallelogram  LQj  and  of  which  LM  is  one  of  its 
infifting  ftraight  lines,  therefore  becaufe  the  parallelogram  AB  is 
equal  to  CD,  as  the  bafe  AB  is  to  the  bafe  LQj  fo  is  «  the  bafe  c.  7.  5* 
CD  to  the  fame  LQ;^  and  becaufe  the  folid  parallelepiped  AR  is 
cut  by  the  plane  LMEB  which  is  parallel  to  tlie  oppofite  planes 
AK,  DR  5  as  the  bafe  AB  is  to  the  bafe  LQ^,  fo  is  ^  the  folid  ^' 
AE  to  the  folid  LR.  for  the  fame  reafon,  becaufe  the  folid  paral- 
lelepiped CR  is  cut  by  the  plane  LMFD  which  i$  parallel  to  the 
oppofite   planes   CP, 

P         I"  JR* 


BR-,  as  the  bafe  CD 

to  the  bafe  LQ^  fo 

is  the  folid  CF  to  the 

folid  LR.  but  as  the 

bafe  AB  to  the  bafe  O 

LQ^,     fo    the    bafe 

CD  to  the  bafe  LQ^, 

as  before  was  prov- 

eiK   therefore  as  the 

folid  AE  to  the  folid-LR,  fo  is  the  folid  CF  to  the  folid  LRj  and 

therefore  the  folid  AE  is  equal  *  to  the  folid  CF.  ^'  9-  S* 

But  let  the  folid  parallelepipeds  SE,  CF  be  upon  equal'  bafes 
SB,  CD,  and  be  of  the  fame  altitude,  and  let  their  infifting  ftraight 
lines  be  at  right  angles  to  the  bafes ;  and  place  the  bafes  SB,  CD 
in  the  fame  plane,  fo  that  CL,  LB  be  in  a  ftraight  line  5  and  let 
the  angles  SLB,  CLD  be  unequal ;  the  folid  6E  is  alfo  in  this 
cafe  equal  to  the  folid  CF.  produce  DL,  TS  until  they  meet  in  A, 
and  from  B  draw  BH  parallel  to  DA;  and  let  HB,  OD  produced 
meet  in  Q.  and  complete  the  folids  AE,  LR.  therefore  the  folid 
AE,  of  which  the  bafe  is  the  parallelogram  LE,  and  AK  the  one 
oppofite  to  it,  is  equal  ^  to  the  folid  SE,  of  which  the  bafe  is  LE,  ^'  ^P*  »*. 
and  to  which  SX  is  oppofite  \  for  they  are  upon  the  fame  bafd 
LE,  and  of  the  fame  altitude,  and  their  infifting  ftraight  lines,  viz. 
LA,  I^,  BH,  BT  5  MG,  MV,  EK,  EX  are  in  the  fame  ftraight 

P 


22(5 


THE    ELEMENTS 


g-  35-  I- 


Book  XL  lines  AT,  GX.  and  becaufe  the  parallelogram  AB  is  equal  *  to  SB, 
for  they  are  upon  the  fame  bafe  LB,  and  between  the  fame  paral- 
lels  LB,    AT;    and 
that  the  bafe  SB  is    P  I"  JBL 

equal  to  the  bafe  CD ; 
therefore  the  bafe  AB 
is  equal  to  the  bafe 
CD.  and  the  angle  O 
ALB  is  equal  to  the 
angle  CLD,  there- 
fore, by  the  firft  cafe, 
the  folid  AE  is  equal 

to  the  folid  CF;  but  the  folid  AE  is  equal  to  the  folid  SE,  as  was 
demonftrated  •,  therefore  the  folid  SE  is  equal  to  the  folid  CF. 

But  if  the  infifting  ftraight  lines  AG,  HK,  BE,  LM-,  CN,  RS, 
DF,  OP,  be  not  at  right  angles  to  the  bafes  AB,  CD;  in  this  cafe 
likewife  the  folid  AE  is  equal  to  the  folid  CF.  from  the  points  G, 
K,  E,  M;  N,  S,  F,'  P,  draw  the  ftraight  lines  GQ^,  KT,  EV,  MX; 

h.  II.  n.  NY,  SZ,  FI,  PU,  perpendicular  ^  to  the  plane  in  which  are  the 
bafes  AB,  CD;  and  let  them  meet  it  in  the  points  Q^,  T,  V,  X; 


M     IS. 


i.  6.  II, 


K  a  T 


Y,  Z,  I,  U,  and  join  QT,  TV,  VX,  XQ^  YZ,  ZI,  lU,  UY.  then 
becaufe  GQ^  KT,  are  at  right  angles  to  the  fam^  plane,  they  are 
parallel  *  to  one  another,  and  MG,  EK  are  parallels ;  therefore 
the  planes  MQ^,  ET  of  which  one  pafles  through  MG,  GQ^, 
and  the  other  through  EK,  KT  which  are  parallel  to  MG,  GQ^, 
k.  15.  II.  and  not  in  the  fame  plane  with  them,  are  parallel  ^  to  one  another, 
for  the  fame  reafon,  the  planes  MV,  GT  are  parallel  to  one  another, 
therefore  the  folid  QE  is  a  parallelepiped,  in  like  manner,  it  may 
be  proved,  that  the  folid  YF  is  a  parallelepiped,  but,  from  what  has 
been  demonftrated,  the  folid  ^QJs  equal  to  the  folid  FY,  becaufe 
they  are  upon  equal  bafes  MK^  PS,  and  of  the  fame  altitudci  and 
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have  their  infifting  ftraight  lines  at  right  angles  to  the  bafes.  and  Book  xi. 
the  folid  EO  is  equal  »  to  the  folid  AE ;  and  the  folid  FY  to  ^'^''^X^ 
the  folid  CF;  becaufe  they  are  upon  the  fan^  bafes  and  of  the  '  j/ 
fame  altitude,  therefore  the  folid  AE  is  equal  to  the  folid  CF. 
Wherefore  folid  parallelepipeds,  &c.     Q^E.  D. 


s 


PROP.   XXXII.     THEOR. 

OLID  parallelepipeds  which  have  the  fame  altitude,  See  N. 
are  to  one  another  as  their  bafes. 


A 


Let  AB,  CD  be  fcdid  parallelepipeds  of  the  fame  altitude,  they 
are  to  one  another  as  their  bafes ;  that  is,  as  the  bafe  AE  to  the 
bafe  CF,  fo  the  foHd  AB  to  the  folid  CD. 

To  the  ftraight  line  FG  apply  the  parallelogram  FH  equal  *  to  a-Cor.45.i, 
AE,  fo  that  the  angle  FGH  be  equal  to  the  angle  LCG;  and  com- 
plete the  folid  parallelepiped  GK  upon  the  bafe  FH,  one  of  whofe 
infifting  lines  is  FD,  whereby  the  folids  CD,  GK  muft  be  of  the 
fame  altitude,  therefore  the  folid  AB  is  equal  ^  to  the  folid  GK,  ^*  3i-  "• 
becaufe  they  are 

Upon  equal  bafes  ^  J)         3C. 

AE,  FH,  and  ate  — - 

of  the  fame  alti 
tude.  and  becaufe 
the  folid  parallel- 
epiped CK  is  cut 
by  the  plane  DG    J^         311 
which  is  parallel 

to  its  oppofite  planes,  the  bafe  HF  is  ^  to  the  bafe  FC,  as  the  folid 
HD  to  the  fblid  DC.  but  the  bafe  HF  is  equal  to  the  bafe  AE, 
and  the  folid  GK  to  the  folid  AB.  therefore  as  the  bafe  AE  to 
the  bafe  CF,  fo  is  the  folid  AB  to  the  folid  CD.  Wherefore  folid 
parallelepipeds,  &c.     Q^^E.  D. 

CorJ  From  this  it  is  manifeft  that  prifms  upon  triangular  bafes, 
of  the  fame  altitude,  are  to  one  another  as  their  bafes. 

Let  the  prifms  the  bafes  of  which  are  the  triangles  AEM,  CFG^ 
and  NBO,  PDQjhe  triangles  oppofite  to  them,  have  the  fame  al- 
titude ;  and  complete  the  parallelograms  A£,  CF,  and  the  folid 
parallelepipeds  AB,  CD,  in  the  firft  of  which  let  MO,  and  in  the 
other  let  GQj3e  one  of  the  infifting  lines,  and  becaufe  the  folid 
parallelepipeds  AB,  CD  have  the  fame  altitude,  they  are  to  one 
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Book  XI.  another  as  the  bafe  AE  is  to  the  bafe  CF ;  wherefore  the  prifms^ 
^^'^^^'^^^  which  are  their  halves  ^,  are  to  one  another  as  the  bafe  AE  to  tht 
bafe  CF ;  that  is,  as  the  triangle  AEM  to  the  triangle  CFG. 

PROP.  XXXIII.     THEOR. 

SIMILAR  folid  parallelepipeds  are  one  to  another  in 
the  triplicate  ratio  of  their  homologous  fides. 

Let  AB,  CD  be  fimilar  folid  parallelepipeds,  and  the  fide  AE 
homologous  to  the  fide  CF.  the  folid  AB  has  to  the  folid  CD,  the 
triplicate  ratio  of  that  which  AE  has  to  CF. 

Produce  AE,  GE,  HE,  and  in  thefe  produced  take  £)C  equal  to 
CF,  EL  equal  to  FN,  and  EM  equal  to  FR  -,  and  complete  the 
parallelogram  KL,  and  the  folid  KO.  becaufe  KE,  EL  are  equal 
to  CF,  FN,  and  the  angle  KEL  equal  to  the  angle  CFN,  becaufe 
the  angle  AEG  is  equal  to  CFN,  by  r^afon  that  .the  folids  AB, 
CD  are  fimilar;  therefore  the  parallelogram  KLis  fimilar  and  equal 
to  the  parallelogram  CN.  for  the  fame  reafon,  the  parallelogram 
MK  is  fimilar  and  equal  to  CR,  and  alfo  OE  to  FD.  therefore 
three,  parallelograms 
of  the  folid  KO  are 
equal  and  fimilar  to 
three  parallelograms 
of  the  folid  CD.  and 
the  three  oppofite 
ones  in  each  folid  are 

a.  24.  II.   equal  *  and    fimilar 

to    thefe.    therefore 
the  folid  KO  is  equal 

b.  C.  II.    b  and  fimilar  to  the 

folid  CD.   complete 

the  parallelogram  GK,  and  complete  the  folids  EX,  LP  upon  the 
bafes  GK,  KL,  fo  that  EH  be  an  infilling  ftraight  line  in  each  of 
them,  whereby  they  muft  be  of  the.  fame  altitude  with  the  folid 
AB.  and  becaufe  the  folids  AB,  CD  are  fimilar,  and  by  permuta- 
tion, as  AE  is  to  CF,  fo  is  EG  to  FN,  and  fo  is  EH  to  FR  5  and 
FC  is  equal  to  EK,  and  FN  to  EL,  and  FR  to  EM  j  therefore  as 
AE  to  EK,  fo  is  EG  to  EL,  and  fo  is  HE  to  EM.  but  as  AE  to 

c.  I.  6,      £}^^  f^  c  jg  the  parallelogram  AG  to  the  parallelogram  GK ;  and 
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as  GE  to  EL,  fo  «  is  GK  to  KL ;  and  as  HE  to  EM,  fo  « is  PE  Book  xi. 
to  KM.  therefore  as  the  parallelogram  AG  to  the  parallelogram  ^ 
GK,  fo  is  GK  to  KL,  and  PE  to  KM.  but  as  AG  to  GK,  fo  ^  is ^;  ^^^^\^ 
the  folid  AB  to  the  folid  EX;  and  as  GK  to  KL,  fo  <i  is  the  folid 
EX  to  the  foli^  PL;  and  as  PE  to  KM,  fo  ^  is  the  folid  PL  to  the 
folid  KO.  and  therefore  as  the  folid  AB  to  the  folid  EX,  fo  is  EX 
to  PL,  and  PL  to  KO.  but  if  four  magnitudes  be  continual  pro- 
portionals, the  firft  is  faid  to  have  to  the  fourth  the  triplicate  ratio 
cf  that  which  it  has  to  the  fecond.  therefore  the  folid  AB  has  to 
the  folid  KO,  the  triplicate  ratio  of  that  which  AB  has  to  EX.  but 
as  AB  is  to  EX,  fo  is  the  parallelogram  AG  to  the  parallelogram 
GK,  and  the  ftraight  line  AE  to  the  ftraight  line  EK.  wherefore 
the  folid  AB  has  to  the  folid  KO,  the  triplicate  ratio  of  that  which 
AE  has  to  EK.  and  the  folid  KO  is  equal  to  the  folid  CD,  and 
die  ftraight  line  EK  is  equal  to  the  ftraight  line  CF.  Therefore 
the  folid  AB  has  to  the  folid  CD,  the  triplicate  ratio  of  that  which 
the  fide  AE  has  to  the  homologous  fide  CF.     C^£«  D. 

CoR.  From  this  it  is  manifeft,  that  if  four  ftraight  lines  be  con« 
tinual  proportionals,  as  the  firft  is  to  the  fourth,  fo  is  the  folid  pa- 
rallelepiped defcribed  from  the  firft  to  the  fimilar  folid  fimilarly  de- 
fcribed  from  the  fecond ;  becaufe  the  firft  ftraight  line  has  to  the 
fourth,  the  triplicate  ratio  of  that  which  it  has  to  the  fecond. 

PROP.   D.     THEOR. 

SOLID  parallelepipeds  contained  by  parallelograms  See  K«. 
equiangular  to  one  another,  each  to  each,  that  is, 
of  which  the  folid  angles  are  equal,  each  to  each ;  have 
to  one  another  the  ratio  which  is  the  fame  with  the 
ratio  compounded  of  the  ratios  of  their  fides. 

Let  AB,  CD  be  folid  parallelepipeds,  of  which  AB  is  contained 
by  the  parallelograms  AE,  AF,  AG  equiangular,  each  to  each,  to 
tlic  parallelograms  CH,  CK,  CL  which  contain  the  folid  CD.  the 
ratio  which  the  folid  AB  has  to  the  folid  CD  is  the.  fame  with  that 
which  is  compounded  of  the  ratios  of  the  fides  AM  to  DL,  AN 
to  DK,  and  AO  to  DH. 
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Produce  MA,  NA,  OA  to  P,  Q^,  R,  fo  that  AP  be  equal  to 
DL,  AQ^to  DK,  and  AR  to  DH ;  and  compkte  the  folid  p** 
ralldepipcd  AX  contained  by  the  parallelograms  AS,  AT,  AV 
fimilar  and  equal  to  CH,  CK,  CL,  each  to  each,  thierefore  the 
folid  AX  is  equal  «  to  the  folid  CD.  complete  like  wife  the  folid 
AY  the  bafe  of  which  is  AS,  and  of  which  AO  is  one  of  its  in- 
fifting  ftraight  lines.  Take  any  ftraight  line  a,  and  as  MA  to  AP, 
fo  make  a  to  b;  and  as  NA  to  AQ^,  fo  make  b  to  c;  and  as  OA 
to  AR,  fo  c  to  d.  then  becaufe  the  parallelogram  AE  is  equian^- 
gular  to  AS,  AE  is  to  AS,  as  the  ftraight  line  a  to  c,  as  is  de-» 
monftrated  in  the  23.  Prop.  Book  6.  and  the  folids  AB,  AY,  being 
betwixt  the  parallel  planes  BOY,  EAS,  are  of  the  fame  altitude, 
b.  3«-  "•  therefore  the  folid  AB  is  to  the  folid  AY,  as  ^  the  bafe  AE  to  the 
bafe  AS ;  that  is,  as  the  ftraight  line  a  is  to  g.  and  the  folid  AY 


«.  as.  II.  is  to  the  folid  AX,  as  ^  the  bafe  OQJs  to  the  bafe  QR;  that  is, 
as  the  ftraight  line  OA  to  AR;  that  is,  as  the  ftraight  line  c  to  the 
ftraight  line  d.  and  becaufe  the  folid  AB  is  to  the  folid  AY,  as  si 
is  to  c,  and  the  folid  AY  to  the  folid  AX,  as  c  is  to  dj  ex  ?tequali, 
the  folid  AB  is  to  the  folid  AX,  or  CD  which  is  equal  to  it,  as  the 
*ftraight  line  a  is  to  d.  but  the  ratio  of  a  to  d  is  faid  to  be  compounded 

cI.p«f.A.5.  d  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d,  which  are  the  fame  with 
the  ratios  of  the  fides  MA  to  AP,  NA  to  AQ^,  and  OA  to  AR, 
each  to  each,  and  the  fides  AP,  AQ^,  AR  are  equal  to  the  fides 
DL,  DK,  DH,  each  to  each.  Therefore  the  folid  AB  has  to  the 
folid  CD  the  ratio  which  is  the  fame  with  that  which  is  com* 
pounded  of  the  ratios  of  the  fides  AM  to  DLj  AN  to  DK,  an4 
AOtoDH.    (^E.  D,» 
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PROP.  XXXIV.     THEOR. 


TH  £  bafes  and  altitudes  of  equal  (oli4  parallelepi-  See  n. 
peds  are  reciprocally  proportional ;  and  if  the 
bafes  and  altitudes  be   reciprocally  proportional,   tht 
ibiid  parallelepipeds  are  equal. 

Let  AB,  CD  be  equal  folid  parallelepipeds ;  their  bafes  arc  re- 
ciprocally proportional  to  their  altitades  y  that  is,  as  the  bafe  £H 
is  to  the  bafeN  NP,  fo  is  the  altitude  of  the  folid  CD  to  the  alti^ 
tudc  of  the  folid  AB. 

Firft,  Let  the  infilling  ftraight  lines  AG,  EF,  LB,  HK  5  CM, 
NX,  OD,  PR  be  at  right  angles  to  the  bafes.  as  the  bafe  £H  to 
the  bafe  NP,  fo  is  CM  tQ 

AG.  if  the  bafe  EH  be  Kl  -B  R  J) 
equal  to  the  bafe  NP,  then  \\(L 
becaufe  the  folid  AB  is 
likewife  equal  to  the  folid 
CD,  CM  fliall  be  equal  to 
AG.  becaufe  if  the  bafes 
EH,  NP  be  equal,  but  the 
altitudes  AG,  CM  be  not 

equal,  neither  (hall  die  folid  AB  be  equal  to  the  folid  CD.  but 
the  folids  are  equal,  by  the  hypothefis.  therefore  the  altitude  CM 
is  not  unequal  to  the  altitude  AG;  that  is,  they  are  equal,  where* 
fore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  CM  to  AG. 

Next,  Let  the  bafes  EH,  NP  not  be  equal,  but  EH  greater  than 
the  other,  finc^  then  the  folid  AB  is  equal  to  the  folid  CD,  CM 
is  therefore  greater  than 
AG.  for  if  it  be  not,  nei- 
ther alfo,  in  this  cafe, 
would  the  folids  AB,  CD 
be  equal,  which,  by  the 
hypothefis,  are  equal. 
Make  then  CT  ^qual  to 
AG,  and  complete  the 
folid  parallelepiped  CV  of 
which   the   bafe    is   NP, 
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*ad  aititude  CT.   Becaufe  the  folid  Afi  is  equal  to  the  folid  CD. 
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.Book  XL  therefore  the  folid  AB  is  to  the  folid  CV,  as  *  the  folid  CD  to  the 
folid  CV.  but  as  the  folid  AB  to  the  folid  CV,  fo^  is  the  bafe  EH 
to  the  bafe  NP ;  for  the  folids  AB,  CV  are  of  the  fame  altitude ; 
and  as  the  folid  CD  to  CV,  fo  ^  is  the  bafe  MP  to  the  bafe  PT, 
and  fo  ^  is  the  ftraight  line  MC  to  CTj  and  CT  is  equal  to  AG. 
therefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  MC  to  AG.  where- 
fore the  bafes  of  the  folid  parallelepipeds  AB,  CD  are  reciprocally 
proportional  to  their  altitudes.  ^ 

Let  now  the  bafes  of  the  folid  parallelepipeds  AB,  CD  be  reci- 
procally proportional  to  their  altitudes  5  viz.  as  the  bafe  EH  to  the 
bafe  NP,  fo  the  altitude  of  the  folid  CD  to  the  altitude  of  the  folid 
AB ;  the  folid  AB.  is  equal 
to  the  folid  CD.  let  the  in- 
(ifting  lines  be,  as  before, 
at  right  angles  to  the  bafes. 
then,  if  the  bafe  EH  be  e- 
qual  to  the  bafe  NP,  fince  JJ 
EH  is  to  NP,  as  the  alti- 
tude of  the  folid  CD  is  to 
the  altitude  of  the  folid  AB, 

e.  A.  5.      therefore  the  altitude  of  CD  is  equal  *to  the  altitude  of  AB.  but 

folid  parallelepipeds  upon  equal  bafes,  and  of  the  fame  altitude  ar^ 

f.  3'-  "•    equal  ^  to  one  another  5  therefore  the  folid  AB  is  equal  to  the 

fglid  CD. 

But  let  the  bafes  EH>  NP  be  unequal,  and  let  EH  be  the  greater 
of  the  two.  therefore,  fince  as  the  bafe  EH  to  the  bafe  NP,  fo  is 
CM  the  altitude  of  the  folid  CD  to  AG  the  altitude  of  AB,  CM 
is  greater  *  tlian  AG.  at- 
gain,  take  CT  equal  to  AG, 
and  complete,  as  before, 
the  folid  CV.  and,  becaufe 
the  bafe  EH  is  to  the  bafe 
NT,  as  CM  to  AG,  and 
that  AG  is  equal  tg  CT, 
therefore  the  bafe  EH  is  to 
the  tafe  NP,   as  MC  to  .  . 

CT.  but  as  the  bafe  EH  is  JV.        ]B 

to  NP,  .fo  b  is  the  folid  AB  to  the  folid  CV •,  for  the  folids  AB, 
CV  are  of  the  fame  altitude ;  and  as  MC  to  CT,  fo  is  the  bafe 
MP  to  ih^  ba((?  PT,  and  th«  fglid  CD  tP  the  fpW  ^  CVt  wi 
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tliercfore  as  the  folid  AB  to  the  folid  CV,  fo  is  the  folid  CD  to  Bt 
the  folid  CV  ;  that  is,  each  of  the  folids  AB,  CD  has  the  fame  "^ 
ratio  to  the  folid  CV ;  and  therefore  the  folid  AB  is  equal  co  the 
folid  CD. 

Second  general  Cafe.  Let  the  infilling  ftraight  lines  FE,  BL, 
GA,  KHi  XN,  DO,  MC,  RP  not  be  at  right  angles  to  the  bafcs 
of  the  folids;  and  from  the  points  F,  B,  K,  G;  X,  D,  R,  M  draw 
perpendiculars  to  the  planes  in  which  are  the  bafes  £H,  NF,  meet- 
ing thofe  planes  in  the  points  S,  T,  V,  T ;  Q__,  i,  U,  2  j  and 
complete  the  folids  FV,  XU,  which  are  parallelepipeds,  as  was 
proved  in  the  lall  part  of  Prop.  31-  of  this  Book.  In  this  ca"fe 
Jikewife,  if  the  folids  AB,Cp  be  equal,  their  bafes  are  reciprocally 
proponional  to  their  altitudes,  viz-  the  bafe  EH  to  the  bafe  NP,  as 
the  altitude  of  the  folid  CD  to  the  altitude  of  the  folid  AB.  Be- 
caufe  the  folid  AB  is  equal  to  the  folid  CD,  and  that  the  folid  BT 
is  equal  '  to  the  folid  BA,  for  they  are  upon  the  fame  bafe  FK,  8* » 
and  of  the  fame.altitude ;'  and  that  the  foUd  DC  is  equal  £  to  the     ' 


folid  DZ,  being  upon  the  fame  bafe  XR,  and  of  the  fame  altitude; 
therefore  the  folid  BT  is  equal  to  the  folid  DZ.  but  the  bafes  are 
reciprocally  proportional  to  the  altitudes  of  equal  foltd  parallelepi- 
peds of  which  the  infifting  ftraight  lines  are  at  right  angles  to  their 
bafes,  as  before  was  proved,  therefore  as  the  bafe  FK  to  the  bafe 
XR,  fo  is  the  altitude  of  the  folid  DZ  to  the  altitude  of  the  folid 
?T.  and  the  bafe  FK  is  equal  to  the  bafe  EH,  and  the  bafe  XR 
to  the  bafe  NF.  wherefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is 
the  attitude  of  the  folid  DZ  to  the  altitude  of  the  folid  BT.  but  the 
altitudes  of  the  folids  DZ,  DC,  as  alfo  of  the  folids  BT,  BA  are 
the  fame.     Therefore  as  the  bafe  EH  to  the  bafe  NP,  fo  is  th« 
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Book  XL  altitude  of  the  folid  CD  to  the  altitude  of  the  folid  AB;  that  is, 
*'  '  V '  the  bafes  of  the  folid  parallelepipeds  AB,  CD  are  reciprocally  pro- 
portional to  their  altitudes. 

Nest,  Let  the  bafes  of  the  folids  AB,  CD  be  reciprocally  pro- 
{Mrtional  to  their  attitudes,  Tiz.  the  bafe  EH  to  the  bafe  NP,  as 
rhe  altitude  of  the  folid  CI)  to  the  altitude  of  the  folid  ABv  the 
•  folid  AB  is  equal  to  the  folid  CD.  the  fame  conftruftion  being 
made ;  becaufe  as  the  bafe  EH  to  the  bafe  NP,  fo  is  the  altitude 
of  the  folid  CD  to  the  altitude  of  the  folid  AB{  and  that  the  bafo 
EH  is  equal  to  the  bafe  FK  j  and  NP  to  XR  j  therefore  the  bafe 
FK  is  to  the  bafe  XR,  as  the  altitude  of  the  folid  CD  to  the 
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altitude  of  AB.  but  the  altitudes  of  the  folids  AB.  BT  are  the 
fame,  as  alfo  of  CD  and  DZ-,  therefore  as  the  bafe  FK  to  the  bafe 
XR,  fo  is  the  aldtude  of  the  folid  DZ  to  the  aldtnde  of  the  folid  ' 
BT.  wherefore  the  bafes  of  the  folids  BT,  DZ  arc  reciprocally  pA)- 
portional  to  their  altitudes;  and  their  infilling  ftraight  lines  are  at 
right  angles  to  the  bafes  j  wherefore,  as  was  before  proved,  the 
%.  »9.or3o,  folid  BT  is  equal  to  the  folid  DZ.  but  BT  is  equal  k  to  the  folid 
■*■  BA,  and  DZ  to  the  folid  DC,  becaufe  they  are  upon  the  fame 
bafes,  and  of  the  fame  altitude.  Therefore  die.  folid  AB  is  equal 
to  the  folid  CD.     Q^E.  D. 
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IF  from  the  verticeg  of  two  equal  plane  angles  there  Scc  N 
be  drawn  two  ftraight  lines  elevated  above  the  planes 
in  which  the  angles  are,  and  containing  equal  angles  with 
the  fides  of  thofe  angles,  each  to  each ;  and  if  in  the 
lines  above  the  planes  there  be  taken  any  points,  and 
from  them  perpendiculars  be  drawn  to  the  planes  ia 
which  the  firft  named  angles  are ;  and  from  the  points 
in  which  they  meet  the  planes,  ftraight  lines  be  drawn 
to  the  vertices  of  the  angles  firft  named ;  thefe  ftraight 
lines  fiiall  contain  equal  angles  with  the  ftraight  lines  /^ 
which  are  above  the  planes  of  the  angles. 

Let  B  AC,  EDF  be  two  equal  plane  angles;  and  from  the  points 
A,  D  let  the  ftraight  lines  AG,  DM  be  elevated  above  the  planes 
of  the  angles,  making  equal  angles  with  their  fides,  each  to  each; 
vi?.  the  angle  GAB  equal  to  the  angle  MDE,  and  GAC  to  MDFj 


\ 


7"  X  /• 
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and  in  AG,  DM  let  any  points  G,  M  be  taken,  and  from  them  let 
perpendiculars  GL,  MN  be  drawn  to  the  planes  B  AC,  EDF  meet- 
ing thefe  planes  in  the  points  L,  N;  and  join  LA,  ND.  the  angle 
GAL  is  equal  to  the  angle  MDN. 

Make  AH  equal  to  DM,  and  thro*  ft  draw  HK  parallel  to 
GL.  but  GL  is  perpendicular  to  the  plane  BAC,  wherefore  HK 
is  perpendicular  *  to  the  fame  plane,  from  the  points  K,  N,  to  the 
ftraight  lines  AB,  AC,  DE,  DF,  draw  perpendiculars  KB,  KC, 
WE,  NFj  and  join  HB,  BC,  ME,  EF.  bccaufe  HK  is  perpendicular 
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to  the  plane  BAC,  the  plane  HBK  which  paffes  through  HK  is 
at  right  angles  ^  to  the  plane  BAC-,  and  AB  is  drawn  in  the  plane 
BACat  right  angles  to  the  common  fediion  BK  of  the  two  planes; 
therefore  AB  is  perpendicular  ^  to  the  plane  HBK9  and  makes  right 
angles  **  with  every  ftraight  line  meeting  it  In  that  plane,  but  BH 
meets  it  in  that  plane  j  therefore  ABH  is  a  right  angle,  for  the 
fame  reafon,  DEM  is  a  right  angle,  and  is  therefore  equal  to  the 
angle  ABH.  and  the  angle  H  AB  is  equal  to  the  angle  MDE.  there- 
fore in  the  two  triangles  HAB,  MDE  there  are  two  angles  in  one 
^qual  to  two  angles  in  the  other,  each  to  each,  and  one  fide  equal 
to  one  fide,  oppofite  to  one  of  the  equal  angles  in  each,  viz.  HA 
equal  to  DM ;  therefore  the  remaining  fides  are  equal  S  each  to 
each,  wherefore  AB  is  equal  to  DE.  In  the  fame  manner,  if 
HC  and  MF  be  joined,  it  may  be  demonftrated  that  AC  is  equal 
to  DF.  therefore  fince  AB  is  equal  to  DE,  BA  and  AC  are  equal 


to  ED  and  DF ;  and  the  angle  B AC  is  equal  to  the  angle  EDF  | 
£  4. 1.  wherefore  the  bafe  BG  is  equal  ^  to  the  bafe  EF,  and  the  remain- 
ing angles  to  the  remaining  angles,  the  angle  ABC  is  therefore 
equal  to  the  angle  DEF.  and  the  right  angle  ABK  is  equal  to  the 
right  angle  DEN,  whence  the  remaining  angle  CBK  is  equal  to 
the  remaining  angle  FEN.  for  the  fame  reafon,  the  angle  BCK  is 
equal  to  the  angle  EFN.  therefore  in  the  two  triangles  BCK,  EFN 
there  are  tvyo  angles  in  one  equal  to  two  angles  in  the  other,  each 
to  each,  and  one  fide  equal  to  one  fide  adjacent  to  the  equal  angles 
in  each,  viz.  BC  equal  to  EF ;  the  other  fides  therefore  are  equal 
to  the  other  fides  -,  bK  then  is  equal  to  EN.  and  AB  is  equal  tq 
DE',  wherefore  AB,  BK  are  equal  to  DE,  EN;  and  they  contain 
right  angles ;  wherefore  the  bafe  AK  is  equal  to  the  bafe  DN. 
find  fmce  AH  is  ecjual  to  DM>  the  f(^uarc  of  AH  is  equal  to  the 
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fquare  of  DM.  but  the  fquares  of  AK,  KH  are  equal  to  the  fquafe  ^^  xi. 
^  of  AH,  becaufe  AKH  is  a  right  angle,  and  the  fquares  of  DN, 
NM  are  equal  to  the  fquare  of  DM,  for  DNM  is  a  right  angle,  g-  47-  »• 
wherefore  the  fquares  of  AK,  KH  are  equal  to  the  fquares  of  DN, 
NM;  and  of  thofe  the  fquare  of  AK  is  equal  to  the  fquare  of 
DN.  therefore  the  remaining  fquare  of  KH  is  equal  to  the  remain- 
ing fauarc  of  NM  j  and  the  ftraight  line  KH  to  the  ftraight  line 
NM.  and  becaufe  HA,  AK  are  equal  to  MD,  DN,  each  to  each, 
and  the  bafe  HK  to  the  bafe  MN,  as  has  been  proved-,  therefore 
the  angle  H  AK  is  equal  ^  to  the  angle  MDN.     (^  E.  D.  ^  ^'  '• 

Cor.  From  this  it  is  manifeft,  that  if  from  the  vertices  of  two 
equal  plane  angles  there  be  elevated  two  equal  ftraight  lines  con- 
taining equal  angles  with  the  fides  of  the  angles,  each  to  each;  the 
perpendiculars  drawn  from  the  extremities  of  the  equal  ftraight 
lines  to  the  planes  of  the  firft  angles  are  equal  to  one  another. 

Another  Demonftration  of  the  Corollary. 

Let  the  plane  angles  B  AC,  EDF  be  equal  to  one  another,  and 
let  AH,  DM  be  two  equal  ftraight  lines  above  the  planes  of  the 
angles,  containing  equal  angles  with  BA,  AC,  ED,  DF,  each  to 
each,  viz.  the  angle  H AB  equal  to  MDE,  and  HAC  equal  to  the 
angle  MDF ;  and  from  H,  M  let  HK,  MN  be  perpendiculars  to 
the  j)lan€s  BAC,  EDF ;  HK  is  equal  to  MN. 

Becaufe  the  fojid  angle  at  A  is  contained  by  the  three  plane 
angles  BAC,  BAH,  HAC,  which  are,  each  to  each,  equal  to  the 
three  plane  angles  EDF,  EDM,  MDF  containing  the  folid  angle 
at  D ;  the  folid  angles  at  A  and  D  are  equal,  and  therefore  coincide 
with  one  another  5  to  wit,  if  the  plane  angle  ABC  be  applied 
to  the  plane  angle  EDF,  the  ftraight  line  AH  coincides  with  DM, 
as  was  ftiewn  in  Prop.  B.  of  this  Book,  and  becaufe  AH  is  equal 
to  DM,  the  point  H  coincides  with  the  point  M.  wherefore  HK 
which  is  perpendicular  to  the  plane  BAC  coincides  with  ^  MN  ^  '3*  *'• 
which  is  perpendicular  to  the' plane  EDF,  becaufe  thefe  planes  co- 
incide with  one  another,  therefore  HK  is  equal  to  MN.  <^E.  D. 
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PROP.  XXXVI.     THEOR. 

IF  three  ftraight  lines  be  proportionals,  the  folid  pa» 
rallelepiped  defcribed  from  all  three  as  its  fides,  is 
equal  to  the  equilateral  parallelepiped  defcribed  from 
the  mean  proportional,  one  of  the  folid  angles  of  which 
is  contained  by  three  plane  angles  equal,  each  to  each, 
to  the  three  plane  angles  containing  one  of  the  folid 
angles  of  the  other  figure* 

Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as  B  to  C. 
.  The  folid  defcribed  from  A,  B,  C  is  equal  to  the  equilateral  folid 
defcribed  from  B,  equiangular  to  the  other. 

Take  a  folid  angle  D  contained  by  three  plane  angles  EDF, 
FDG,  GDE ;  and  make  each  of  the  ftraight  lines  ED,  DF,  DG 
equal  to  B,  and  complete  the  folid  parallelepiped  DH.  make  LK 
%,  %6.  xz.  equal  to  A,  and  at  the  point  K  in  the  ftraight  line  LK  make  '  a 
folid  angle  contained  by  the  three  plane  angles  LKM,  MKN,  NEIL 
equal  to  the  angles  EDF,  FDG,  GDE,  each  to  each ;  and  make 
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KN  equal  to  B,  and  KM  equal  to  C ;  and  complete  the  folid  pa- 
rallelepiped KO.  and  becaufe,  as  A  is  to  B,  fo  is  B  to  C,  and  that 
A  is  equal  to  LK,  and  B  to  each  of  the  ftraight  lines  D£,  DF,  and 
C  to  KM ;  therefore  LK  is  to  ED,  as  DF  to  KM ;  that  is,  the 
lides  about  the  equal  angles  are  reciprocally  proportional ;  there- 
fore the  parallelogram  LM  is  equal  ^  to  EF.  and  becaufe  EDF, 
LKM  are  two  equal  plane  angles,  and  the  two  equal  ftraight  lines 
DG,  KN  are  drawn  from  their  vertices  above  their  planes,  and 
contain  equal  angles  with  their  fides  ^  therefore  the  perpendiculars 
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from  the  points  G,  N,  to  the  planes  EDF,  LKM  are  equal  «  to  Book  XL 
one  another,  therefore  the  folids  KO,  DH  are  of  the  fame  altitude}  ^^'^"^'"^ 

g    Cor    "i.  c 

and  they  are  upon  equal  bafes  LM,  EF,  and  therefore  they  arc  '  ^^  '    ^ 
equal  ^  to  one  another,  but  the  folid  KO  is  defcribed  from  the  d.  31.  ti. 
three  ftraight  lines  A,  B,  C,  and  the  folid  DH  from  the  ilraight 
line  B.     If  therefore  three  ftraight  lines,  &€•    Q;^E.  D. 

PROP.   XXXVIL     THEOR. 

IF  four  ftraight  lines  be  proportionals,  the  fimilar  folid  5««  ^^ 
parallelepipeds  fimilarly  defcribed  from  them  (hall 
alfo  be  proportionals,  and  if  the  fimilar  parallelepipeds 
fimiiarly  defcribed  from  four  ftraight  lines  be  propor- 
tionals, the  ftraight  lines  ftiall  be  proportionals. 

Let  the  four  ftraight  lines  AB,  CD,  EF,  GH  be  proportionals, 
viz.  as  AB  to  CD,  fo  EF  to  GHj  and  let  the  fimilar  parallelepi- 
peds AK,  CL,  EM,  ON  be  fimiiarly  defcribed  from  them.  AK  is 
to  CL,  as  EM  to  GN. 

Make  *  AB,  CD,  Q,  P  continual  proportionals,  as  alfo  EF,  *•  "•  ^• 
GH,  Q^,  R.  and  becaufe  as  AB  is  to  CD,  fo  EF  to  GH ;  CD 
is  ^  to  O,  as  GH  to  Q^,  and  O  to  P,  as  C^to  R ;  therefore,  ex  ^*  »»•  5* 


aequali  «,  AB  is  to  P,  as  EF  to  R.  but  as  AB  to  P,  fo  <*  is  the  «•  "•  S- 
folid  AK  to  the  folid  CL  5  and  as  EF  to  R,  fo  ^  is  the  folid  EM  ^*  ^''  ^^' 
to  the  folid  GN.  therefore  ^  as  the  folid  AK  to  the  folid  CL,  fo 
is  the  folid  EM  to  the  folid  GN. 
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But  let  the  folid  AK  be  to  the  folid  CL,  as  the  folid  EM  lo  the 
folui  GN.  the  ftraight  line  AB  is  to  CD,  as  EF  to  GH. 

Take  AB  to  CD,  as  EF  to  ST,  and  from  ST  dcftribe  «  a  folid 
parallelepiped  SV  fimilar  and  fimilarly  fituated  to  either  of  the  folids 
EM,  GN.  and  becaufe  AB  is  to  CD,  as  EF  to  ST,  and  that  from 
AB,  CD  the  folid  parallelepipeds  AK,  CL  are  fimilarly  defcribed; 
and  in  like  manner  the  folids  EM,  SV  from  the  ftraight  lines  EF, 
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ST;  therefore  AK  is  to  CL,  as  EM  to  SV.  but,  by  the  hypothefis, 
AK  is  to  CL,  as  EM  to  GN.  therefore  GN  is  equal '  to  SV.  but 
it  is  likewife  fimilar  and  fimilarly  fituated  to  SV ;  therefore  the 
planes  which  contain  the  folids  GN,  SVare  fimilar  and  equal j  and 
their  homologous  fides  GH,  ST  equal  to  one  another,  and  be- 
caufe as  AB  to  CD,  fo  EF  to  ST,  and  that  ST  is  equal  to  GH  ; 
AB  is  to  CD  as  EF  to  GH.  Therefore,  if  four  ftraight  lines,  &c. 
Q^E.  D. 

PROP.   XXXVIIL     THEOR. 

*'  TF  a  plane  be  perpendicular  to  another  plane,  and  a 
*'  X  ftraight  line  be  drawn  from  a  point  in  one  of  the 
'^  planes  perpendicular  to  the  other  plane,  this  ftraight 
^^  line  fliall  fall  on  the  common  fedion  of  the  planes. 

«<  Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and  let 
*<  AD  be  their  common  feftion ;  if  any  point  E  be  taken  in  the 
«  plane  CD,  the  perpendicular  drawn  from  E  to  the  plane  AB 
"  fliall  fall  on  AD. 
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^«  tot  if"  it  docs  not,  kt  It,  if  J)ofliblc,  fall  elfcWhete,  ^s  feP;  and  Book  XL 
^  let  it  meet  the  plane  AB  in  the  point  F;  and  from  F  draw  •,  in 
^  the  plane  AB,  a  perpendicular  FO  to  t)A,  whidi  is  alfo  per- 
*<  pcndictilar  ^  to  the  plane  CD;  and  jbiri  EG.  then  beeaufc  FG  is  M-Def-ix, 
«  perpendicular  to  the  plane  CD,  ^ 
<«  ahd  the  ftraight  line  EG,  which  ^ 
<<  is  in  that  plane,  meets  it;  there- 
of fore  TGE  is  a  right  angle  ^.  but 
««  EF  IS  alfo  at  right  angles  to  the  \ 
«  plarie  AB  j  and  therefore  EFG 
«<  Is  a  right  angle,  wherefore  two 
<<  of  the   angles   of  the   triangle 

*<  EFG  are  equal  together  to  two  right  angles  *,  which  is  abfurdi 
^*  therefore  the  perpendicular  from  the  point  E  to  the  plane  AB 
<<  does  not  fall  elfewhere  than  upon  the  ftraight  line  AD.  it  there*' 
<<  fore  falls  upon  it*    If  therefore  a  plane.  Sec*    (^E^  D" 

PROP.  XXXIX-     THEOR. 

IN  a  folid  parallelepiped,  if  the  fides  of  two  of  the  op-  See  K« 
pofite  planes  be  divided  each  into  two  equal  parts, 
the  common  fe£tion  of  the  planes  paiHng  through  the 
points  of  divifion,  and  the  diameter  of  the  folid  paral- 
lelepiped cut  each  other  into  two  equal  parts. 

Let  the  lideS  of 
the  oppofite  plants 
CF,  AH  of  the  folid 
parallelepiped  A  F, 
be  divided  each  into 
two  equal  parts  in 
the  points  K,  L,  M, 
N;  X,  O,  P;  R;  and 
join  KL,  MN,  XO, 
P  R.  and  becaufe 
DK,  CL  are  equal  ^ 
and  parallel,  KL  is 

parallel  •  to  DC.  for  *    ^  iS  XTT^^-^J^T^         «•  33-  i. 

the     fame     realfon,  . 
MN   is   parallel    to 
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Book  XI,  B A.  an<J  BA  is  parallel  to  DC ;  therefore  becaufe  KL,  BA  are 
each  of  them  parallel  to  DC,. and  aot  in  the  fame  plane  with  it,  KL 
is  parallel.**  to  BA.  and  becaufe  KL,  MN  are  each  of  them  pa- 
rallel to  BA,  and  not  in  the  fame  plane  with  it,  KL  is  parallel  ^ 
to  MN;  wherefore  KL,  MN  are  in  one  plane.  In  like  manner, 
it  may  be  proved  that  XO,  PR  are  in  one  plane.  Let  YS  be  the 
common  feftion  of  the  planes  KN,  XR;  and  DG  the  diameter  of 
the  folid  parallelepiped  AF.  YS  and  DG  do  meet^  and  cut  one 
another  into  two  equal  parts.   • 

Join  DY,  YE,  BS,  SG.  becaufe  DX  is  parallel  to  OE,  the  al- 
ternate angles  DXY,  YOE  are  equal « to  one  another,  and  becaufe 
DX  18  equal  to  OE,' 

D         K         F 
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and    XY   to    YO, 

and  contain  equal 
angles,  the  bafe  DY 
is  equal  **  to  the 
bafe  YE,  and  the 
other  angles  are  e- 
qual;  therefore  the 
angle  XYD  is  e- 
qual  to  the  angle 
OYE,  and  DYE  is 
a  ftraight  *  line,  for 
the  fame  reafon 
BSG  is  a  ftraight 
line,  and  BS  equal 


A 


K  <5 

to  SG.  and  becaufe  CA  is  equal  and  parallel  to  DB,  and  alfo  equal 
and  parallel  to  EG ;  therefore  DB  is  equal  and  parallel  ^  to  EG. 
and  DE,  BG  join  their  extremities ;  therefore  DE  is  equal  and 
parallel  *  to  BG.  and  DG,  YS  ^re. drawn  from  points  in  the  one 
to  points  in  the  other,  and  are  therefore  in  one  plane,  whence  it 
is  manifeft  that  DG,  YS  mud  meet  one  another;  let  them  meet  in 
T.  and  becaufe  DE  is  parallel  to  BG,  the  alternate  angles  EDT, 
BGT  are  equal  ^ ;  and  the  angle  DTY  is  equal  ^  to  the  angle 
GTS.  therefore  in  the  triangles  DTY,  GTS  there  are  two  angles 
in  the  one  equal  to  two  angles  in  the  other,  and  one  fide  equal 
to  one  fide,  oppofite  to  two  of  the  equal  angles,  viz.  DY  to  GS-, 
for  they  are  the  halves  of  DE,  BG.  therefore  the  remaining  fides 
are  equal  s,  each  to  each,  wherefore  DT  is  equal  to  TGy  and 
YT  equal  to  TS.    Therefore  if  in  a  folid,  &c.   QJS,.  D. 
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IF  there  be  two  triangular  prifms  of  the  fame  altitude, 
the  bafe  of  one  of  which  is  a  parallelogram,  and 
the  bafe  of  the  other  a  triangle ;  if  the  parallelogram 
be  double  of  the  triangle,  the  prifms  ihall  be  equal  to 
one  another. 

Let  the  prifms  ABCDEF,  GHKLMN  be  of  the  fame  altitude, 
the  firft  whereof  is  contained  by  the  two  triangles  ABE,  CDF, 
and  the  three  parallelograms  AD,  DE,  EC ;  and  the  other  by  the 
two  triangles  GHK,  LMN  and  the  three  parallelograms  LH,  HN, 
NG;  and  let  one  of  theni  have  a  parallelograni  AF,  and  tlie  other 
a  triangle  GHK  for  its  bafe  •,  if  the  parallelogram  AF  be  double 
of  the  triangle  GHK,  the  prifm  ABCDEF  is  equal  to  the  prifm 
GHKLMN. 

:    Complete  the  foUds  AX,  GO^  and.becaufe  the  parailelogiam 
AF  i$  double  of  the  triangle  GHK ;  and  the  parallelogram  HK  ^ 
double  *  of  Ae  fame  triangle  j  therefore  the  parallelogram  AF  is  *•  34*  ^* 


J5        3> 


A 


0      \ 


X 


"E 


equal  to  HK.  but  foHd  t)arallelepipeds  upon  equal  bafes,  and  of 
the  fame  altitude  are  equal  t>  to  one  another,  therefore  the  folid  ^*  3'*  "• 
AX  is  equal  to  the  folid  GO.  and  the  prifm  ABCDEF  is  half  «  c.  7,%.  ii. 
of  the  folid  AX;  and  the  prifm  GFIKLlilN  half  c  of  the  folid  GO. 
therefore  the  prifm  ABCDEF  is  equal  to  the  prifm  GHKLMN. 
Wherefore  if  there  be  two,  &'c.     C^E.  D. 
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Which  is  the  firft  Pfopofition  of  the  tenth  Bool,  and  is  ncceffary 
to  fome  of  the  Propofitions  of  this  Book. 

IF  from  the  greater  of  two  unequal  magnitudes  there 
be  taken  more  than  its  half,  and  from  the  remain- 
der more  than  its  half;  and  fo  on.  there  fliall  at  length 
remain  a  magnitude  lefs  than  the  lead  of  the  propofed 
magnitudes. 

Let  AB  and  C  be  two  unequal  magnitudes,  of  which  AB  is 
the  greater,  if  from  AB  there  be  taken  more 
than  its  half,  and  from  the  remainder  more      A 
than  its  half,  and  fo  on ;  there  (hall  at  length        I 
remain  a  magnitude  lefs  than  C.  i 

For  C  may  be  multiplied  fo  as  at  length  to  K' ' 
become  greater  than  AB.  let  it  be  fo  multi- 
plied, and  let  D£  its  multiple  be  greater  than 
AB,  and  let  DE  be  divided  into  DF,  FG, 
GE,  each  equal  to  C.  from  AB  take  BH 
greater  than  its  half,  and  from  the  remainder 
AH  take  HK  greater  than  its  half,  and  fo  on 
until  there  be  as  many  divifions  in  AB  as  there 
are  in  DE.  and  let  the  divifions  AK,  KH, 
HB  be  as  many  as  the  diviiions  DF,  FG,  GE;  and  becaufe  DE 
i$  greater  than  ABj  and  that  EG  taken  from  DE  is  lefs  than  its 


H" 


B  C     E 


L  ■  'B*— 
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half,  but  BH  taken  from  AB  is  greater  than  its  half,  therefore'the  Book  xn. 
remainder  GD  is  greater  than  the  remainder  H  A«  again,  becaufe 
GD  is  greater  than  HA,  and  that  GF  is  the  half  of  GD,  but  HK 
is  greater  than  the  half  of  HA  ;  therefore  the  remainder  FD  is 
greater  than  the  remainder  AK.  and  FD  is  equal  to  C,  therefore 
C  is  greater  than  AK  *,  that  is,  AK  b  lefs  than  C.    (^E.  D* 

And  if  only  the  halves  be  taken  awajr,  the  fame  thing  may  in 
the  fame  way  be  demonftrated. 


s 


PROP.  I.     THEOR. 

IMILAR  polygons  infcribed  in  circles^  are  to  one 
another  as  the  fquaret  of  their  diameters* 


Let  ABODE,  FGHKL  be  two  circles,  and  in  them  the  fimilar 
polygons  ABODE,  FGHKL ;  and  let  BM^  GN  be  the  diameters 
of  die  circles,  as  the  fquare  of  BM  is  to  the  fquare  of  GN9  fo  is 
the  polygon  ABCDE  to  the  polygon  FGHKL. 

J<nn  BE,  AM,  GL,  FN.  and  becaufe  die  polygon  ABODE  is  fi- 
milar to  the  polygon  FGHKL,  the  angle  B  A£  is  equal  *  to  the  angle  a.  i.Def.  ^ 
GFL,  and  as  BA  to  A£,  fo  >  is  GF  to  FL.  wherefore  the  two  tri- 
angles B  AE,  GFL  having  one  angle  in  one  equal  to  one  angle  in  the 


other,  and  the  fides  about  the  equal  angles  proportionals,  are  equi- 
angular**;  and  therefore  the  angle  AEB  is  equal  to  the  angle  FLG.  b.  <.  ^ 
but  AEB  is  equal  ^  to  the  angle  AMB,  becaufe  they  ftand  upon  the  c.  ii.  > 
fame  circumference;  and  the  angle  FLG  is,,  for  the  fame  reafon^ 
equal  to  the  angle  FNG.  therefore  alfo  the  angle  AMB  is  equal  to 
FNG.  and  the  right  angle  BAM  is  equal  to  the  right  ^  angle  GFN;  d.  51.  > 
wherefore  the  remaining  angles  in  die  triangles  ABM,  FGN  arc 
equal,  ai\d  they  are  equiangular  to  one  another,  therefore  as  BM  to 

Q.3 
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Book  Xir.  GN,  fo  •is  BA  to  GF,  and  therefore  the  duplicate  ratio  of 

^*''^>^^^  to  GN,  is  the  fame  ^  with  die  duplicate  ratio  of  B  A  to  GF.  bux 

£  louDef    ^^  '^^^^  ^^  ^^  fquare  of  BM  to  the  fquare  of  GN,  is  the  duplicate 

and  22. 5,  ^  ratio  of  that  which  BM  has  to  GN;  and  the  ratio  of  the  polygon 

A  J, 


ABCDE  to  the  polygon  FGHKL  is  the  duplicate  t  of  that  which 
BA  has  to  GF.  therefore  as  the  fquare  of  BM  to  the  fquare 
of  GN,  fb  is  the  polygon  ABCDE  to  the  polygon  FGHKL* 
Wherefore  fimilar  polygons,  &c.    Q^E.  D. 

PROP,   11.      THEOR. 


SceN.      A^IRCLES  are  to  one  another  as  the  fquares  of  their 
V>l  diameters* 

Let  ABCD,  EFGH  be  two  circles,  and  BD,  FH  their  diame^ 
ters.  as  the  fquare  of  BD  to  the  fquare  of  FH,  fo  is  the  circle 
ABCD  to  the  circle  EFGH. 

For,  if  it  be  not  fo,  the  fquare  of  BD  {hall  be  to  the  fquare  of 
FH,  as  the  circle  ABCD  is  to  fome  fpace  cither  lefs  than  the  circle 
EFGH,  or  greater  than  it  *.  Firft,  let  it  be  to  a  fpace  S  lefs  than 
the  circle  EFGH ;  and  in  the  circle  EFGH  defcribe  the  fquare 
EFGH*  this  fquare  is  greater  than  half  of  the  circle  EFGH;  bcr- 
caufe  if  through  the  points  E,  F,  G,  H,  there  be  drawn  tangents 
a.  4i«  !•     to  the  circle,  the  fquare  EFGH  is  half  *  of  the  fquare  defcribed 


*  For  there  is  fome  fquare  equal  to 
the  circle  ABCD ;  let  P  be  the  fide  of  it. 
and  to  three  ftraight  lines  IB^D,  FH  and 
P,  there  can  be  a  fourth  proportional, 
l^t  this  be  (^  therefore  the  fquares  of 
theie   four  ftraight  lines  are  proper* 


tionals ;  that  is,  to  the'  fquares  of  BD, 
FH  and  the  circle  ABCD  it  is  poilibld 
there  may  be  a  fourth  proportional. 
Let  this  be  S.  and  in  like  manner  are 
to  be  underftood  fome  things  ip  fome 
of  the  following  PropofitiQns, 
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about  the  circle;  and  the  circle  is  lefs  than  the  fquare  defcribed  about  Book  XII. 
it ;  therefore  the  fquare  EFGH  is  greater  than  half  of  the  circle.        V     ^ 
Divide  the  circumferences  EF,  FG|  GH,  HE^  each  into  two  equal 
parts  in  the  points  K,  L,  M,  N,  and  join  EK,  KF,  FL,  LG,  GM, 
MH,  HN;  NE.  therefore  each  of  the  triangles  EKF,  FLG,  GMH, 
HNE  is  greater  than  half  of  the  fegment  of  the  circle  it  ftands  in^ 
becaufe  if  ftraight  lines  touching  the  circle  be  drawn  through  the 
points  K,  L,  M5  N,  and  parallelograms  upon  the  ftraight  lines  EF> 
FG,  GH,  HE  be  completed;  each  of  the  triangles  EKF,  FLG^ 
GMH,  HNE  ftiall  be  the  half  *  of  the  parallelogram  in  which  it  is*  a.  41.  k 
but  every  fegment  is  lefs  than  the  parallelogram  in  which  it  is» 
wherefore  each  of  the  triangles  EKF,  FLG,  GMH,  HNE  is  greater 
than  tialf  the  fegrnent  of  the  circle  which  contains  it,  and  if  thefe 
circumferences  before  named  be  divided  each  into  two  equal  parts, 
and  their  extremities  be  joined  by  ftraight  lines,  by  continuing  to  do 


this,  there  will  at  length  remain  fegments  of  the  circle  which  toge* 
ther  (hall  be  lefs  than  the  excefs  of  the  circle  EFGH  above  the 
fpace  S.  becaufe,  by  the  preceding  Lemma,  if  from  the  greater  of 
two  unequal  magnitudes  there  be  taken  more  than  its  half,  and  from 
the  remainder  more  than  its  half,  and  fo  on,  there  fliall  at  length 
remain  a  magnitude  lefs  than  the  leafl  of  the  propofed  magnitudes^ 
Let  then  the  fegments  EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE  be 
thofe  that  remain  and  are  together  lefs  than  the  excefs  of  the  circle 
EFGH  above  S.  therefore  the  reft  of  the  circle,  viz.  the  polygon 
EKFLGMHN  is  greater  than  the  fpace  S.  Defcribe  likewife  in  the 
circle  ABCD  the  polygon  AXBOCPDR  fimilar  to  the  polygon 
EKFLGMHN.  as,  therefore,  tlie  fquare  of  BD  is  to  the  fquare  of 
.rH>  fo4s  the  polygon  AXBOCPDRto  the  polygon  EKFLGMHN. 
but  the  fquare  of  BD  is  alfo  to  the  fquare  of  FH,  as  the  circle  ABCD 

0.4 


b.  I.  t2« 


c.  zi.  5. 
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Book  XII,  is  to  the  fpacc  S.  therefore  as  the  circle  ABCD  is  to  the  fpace  S,  fo 
*  is « the  polygon  AXBOCPDR  to  the  polygon  EKFLGMHN.  but 
the  circle  ABCD  is  greater  than  the  polygon  contained  in  it;  wher^ 
fore  the  fpace  S  is  greater  ^  than  the  polygon  EKFLGMHN.  but 
it  is  likewife  lefs»  as  has  been  demonftrated ;  which  is  impoffible. 
Therefore  the  fquare  of  BD  is  not  to  the  fquare  of  FH»  as  the  circle 
ABCD  is  to  any  fpace  lefs  than  the  circle  EFGH*  in  the  fame  man«- 
per  it  may  be  demonftrated  that  neither  is  the  fquare  of  FH  to  the 
fquare  of  BD»  as  the  circle  EFGH  is  to  any  fpace  lefs  than  the 
circle  ABCD.  Nor  is  the  fquare  of  BD  to  the  fquare  of  FH^  as  the 
circle  ABCD  is  to  any  fpace  greater  than  the  circle  EFGH.  for,  if 
poi&ble»  let  it  be  fo  to  T  a  fpace  greater  than  the  circle  EFGH* 
therefore,  inverfely,  as  the  fquare  of  FH  to  th^  fquare  of  I^D^  fo  i$ 


the  (pace  T  to  the  circle  ABCD.  but  as  the  fpace  f  T  is  tp  the 
circle  ABCD,  fo  is  the  circle  EFGH  to  fome  fpace,  which  muft  be 
lefs  ^  than  the  circle  ABCD,  becaufe  the  fpace  T  is  greater,  b^  hy- 
poth^fisi  than  the  circle  EFGH.  therefore  as  the  fquare  of  FH  is  to 


f  For  M  in  the  foregc|in|r  Note  at  * 
i%  was  eiplained  how  it  was  poil^ble 
%htTt  could  be  a  ifourth  proportional 
to  the  fquares  of  BD,  FH  and  the  circle 
45Cp,  which  was  panned  S.  fo  in  like 


mapTier  there  caq  be  a  fqurth  propof[- 
tional  to  this  other  fpace,  named  T, 
and  the  circles  ABCD,  £FGH,  and  the 
like  is  to  be  underftood  in  fome  qf  flie 
following  Ftopofitip^s, 
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the  fquare  of  BD,  fo  is  the  circle  EFGH  to  a  Tpace  leOi  than  the  Book  XIL 
circle  ABCD,  which  has  been  dcmonftrated  to  be  impofiible.  thert-  Vi^Y^/ 
fore  the  fqnare  of  BD  is  not  to  the  fquare  of  FH>  as  the  circle 
ABCD  is  to  any  fpace  greater  than  the  circle  EFGH.  and  it  has 
been  dcmonftrated  that  neither  is  the  fquare  of  BD  to  the  fquare  of 
FH,  as  the  circle  ABCD  to  any  fpace  Icfs  than  the  circle  EFGH. 
wherefore  as  the  fquare  of  BD  to  the  fquare  of  FH,  fois  the  circle 
ABCD  to  the  circle  EFQH  {.  Circles,  thcreCore,  are,  &c  QJE.  D. 

PROP.  m.     THEOR. 

EVERT  pyramid  having  a  triangular  bafe,  may  be  Sce  h, 
divided  into  two  equal  and  fitnilar  pyramids  hav- 
ing triangular  bafes,  and  vliich  are  fimilar  to  the  whole 
pyramid ;  and  into  two  equal  prifms  which  together  are 
greater  than  half  of  the  whole  pyramid. 

Let  there  be  a  pyramid  of  whidi  the  bafe  is  the  triangle  ABC 
and  its  vertex  the  point  D.  the  pyramid  ABCD  may  be  divided 
into  two  equal  and  fimilar  pyramids  hav- 
ing triangular  bafes,  and  fimilar  to  the 
whole ;  and  into  two  equal  prifms  which 
together  are  greater  than  half  of  the  whole 
pyramid. 

Divide  AB,  BC,  CA,  AD,  DB,  DC, 
each  into  two  equal  parts  in  the  points  E, 
F,  G,  H,  K,  L,  and  join  EH,  EG»  GH, 
iIK,KL,LH,EK,KF,FG.  BecaufcAEis 
equal  to  EB,  and  AH  to  HD,  HE  is  pa- 
rallel ■  to  DB.  for  the  fame  reafon,  HK  is  «•  «■  <■ 
parallel  to  AB.  therefore  HEBK  is  a  pa- 

ralleipgram,  and  HK  equal  "*  to  EB-  but  .     •>-  34-  »• 

EB  is  equal  to  AE }  therefore  alfo  AE  is  B  "F  C 

equal  to  HK.  and  AH  is  eq^al  to  HD-, 

wherefore  EA,  AH  are  equal  to  KH,  HD,  each  to  each;  and  the 
^ngle  EAH  is  equal*  to  the  angle  KHDj  therefore  the  bafe  EH  is  ^-  *>■  '- 

i  Bectufe  »  a  fomtb  proportionil  to  the  Iqiiirci  of  BD,  FH  »ni  the  cin.Ie 
A8CO  a  poQible,  tod  tli«t  it  cm  oeitber  be  left  nor  grtaier  tlim  the  citcU 
J^TCH,  U  mult  be  equtl  to  it. 


d.  4*  i< 


e.  10.  II. 


f.  c:iJ. 


g.  4*^« 


h*  2i«  6. 

i.  B.  I T.  &. 
xi.Bef.ii. 
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equal  to  the  bafe  KD,  and  the  triangle  AEH  equal '  and  fimilar  to 
the  triangle  HKD.  for  the  fame  reafon,  the  triangle  AGH  is  equii 
and  fimilar  to  the  triangle  HLD.  and  becaufe  the  two  ftraight  lines 
EHi  HG  which  meet  one  another  are  parallel  to  KD,  DL  that 
meet  one  another^  and  are  not  in  the  fame, plane  with  them,  they 
contain  equal  *  angles ;  therefore  the  angle  £HG  is  equal  to  the 
angle  KDL.  again,  becaufe  £H,  HG  are  equal  to  KD,  DL,  each 
to  each,  and  the  angle  £HG  equal  to  the  angle  KDL ;  therefore 
the  bafe  LG  is  equal  to  the  bafe  KL,  and  the  triangle  EHG  equal 
^  and  fimilar  to  the  triangle  KDL.  for  thd  fame  reafon,  the  triangle 
AEG  is  alfo  equal  and  fimilar  to  the  triangle  HKL.  Therefore 
the  pyramid  of  which  the  bafe  is  the  triangle  AEG,  and  of  which 
the  vertex  is  the  point  H,  is  equal  ^  and 
fimilar  tc  the  pyramid  the  bafe  of  which 
IS  the  triangle  KHL,  and  vertex  the  point 
D.  and  becaufe  HK  is  parallel  to  ^B  a  fide 
of  the  triangle  ADB,  the  triangle  ADB  is  , 
equiangular  to  the  triangle  HDK,  and 
their  fides  are  proportionals  ^.  dierefore 
the  triangle  ADB  is  .fimilar  to  the  triangle 
HDK.  and  for  the  fame  reafon,  the  tri- 
angle DBC  isTimilar  to  the  triangle  DKL; 
and  the  triangle  ADC  to  the  triangle  H  DL ; 
and  alfo  the  triangle  ABC  to  the  triangle 
AEG.  but  the  triangle  AEG  is  fimilar  to  t>" 
the  triangle  HKL,  as  before  was  proved, 
therefore  the  triangle  ABC  is  fimilar  ^  to  the  triangle  HKL.  and  the 
pyramid  of  which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point 
D,  is  therefore  fimilar '  to  the  pyramid  of  which  the  bafe  is  the  tri- 
angle HKL,  and  vertex  the  fame  point  D.  but  the  pyramid  of  which 
the  bafe  isthe  triangleHKL,  andvertex  the  pointD,  is  fimilar,  as  has 
been  proved,  to  the  pyramid  the  bafe  of  which  is  the  triangle  AEG, 
and  vertex  the  point  H.  wherefore  the  pyramid  the  bafe  of  which 
is'the  triangle  ABC,  and  vertex  the  point  D,  is  fimilar  to  the  py- 
ramid of  which  the  bafe  is  the  triangle  AEG  and  vertex  H.  there- 
fore each  of  the  pyramids  AEGH,  HKLD  is  fimilar  to  the  whole 
pyramid- ABCD.  and  becaufe  BFis  equal  to  FC,  the  parallelogram 
EBFG  is  double  ^  of  the  triangle  GFC.  but  when  there  are  two 
prifms  of  the  fame  altitude,  of  which  one  has  a  parallelogram  for 
its  bafe,  and  the  other  a  triangle  that  is  half  of  the  parallelogram^ 
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thefe  prifms  are  equal '  to  one  another;  therefore  the  prifm  having  Book  XII. 

the  parallelogram  EBFG  for;  its  bafe,  and  the  ftraight  line  KH        ▼ 

oppofite  to  it,  is  equal  to  the  prifm  having  the  triangle  GFC  for  its 

bafe,*  and  the  triangle  HKL  oppofite  to  it ;  for  they  are  of  the 

f^me  altitude,  becaufe  they  are  between  the  parallel  ^  planes  ABC,  »•  is*ii» 

HiCL.  and  it  is  maiiifeft  that  each  of  thefe  prifms  is  greater  thah 

either  of  the  pyramids  of  which  the  triangles  AEG,  HKL  are  the 

bafes,  and  the  vertices  the  poihts  fi,  Dj  becaufe  if  EFbe  joined', 

the  prifm  having  the  parallelogram  EBFG  for  its  bafe,  and  KH  the 

ilraight  line  oppofite  to  it,  is  greater  than  the  pyramid  of  which  the 

bafe  is  the  triangk  EBF,  and  vertex  the  point  K;  but  this  pyramid 

16  equal  ^  to  the  pyramid  the  bafe  of  which  is  the  triangle  AEGj  f.  C  ii« 

and  vertex  the  point  Hn  becaufe  they  are  contained  by  equal  and 

fimilar  planes,  wherefore  the  prifm  having  the  parallelogram  EBFG 

for  its  bafe,  and  oppofite  fide  KH,  is  greater  than  the  pyramid  of 

which  the  bafe  is  the  triangle  AEG,  and  vertex  the  point  H«  and 

tlte  prifm  of  which  the  bafe  is  the  parallelogram  EBFG,  and  op^- 

pofite  fide  KH  is  equal  to  the  prifm  having  the  triangle  GFC  for 

its  bafe,  and  HKL  the  triangle  oppofite  to  it  ^  and  the  .pyramid 

of  which  the  bafe  is  the  triangle  AEG,  and  vertex  H,  is  equal 

to  the  pyramid  of  which  the  bafe  is  the  triangle  HKL,  and  vertex 

D.  therefore  the  two  prifms  before-mentioned  are  greater  than  the 

two  pyramids  of  which  the  bafes  are  the  triangles  AEG,  HKL, 

and  vertices  the  points  H,  D.     Therefore  the  whole  pyramid  of 

which  the  bafe  is  the  triangle  ABC,  and  vertex  the  point  D,  is 

divided  into  two  equal  pyramids  fimilar  to  one  another,  and  to  the 

<whole  pyraioid  5  and  into  two  equal  prifms ;  and  the  two  prifms. 

«l«  together  greater  than  h^lf  of  the  whole  pyramid.   Q^E.  D. 


THE    ELEMENTS 


PROP.  IV.     THEOR. 

See  N.  YF  there  be  two  pyramids  of  the  fame  altitude,  upon 
JL  triangular  bafes,  and  each  of  them  be  divided  into 
two  equal  pyrami(ls  iimilar  to  the  whole  pyramid,  and 
alfo  into  two  equal  prifms ;  and  if  each  of  thefe  pyra- 
mids be  divided  in  the  fame  manner  as  the  firft  two, 
and  fo  on.  as  the  bafe  of  one  of  the  firft  two  pyramids 
is  to  the  bafe  of  the  other,  fo  ihall  all  the  prifms  in  one 
of  them  be  to  all  the  prifms  in  the  other,  that  are  pro* 
duced  by  the  fame  number  of  divifions. 

Let  there  be  two  pyramids  of  the  fame  ahitude  upon  the  trian* 
gular  bafes  ABC»  D£F,  and  having  their  vertices  in  the  points  G, 
H ;  and  let  each  of  them  be  divided  into  two  equal  pyramids 
Cmilar  to  the  Mrhole^  and  into  two  equal  prifms  ;  and  let  each  of 
the  pyramids  thus  made  be  conceived  to  be  divided  in  the  like 
manner^  and  fo  on.  as  the  bafe  ABC  is  to  the  bafe  DEF^  fo  are 
all  the  prifms  in*  the  pyramid  ABCG  to  all  the  prifms  in  the 
pyramid  DEFH  made  by  the  fame  number  of  divifions. 

Make  the  fame  conftru£tion  as  in  the  foregoing  propoiition.  and 
becaufe  BX  is  equal  to  XC,  and  AL  to  LC»  therefore  XL  is  parat- 
a.  a.  6.      Icl  *  to  AB,  and  the  triangle  ABC  fimilar  to  the  triangle  LXC  for 
the  fame  reafon>  the  triangle  DEF  is  fimilar  to  RVF.  and  becaufe 
BC  is  double  of  CX,  and  EF  double  of  FV,  therefore  BC  is  to  CX, 
as  EF  to  FV.  and  upon  BC,  CX  are  defcribed  the  fimilar  and  fimi^ 
lariy  fituated  reftilineal  figures  ABC,  LXC ;  and  upon  EF,  FV, 
in  like  manner,  arc  defcribed  the  fimilar  figures  DEF,  RVF.  there- 
fa.  %%.  6.    fore  as  the  triangle  ABC  is  to  the  triangle  LXC,  fo  ^  is  the  triangle 
DEF  to  the  triangle  RVF,  andj  by  permutation,  as  the  triangi<^ 
ABC  to  the  triangle  DEF,  fo  is  the  triangle  LXC  to  the  triangle 
RVF.  and  becaufe  the  planes  ABC,  OMN,  as  alfo  the  planes 
c  15.  Ti.   DEF,  STY  are  parallel  *=,  the  perpendiculars  drawn  from  the  points 
G,  H  to  the  bafes  ABC,  DEF,  which,  by  the  Hypothefis,  are  equal 
d.  17.  IT.  to  one  another,  fliall  be  cut  each  into  two  equals  parts  by  the 
planes  OMN,  STY,  becaufe  the  ftraight  lines  GG,  HF  are  cut  into 
two  equal  parts  in  the  points  N,  Y  by  the  fame  planes,  therefore 
tbc  prifms  LXCOMN,  RVfSTY  arc  of  the  fame  altitude  j  and 
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therefore  as  the  bafe  LXC  to  the  hafe  RVFj  that  b,  as  ihetnafigle  ««*  xu. 
ABC  to  the  triangle  DEF,  fo '  is  the  pri&n  having  the  triangle  LXC  ""^^p^ 
for  its  bafe,  and  OMN  the  triangle  opposite  to  it,  to  the  prifm  of  ' ,,/ 
which  the  bafe  is  the  triangle  RVF,  and  the  oppofitc  triangle  STY. 
and  becaufe  the  two  prifms  in  the  pyramid  ABCG  are  cqusl  to  one 
another,  and  alfo  the  two  prifms  in  the  pyramid  DEFH  equal  to 
one  another,  aa  the  prifm  of  which  the  bafe  is  the  parallelogiam 
KBXL  and  oppolite  fide  MO,  to  the  prifm  having  the  triangle  LXC 
for  its  bafe>  and  OMN  the  triangle  oppofitc  to  it}  fo  ^  is  the  prifm  ^'  '*  ^' 
of  which  the  bafe  is  the  parallelogram  PEVR,  and  oppofitc  fide 
TS,  to  the  prifm  of  which  the  bafe  is  the  triangle  RVF,  and  oppo- 
lite  triangleSTY.  tbereforet  componcndo,  as  the  pTifmsKBXLMO> 


LXCOMN  together  are  unto  the  prifm  LXCOMN  j  fo  are  the 
prifms  PEVRTS,  RVFSTT  to  the  prifm  RVFSTT.  and,  pcr- 
mutando,  as  the  prifms  K&XLMO,  LXCOMN  are  to  the  prifhu 
PEVRTS,  RVFSTT ;  fo  is  the  prifm  LXCOMN  to  the  prifm 
RVFSTT.  but  as  the  prifm  LXCOMN  to  the  prifm  RVFSTT, 
fois,  as  has  been  proved,  thebafe  ABCto  thebafeDEF.  therefore 
as  the  bafe  ABC  to  the  bafe  DEF,  fo'are  the  two  prifms  in  the 
pyramid  ABCG  to  the  two  prifms  in  the  pyramid  DEFH.  and  likc^ 
wife  if  the  pyramids  now  made,  for  example  the  two  OMNG, 
STYH  be  divided  in  the  fame  manner ;  as  the  bafe  OMN  is  to  the 
bafe  STT,  fo  fliall  the  two  prifms  in  the  pyramid  OMNG  be  to 
the  two  prifms  in  the  pyramid  STYH.  but  the  bafe  OMN  is  to  the 
bafe  STT,  as  the  bafe  ABC  to  the  bafe  DEF;  thejcfore  as  the  bafe 
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Book  xn.  ABC  to  the  bafe  DEF,  fo  are  the  two  prifins  in  the  pytamid  ABCG 
▼  to  the  two  prifms  in  the  pyramid  DEFH;  and  fo  are  the  two  prifms 
in  the  pyramid  OMNG  to  the  two  prifma  in  the  pyramid  STY H; 
and  fo  are  all  four  to  all  four,  and  the  fame  thing  may  be  ihewn 
of  the  prifms  made  by  dividing  the  pyramids  AKL0  and  DPRS| 
and  of  all  made  by  the  fame  number,  of  divifions.    Q;^£-  D. 

PROP.   V.     THEOR. 

% 

seeN.      T^YRAMIDS  of  the  fame  altitude  which  have  trian- 


P 


gular  bafeSy  are  to  one  another  as  their  bafes. 


r  

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bafes,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
fame  altitude,  as  the  bafe  ABC  to  the  bafe  DEF,  fo  is  the  pyra* 
mid  ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  not  fo,  the  bafe  ABC  muft  be  to  the  bafe  DEF,  as 
the  pyramid  ABCG  to  a  folid  either  lefs  than  the  pyramid  DEFH, 
or  greater  than  it  *.  Rrft,  let  it  be  to  a  folid  lefs  than  it,  viz.  to 
the  folid  Q^  and  divide  the  pyramid  DEFH  into  two  equal  pyra- 
mids, fimilar  to  the  whole,  and  into  two  equal  prifms.  therefore 
*•  3.  la.  thefe  two  prifms  are  greater  *  than  the  half  of  the  whole  pyramid, 
and,  again,  let  the  pyramids  made  by  this  divifion  be  in  like  man- 
ner divided,  and  fo  on,  until  the  pyramids  which  remain  undivided 
in  the  pyramid  DEFH  be,  all  of  them  together,  lefs  than  the  ex- 
cefs  of  the  pyramid  DEFH  above  the  folid  Q^  fet  thefe,  for  ex- 
ample, be  the  pyramids  DPRS,STYH.  therefore  the  prifms,  which 
make  the  reft  of  ihe  pyramid  DEFH,  are  greater  than  the  folid  Q^ 
divide  Tikewife  the  pyramid  ABCG  in  the  fame  manner,  and  into 
as  many  parts,  as  the  pyramid  DEFH.  therefore  as  the  bafe  ABC 

b.  4. 12.     to  the  bafe  DEF,  fo  ^  are  the  prifms  in  the  pyramid  ABCG  to 

the  prifms  in  the  pyramid  DEFH.  but  as  the  bafe  ABC  to  the 
bafe  DEF,  fo,  by  hypothefis,  is  the  pyramid  ABCG  to  the  folid 
Qj  and  therefore,  as  the  pyramid  ABCG' to  the  folid  Q^  fo  are 
the  prifms  in  the  pyramid  ABCG  to  the  prifms  in  the  pyramid 
DEFH*  but  the  pyramid  ABCG  is  greater  than  the  prifms  con- 

c.  14.  5.    tained  in  it;  wherefore  ^  alCo  the  folid  QJs  greater  than  the  prifms 

in  the  pyramid  DEFH*  but  it  is  alfo.  kfs,  which  is  impoffible. 

^  This  may  be  explained  the  fame  way  as  at  the  note  *  in  PropoJlition  2.  ia 
t^ciUM^afe.  ' 
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therefore  the  bafe  ABC  is  not  to  the  bafe  DEF,  as  the  pyramid  Book  xu. 
ABCG  to  any  folid  which  is  UlTs  than  the  pyramid  DEFH.  in  the  v'"' 
fame  manner  it  may  be  demonltrated,  that  the  bafe  DEF  is  not  to 
the  bafe  ABC,  as  the  pyrunid  DKFH  to  any  Ibtid  which  is  iek 
than  the  pyramid  ABCG.  Nor  can  the  bafe  ABC  be  to  the  bafe 
DEF,  as  the  pyramid  ABCG  to  any  folid  which  is  greater  than 
tlie  pyramid  UEFH.  for,  if  it  be  pofTible,  let  it  be  fo  to  a  greater, 
viz.  the  foiid  Z.  and  bccaufe  the  bafe  ABC  is  to  the  bafe  DEF,  as 
the  pyramid  ABCG  to  the  folid  Z ;  by  inverfion,  as  the  bafe 
DEF  to  the  bafe  ABC,  fo  is  the  folid  Z  to  the  pyramid  ABCG. 
but  as  the  folid  Z  is  to  the  pyramid  ABCG,  fo  is  the  pyramid 
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DEFH  to  fome  folid  f ,  which  muft  be  lefs  •"  than  the  pyramid  <*'  '■*■  > 
ABCG,  becaufe  the  folid  Z  is  greater  than  the  pyramid  DEFH. 
and  therefore,  as  the  bafe  DEF  to  the  bafe  ABC,  fo  is  the  pyra- 
mid DEFH  to  a  folid  lefs  than  the  pyramid  ABCG;  the  contrary 
to  which  has  been  proved,  therefore  the  bafe  ABC  is  not  to  the' 
bafe  DEF,  as  the  pyramid  ABCG  to  any  folid  which  is  greater 
than  the  pyramid  DEFH.  and  it  has  been  proved  that  neither  is 
the  bafe  ABC  to  the  bafe  DEF,  as  the  pyramid  ABCG  to  any  fo- 
lid which  is  lefs  than  the  pyramid  DEFH,  Therefore  as  the  bafe 
ABC  is  to  the  bafe  DEF,  fo  is  the  pyramid  ABCG  to  the  pyra- 
mid DEFH.     Wherefore  pyramids,  &c.     Q^  E.  D. 


i  Tliii  may  be  c^plalntd  the  lame  ' 
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PROP.  VI.     THEOR. 


See  N. 


■•  5*  12. 


PYramijOs  of  the  fame  altitude  which  have  polygon^ 
for  their  bafes,  are  to  one  another  as  their  bafes« 

Let  the  pyramids  which  have  the  polygons  ABCDE,  FGHKL 
for  their  bafes,  and  their  vertices  in  the  points  M»  N,  be  of  the 
fame  altitude,  as  the  bafe  ABCDE  to  the  bafe  FGHKL,  fo  i^  the 
pyramid  ABCDEM  to  the  pyramid  FGHKLN. 

Divide  the  bafe  ABCDE  into  the  triangles  ABC,  ACD,  ADE; 
and  the  bafe  FGHKL  into  the  triangles  FGH,  FHK,  FKL.  and 
upon  the  bafes  ABC,  ACD,  ADE  let  there  be  as  many  pyramids  of 
which  the  common  vertex  is  the  point  M.  and  upon  the  remaining 
bafes  as  many  pyramids  hafing  dieir  common  vertex  in  the  point 
N.  therefore,  fince  the  triangle  ABC  is  to  the  triangle  FGH,  as  • 
the  pyramid  ABCM  to  the  pyramid  FGHN;  and  the  triangle  ACD 
to  the  triangle  FGH,  as  the  pyramid  ACDM  to  the  pyramidFGfHN; 
and  alfo  the  triangle  ADE  to  the  triangle  FGH,  as  the  pyramid 


b.  4. 

24. 


C.  22.  5 


ADEM  to  the  pyramid  FGHN;  as  all  the  firft  antecedents  to  their 
Cof*  common  confequent,  fo  *»  are  all  the  other  antecedents  to  their  com- 
^'  mon  confequent;  that  is,  as  the  bafe  ABCDE  to  the  bafe  FGH,  fo 
is  the  pyramid  ABCDEM  to  the  pyramid  FGHN.  and  for  the 
fame  reafon,  as  the  bafe  FGHi^L  to  the  bafe  FGH,  fo  is  the  pyra- 
mid FGHKLN  to  the  pyramid  FGHN.  and,  by  inverfion,  as  the 
bafe  FGH  to  the  bafe  FGHKL,  fo  is  the  pyramid  FGHN  to  the 
pyramid  FGHKLN.  then  becaufe  as  the  bafe  ABCDE  to  the  bale 
FGH,  fo  is  the  pyramid  ABCDEM  to  the  pyramid  FGHN-,  and  as 
the  bafe  FGH  to  the  bafe  FGHKL,  fo  is  the  pyramid  FGHN  to  the 
pyramid  FGHKLN;  therefore^  ex  aequaliS  as  the'bafe  ABCDE  to 


34-  *« 
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tire  bale  PGHKL,  fo  the  pyramid '  ABCDEM  to  the  pyramid  Booli  xil. 
FGHKLN.    Therefore  ppamids,  &c.     Q^E.  D.  '        "* 

PROP.   VII.      THEOR. 

EVERY  prifm  having  a  triangular  bafe  may  be 
divided ^ihto  three  pyramids  that  have  triangulat 
bafes,  and  are  equal  to  one  another. 

Let  there  be  a  prifm  of  which  the  bafe  is  the  tHangle  ABC,  and 
let  DEF*  be  the  triangle  oppofite  to  it*  the  prifm  ABCDEF  may 
be  divided  into  three  equal  pyramids  having  triangular  bafea. 

Join  BD,  EC,  CD  *,  and  becaufe  ABED  is  a  parallelogram  of 
which  BD  is  the  diameter,  the  triangle  ABD  is  equal  *  to  the  tri-  ^* 
angle  EBDj  therefore  the  pyramid  of  which  the  bafe  is  the  triangle 
ABD,  ahd  vertex  the  point  C,  is  equal  ^  to  the  pyramid  of  which  ^* 
the  bafe  is  the  triangle  EBD,  and  vertex  the  point  C.  but  this  py-* 
ramid  is  the  fame  with  the  pyramid  the  bafe  of  which  is  the  triangle 
£BC,  and  vertex  the  point  D;  for  they  are  contained  by  the  fame 
planes,  therefore  the  pyramid  of  which  the  bafe  is  the  triangle 
ABD,  and  vertex  the  point  C,  is  equal  to  the  pyramid  the  bafe  of 
tvhich  is  the  triangle  EBC,  and  vertex  the  point  D.  again,  becaufe 
FCBE  is  a  parallelogram  of  which  the  dia- 
meter is  CE,  the  triangle  ECF  is  equal » to 
the  triangle  ECB )  therefore  the  pyramid  -^ 
of  which  the  bafe  is  the  triangle  ECB,  and  -*^ 
Vertex  the  point  D,  is  equal  to  the  pyra- 
mid the  bafe  of  which  is  thetriangle  ECF, 
and  vertex  the  point  D<  but  tlie  pyramid 
of  which  the  bafe  is  the  triangle  ECB,  and    A 
vertex  the  point  D  has  been  proved  equal  "^ 
to  the  pyramid  of  which  the  bafe  is  the  triangle  ABD,  and  vertex 
the  point  C.   Therefore  the  prifm  ABCDEF  is  divided  into  three 
equal  pyramids  having  triangular  bafes,  viz.  into^  the  pyramids 
ABDC,  EBDC,  ECFD.  and  becaufe  the  pyramid  of  which  the 
bafe  is  the  triangle  ABD,  and  vertex  the  point  C,  is  the  fame  with 
the  pyramid  of  which  the  bafe  is  the  triangle  ABC,^nd  vertex  the 
point  D,  for  they  are  contained  by  the  fame  planes  •,  and  that  the 
pyramid  of  which  the  bafe  is  the  triangle  ABD,  and  vertex  the 
point  C,  has  been  demonftrated  to  be  a  third  paxt  of  the  prifm  the 
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Book  XII.  bafe  of  which  is  the  triangle  ABC,  and  to  which  DEF  is  the  op- 
pofite  triangle;  therefore  the  pyramid  of  which  th^  bafe  is  the  tri-* 
angle  ABC,  and  vertex  the  point  D,  is  the  third  part  of  the  prifm 
which  has  the  fame  bafe,  viz.  the  triangle  ABC^  and  DEF  is  the 
oppofite  triangle.     Q.  E.  D% 

CoR.  I.  From  this  it  is  manifeft,  that  every  pyramid  is  the  third 
part  of  a  prifm  which  has  the  fame  bafe,  and  is  pf  an  equal  alti- 
tude with  it;  for  if  the  bafe  of  the  prifm  be  any  other  figure  than  a 
triangle,  it  may  be  divided  into  prifms  having  triangular  bafes* 

CoR.  2.  Prifms  of  equal  altitudes  are  to  one  another  as  their 
bafes;  becaufe  the  pyramids  upon  the  fame  bafes,  and  of  the  fame 
altitude,  are  ^  to  one  another  as  their  bafes. 


€.   6.   12. 


PROP.   VIII.     THEOR. 


SIMILAR  pyramids  having  triangular  bafes,  are  one 
CO  another  in  the  triplicate  ratio  of  that  of  their 
homologous  fides. 

Let  the  pyramids  having  the  triangles  ABC,  DEF  for  their  bafes> 
and  the  points  G,  H  for  their  vertices,  be  fimilar  and  finlil^rly  fitu- 
ated.  the  pyramid  ABCG  has  to  the  pyramid  DEFH,  the  triplicate 
ratio  of  that  which  the  fide  EC  has  to  the  homologous  fide  EF. 

Complete  the  parallelograms  ABCM,  GBCN,  ABGK,  and  the 
folid  parallelepiped  BGML  contained  by  thefe  planes  and  thofe  op- 


pofite to  them,  and  in  like  manner  complete  the  folid  parallelepi* 

ped  EHPO  contained  by  the  three  parallelograms  DEFP,  HEFR, 

a.  XI.  Def.  ^^^^  ^^^  thofe  oppofite  to  them,  and  becaufe  the  pyramid 

ABCG  is  fimilar  to  the  pyramid  DEFHj  the  angle  ABC  is  equal » 


XX. 
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to  the  angle  DEF,  and  the  angle  GBC  to  the  angle  HEF,  and  ABG  »ook  xiL 
to  DEH.  and  AB  is  ^  ^  fiC,  as  DE  to  EF;  that  is,  the  fides  about  ^""^^^^^ 
the  equal  angles  are  proportionals ;  wherefore  the  parallelogram 
BM  is  fimilar  to  £P.  for  the  fame  res^fon^  the  parallelogram  BN  it 
Cmilar  to  ER,  and  BK  to  EX.  therefore  the  three  parallelogr^ns 
BM,  BN,  BK  are  fiftiilar  to  the  three  EP,  ER,  EX.  but  the  three 
BM,  BN,  BK  are  equal  and  fimilar  ^  to  the  three  which  are  op-  ^*  *4-  »'' 
pofite  to  them,  and  the  three  EP,  ER,  EX  equalatid  fimilar  to  the 
three  oppofite  tp  them,  wherefore  the  folids  BGML,  EHPO  are 
contained  by  the  fame  number  of  fimilar  planes ;  and  thfeit  folid 
angles  are  equal  ^  5  and  therefore  the  folid  BGML  is  fimilar  *  to  ^*  ^*  **• 
the  folid  EHPO.  but  fimilar  folid  parallelepipeds  have  the  triplicate 
*  ratio  of  that  which  their  hbmologous  fides  have,  therefote  the  ^'  33*  »i« 
folid  BGML  has  to  the  folid  EHPO  the  triplicate  ratio  of  that 
which  the  fide  BC  has  to  the.  homologous  fide  EF.  but  as  the  folid 
BGML  is  to  the  folid  EHPO,  fo  is  ^  the  pyramid  ABCG  to  the  ^-  '5-  5- 
pyramid  DEFH ;  becaufe  the  pyramids  are  the  fixth  part  of  the 
folids,  fince  the  prifm,  which  is  the  half  ^  of  the  folid  parallelepiped,  ^'  *^' '  '• 
is  triple »» of  tht  pyramid.  Wherefore  likewife  the  pyramid  ABCG  ^-  7-  "• 
has  ta  the  pyr^nHd  DBFH,  the  triplicate  ratio  of  that  which  BC 
has  to  the  honHologous  fide  EF.     Q^  E.  D. 

CoR.  From  this  it  ii  evident,  that  fimilar  pyramids  which  have  S«  N. 
multangular  bafes,  are  likewife  to  ohe  another  in  the  triplicate  ra- 
tio of  their  homologous  fides,  for,  they  may  be  divided  into  fimilar 
pyramids  having  triangular  bafes,  becaufe  the  fimilar  polygons 
which  are  their  bafes  may  be  divided  into  the  fame  number  of 
fimilar  triangles  homologous  to  the  whole  polygons ;  therefore  as 
one  of  the  triangular  pyramids  in  the  firft  multangular  pyramid  is 
to  one  of  the  triangular  pyramids  in  the  other,  (6  are  all  the  ttu 
angular  pyramids  in  the  firft  to  all  the  triangular  pyramids  in  the 
other ;  that  is,  fo  4S  the  firft  multangular  pyramid  to  the  other, 
but  one  triangular  pyramid  is  to  its  fimilar  triangular  pyramid,  in 
the  triplicate  ratio  of  their  homologous  fides ;  and  therefore  the 
firft  multangular  pyramid  has  to  the  other,  the  triplicate  ratio  of 
that  which  one  of  the  fides  of  the  firft  has  to  the  homologous 
fide  of  the  other. 


R  7, 


Book  Xlf. 


THE    ELEMENTS 


PROP.  IX.     THEOR. 


THE  bafes  and  altitudes  of  equal  pyramids  having 
triangular  bafes  are  reciprocally  proportional,  and 
triangular  pyramids  of  which  the  bafes  and  altitudes  are 
reciprocally  proportional,  are  equal  to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  arc  the 
bafes,  and  which  have  their  vertices  in  the  points  G,  H  be  equal 
to  one  another,  the  bafes  and  altitudes  of  the  pyramids.  ABCG, 
DEFH  are  reciprocally  proportional,  viz.  the  bafe  ABC  is  to  the 
bafe  DEF,  as  the  altitude  of  the  pyramid  DEFH  to  the  altitude  of 
the  pyramid  ABCG. 

Complete  the  parallelograms  AC,  AG,  GC,  DF,  DH,  HF;  and 
tlie  folid  parallelepipeds  BGML,  EHPO  contained  by  thefe  planes 

o    n 


and  thofc  oppofite  to  them,  and  becaufc  the  pyramid  ABCG  is 
equal  to  the  pyramid  DEFH,  and  that  the  folid  BGML  is  fcxtupic 
of  the  pyramid  ABCG,  and  the  folid  EHPO  fcxtuple  of  the  py- 

a.  I.  Ax.  s.  ramid  DEFH  -,  therefore  the  folid  BGML  is  equal  *  to  the  folid 

EHPO.  but  the  bafes  and  altitudes  of  equal  folid  parallelepipeds  are 

b.  34.  II.  reciprocally  proportional  ^ ;  therefore  as  the  bafe  BM  to  the  bafe 

EP,  fo  is  the  akitud«  of  the  folid  EHPO  to  the  altitude  of  the  folid 
«•  «S-  5-  BGML.  but  as  the  bafe  BM  to  the  bafe  EP,  fo  is  «  the  triangle 
ABC  to  the  triangle  DEF ;  therefore  as  the  triangjc  ABC  to  the 
triangle  DEF,  fo  is  tlie  akitude  of  the  folid  EHPQ  to  the  altitude 
of  the  folid  BGML.  but  the  altitude  of  the  fb^d  EHPO  is  the 
fame  with  the  altitude  of  the  pyramid  DEFH;  and  the  altitude  of 


BB 
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the  folid  BGML  is  the  fame  with  the  altitude  of  the  pyramid  Book  xif. 
ABCG.  therefore,  as  the  bafe  ABC  to  the  bafe  DEF,  fo  Is  the  aiti-  ^     ▼    "* 
tudc  of  the  pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG. 
wherefore  the  bafes  and  altitudes  of  the  pyramids  ABCGj  D£FH 
•arc  reciprocally  proportional. 

Again,  Let  the  bafes  and  altitudes  of  the  pyramids  ABCG, 
DEFH  be  reciprocally  proportional,  viz.  the  bafe  ABC  to  the 
bafe  DEF,  as  the  altitude  of  the  pyramid  DEFH  to^  the  altitude 
of  the  pyramid  ABCG.  the  pyramid  ABCG  is  equal  to  the  ^py- 
ramid DEFH. 

The  fame  con(lru£tion  being  made,  becaufe  as  the  bafe  ABC  to 
the  bafe  DEF,  fo  is  the  altitude  of  the  pyramid  DEFH  to  the  al- 
titude of  the  pyramid  ABCG ;  and  as  the  bafe  ABC  to  the  bafe 
DEF,  fo  is  the  parallelogram  BM  to  the  parallelogram  EP;  there- 
fore the  parallelogram  BM  is  to  £P,  as  the  altitude  of  the  pyra^ 
mid  DEFH  to  the  altitude  of  the  pyramid  ABCG.  but  the  altitude 
of  the  pyramid  DEFH  is  the  fame  with  the  ahitude  of  the  folid 
parallelepiped  EHPO ;  and  the  altitude  of  the  pyramid  ABCG  is 
the  fame  with  the  altitude  of  the  folid  parallelepiped  BGML.  aSj 
therefore,  the  bafe  BM  to  the  bafe  £P,  fo  is  the  altitude  of  the  fo- 
lid parallelepiped  EHPO  to  the  altitude  of  the  folid  parallelepiped 
BGML.  but  folid  parallelepipeds  having  their  bafes  and  altitudes 
reciprocally  proportional,  are  equal  ^  to  one  another,  therefore  the  ^-  34*  "• 
folid  parallelepiped  BGML  is  equal  to  the  folid  parallelepiped 
EHPO.  and  the  pyramid  ABCG  is  the  fixth  part  of  the  folid 
BGML,  and  the  pyramid  DEFH  the  fixth  part  of  the  folid 
EHPO.  therefore  the  pyramid  ABCG  is  equal  to  the  pyramid 
DEFH.    Therefore  the  bafes,  &c.    C^E.  D. 

PROP,  X.     THEOR. 

EVERY  cone  is  the  third  part  of  a  cylinder  which 
-has  the  fame  bafe,  and  is  of  an  equal  altitude 
xvith  it. 

Let  a  cone  have  the  fame  bafe  with  a  cylinder,  viz.  the  circle^ 
ABCD,  and  the  fame  ahitude.  the  cone  is  the  third  part  of  the* 
cylinder ;  that  is,  die  eylinder  is  triple  of  the  con^. 

If  the  cyfinder  be  not  triple  of  the  cone,  it  muft  cither  be  greater 
than  the  triple,  or  lefs  than  it.  Firft,  Let  it  be  greater  than  the< 
triple }  and  defcribe  the  {quare  ABCD  indie  circle*,  this  fquare  is 
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Sook  xir.  gieater  than  the  half  of  the  circle  ABCD  -{-.  upui  t^e  fqaare  ABCD 

^""V"^  ereft  a  prifm  of  tfic  fame  altitude  with  i"^     _  i-._.___  ^ti -r^  -^ 

greater  than  half  of  the  cylinder}  becau 

about  the  circle,  and  a  prifm  ere^ed  upi 

altitude  with  the  cylinder,  the  infcribed 

cumfcribed;  and  uponthefe  fi{uare  bafes 

pipeds,  viz.  the  prifms,  of  the  fame  aiti 

upon  the  fquare  ABCD  is  the  half  of  the 

feribed  about  the  circle  %  becaufe  they  : 
>■  3>-  "•  bafes ».  and  the  cylinder  is  lefs  than  the 

ftribed  about  the  circle  AIJCD.  therefore 

ABCD  of  thcfame  altitude  with  the  eyl 

of  the  cylinder.  Bifeil  the  circumfercnc 

points  E,  F,  G,  H;  and  join  AE,  EB,  BI 

then,  each  of  the  triangles  AEB,  BFC,  C 

the  half  of  the  fegment  of  the  circle  in 

■which  it  ftands^  as  was  (hewn  m  Prop, 

2.  of  thisBo<^.  £re£t  prifms  upon  each 

of  thefe  triangles  of  the  fame  altitude 

with  the  cylinder;  each  of  thefe  prifms 

is  greater  than  half  of  the  fegment  of 

the  cylinder  in  which  it  is ;  becaufe  if 

thro'  the  points  E,  F,  G,  H  parallels  be 

drawn  to  AB,  BC,  CD,  DA,  and  pa. 

rallelogramB  be  completed  upon  the  fame 

AB,  BC,  CD,  DA,  and  folid  parallelep 

parallelogiarasi  the  prifms  upon  the  tri 

i>.  3.  Car.  j)HA  are  jjjg  YiTih^i  of  the  folid  paral 

''  ments  of  the  cylinder  which  are  upon 

cut  off  by  AB,  BC,  CD,  DA,  arc  lefs  th; 

which  contain  them,  tlierefore  the  prifm 

BFC,  COD,  DHA,  are' greater  than  hi 

cylinder  in  which  they  are.  therefore  if  ( 

be  divided  into  two  equal  parts,  and  ftr 

the  points  of  divifion  to  the  extremities  e 

upon  the  triangles  thus  made  prifms  be 

tude  with.the  cylinder,  and  (b  on,  there  n 
"■■  ^■'"o"'  fegments  of  the  cylinder  which  together ; 

the  cylinder  above  the  triple  (^  the  cone* 
t  As  was  Oitivn  in  Prop.  *.  o 
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I.  Con 
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fcgmcnts  of  the  cirele  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA.  tlicrc-  Book  xii. 
fore  tlic  reft  of  the  cylinder,  that  is  the  prifm  of  which  the  bafe  is    \  ^ 
the  polygon  AEBFCGDH,  and  of  which  the  altitude  is  the  fame 
with  that  of  the  cylinder,  is  greater  than  the  triple  of  the  cone,  but 
this  prifm  is  triple  ^  of  the  pyramid  upon  the  fame  bafe,  of  which  ^ 
the  vertex  is  the  fame  with  the  vertex  of  the  cone ;  therefore  the 
pyramid  upon  the  bafe  AEBFCGDH,  having  the  fame  vertex  with 
the  cone,  is  greater  than  the  cone,  of  which  the  bafe  is  the  circle 
ABCD.  but  it  is  alfo  lefs,  for  the  pyramid  is  contained  within  the 
conej  which  is  impoffible.    Nor  can  the  cylinder  be  lefs  than  the 
triple  of  the  cone,  let  it  be  lefs  if  pof&bie.  therefore,  inverfely,  the 
cone  is  greater  than  the  third  part  of  the  cylinder.     In  the  circle 
ABCD  defcribc  a  fcjuare,  this  fquare  is  greater  than  the  half  of  the 
circle,  and  upon  the  fquare  AbCD  ere£t  a  pyramid  having  the  fame 
vertex  with  the  conej  this  pyramid  is  greater  than  the  half  of  the 
cone;  becaufe,  as  was  before  demonftrated,  if  a  fquare  be  deicribed 
ftbout  the  circle,  the  fquare  ABCD  is 
the  half  of  it)  and  if  upon  thqfe  fquares 
there  be  ereftcd  folid  parallelepipeds  of 
the  fame  altitude  with  the  cone,  which 
are  alfo  prifms,   the  prifm  upon  the 
fquare  ABCD  ftiall  be  the  half  of  that  J) 
which  is  upop  the  fquare  dcfcribcd  a- 
bout  the  circle  \  for  they  are  to  one  a- 
nother  as  their  bafes  * ;  as  are  alfo  the 
third  parts  of  them,  therefore  the  pyra- 
mid the  bafe  of  which  is  the  fquare  ABCD  is  half  of  the  pyramid 
upon  the  fquare  defcribed  about  the  circle,  but  this  laft  pyramid 
is  greater  than  the  cone  which  it  contains*,  therefore  the  pyramid 
upon  the  fquare  ABCD  having  the  fame  vertex  with  the  cone,  ii 
greater  than  the  half  of  the  cone.   Bifeft  the  circumferences  AB, 
BC,  CD,  DA  in  the  points  E,  F,  G,  H,  and  join  AE,  EB,  BF, 
FC,  CG,  GD,  DH,  HA. .  therefore  each  of  the  triangles  AEB^ 
BFC,  CGD,  DHA  is  greater  than  half  of  the  fegmcnt  of  the 
circle  in  which  it  is.  upon  each  of  thefe  triangles  ereft  pyramids 
having  the  fame  vertex  with  the  cone,  therefore  each  of  thefe  py- 
ramids is  greater  than  the  half  of  the  fegment  of  the  cone  in  which 
it  is,  as  before  was  demonftrated  of  the  prifms  and  fegments  of  the 
cylinder,  and  thus  dividing  each  of  the  circumferences  into  two 
equal  parts,  and  joining  the  points  of  divifion  and  their  exucmi* 

R4 


%.  3a.  xu 


^64 


THE    ELEMENTS 


Book  XII.  ties  by  ftraight  linea,  and  upon  tlie  triangles  eredling  pyramids  havL 
ing  their  vertices  the  fame  with  that  of  the  cone,  and  fo  on,  there 
mud  at  length  remain  fome  fegments  of  the  cone  which  together 
{hall  be  lefs  than  the  excefs  of  the  cone  above  the  third  part  of  the 
cylinder,  let  tliefe  be  the  fegments  upon  AE,  EB,  BF>  FC,  CG, 
GD,  DH,  HA.  therefore  the  reft  of  the 
cone,  that  is  the  pyramid,  of  which  the 
bafe  is  the  polygon  AEBFCGDH,  and 
of  which  the  vertex  is  the  fame  with 
that  of  the  Qone,  is  greater  than  the. 
third  part  of  the  cylinder,  but  this  py-{) 
ramid  is  the  third  part  of  the  prifm 
upon  the  fame  bafe  AEBFCGDH,  and 
of  the  fame  altitude  with  the  cylinder, 
therefore  this  prifm.  is  greater  than  the  "J^ 

jcylinder  of  which  the  l?afe  is  the  circle  ABGD.  but  it  is  alfo  lefs, 
for  it  is  contained  within  the  cylinder;  which  is  impoflible.  theror 
fore  the  cylinder  is  not  le&  than  the  triple  of  the  cone,  and  it  has 
been  demonlt rated  that  neither  is  it  greater  than  the  triple,  there-^ 
fore  the  cylinder  is  triple  of  the  cqne,  or,  the  cone  is  the  third  part 
of  the  cylinder.    Wherefore  every  cone,  &c.    Q;^E.  I). 
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PROP.   XI.     THEOR. 

ONES  and  cylinders  of  the  fame  altitude,  are  to 
one  another  as  their  bafes. 


Let  tlic  cones  and  cylinders,  of  which  the  bafes  are  the  circles 
ABCD,  EFGH,  and  the  axes  KL,  MN,  and  AC,  EG  the  diame- 
ters of  their  bafes,  be  of  the  fame  altitude,  as  the  circle  ABCD  to 
thq  circle  EFGHi  fo  is  the  cone  AL  to  the  cone  EN. 

If  it  be  not  fo,  let  the  circle  ABCD  be  to  the  circle  EFGH,  as 
the  cpne  AL  to  fome  folid  either  lefs  than  the  cone  EN,  or  greater 
than  it.  Firf):,  let  it  be  to  a  folid  lefs  than  LN,  viz.  to  the  folid  Z; 
and  let  Z  be  the  folid  which  is  equal  jto  the  excefs  of  the  c6ne  £N 
above  the  folid  X;  therefore  the  cone  EN  is  equal  to  the  folids  X, 
Z  together,  in  the  circle  EFGH  defcribc  the  fquare  EFGH,  there^ 
fore  tliis  fquare  is  greater  than  the  half  of  the  circle,  upon  the 
fquare  EFGH  ere£^  a  pyramid  of  the  fame  altitude  with  the  cone; 
this  pyramid  is  greater  than  half  of  the  cone,  for  if  a  fquare  be  de^ 
fcribed  about  thecircle,  and  a  pyramid  b^  er^^ted  upon  it|  bs^yin^tbQ 
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fame  vertex  with  the  conef ,  the  pyramid  infcribed  in  thc.conc  is  half  Book  xii. 
of  the  pyramid  circumfcribed  about  it,  becaufe  they  are  to  one  ano*  ^-^VX*/ 
ther  as  their  bafes  *.  but  the  cone  is  lef$  than  the  circumfcribed  pyT  «•  6.  ii. 
ramid ;  therefore  the  pyramid  of  which  the  bafc  is  the  fquare  £FGH» 
and  its  vertex  the  fame  with  that  of  the  cone,  is  greater  than  half 
of  the  cone,  divide  the  circumferences  EF,  FG,  GH,  HE,  each 
into  two  equal  parts  in  the  points  O,  P,  R,  S,  and  join  EO,  OF, 
FP,  PQ,  GR,  RH,  HS,  SE.  therefore  each  of  the  triangles  EOF, 
JTG,  GRH,  HSE  is  greater  than  half  of  the  fegmcnt  of  the  circle 


I^ 
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in  which  it  is.  upon  each  of  thefe  triangles  erefl:  a  pyramid  having 

the  fame  vertex  with  the  cone ;  each  of  thefe  pyramids  is  greater 

than  the  half  of  the  fegment  of  the  cone  in  which  it  is.  and  thus 

dividing  each  of  thefe  circumferences  into  two  equal  parts,  and  from 

the  points  of  divifion  drawing  ftraight  lines  to  the  extremities  of  the 

circumferences,  and  upon  each  of  the  triangles  thus  made  erefting 

pyramids  havingthe  fame  vertex  with  the  cone,  :'nd  fo  on,  there  muft 

at  length  remain  fome  fegments  of  the  cone  which  are  together  lefs^  ^*  I^«*Ma* 

than  the  folid  Z.  let  thefe  be  the  fegments  upon  EO,  OF,  FP,  PG, 

f  Vertex  is  put  in  place  of  altitude  which  is  in  the  Greek,  becaufe  the  pyramid, 
in  what  follows,  is  fuppofed  to  \jc  circumfcribed  about  the  cone,  and  fo  muft  hav^ 
\Lt  fame  vertex,  and  the  lame  change  is  made  In  fome  places  following. 
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Book  xu.  GRy  RH9  HS,  SE*  therefore  the  remainder  of  the  cone,  viz.  tho 
pyramid  of  which  the  bafe  is  the  polygon  EOFPGRHS,  and  its 
vertex  the  fame  with  that  of  the  cone,  is  greater  than  the  folid  X. 
In  the  circk  ABCD  defcribe  the  polygon  ATBYCVDQJmilar  to 
the  polygon  EOFPGRHS,  and  upon  it  ertdt  a  pyramid  of  the  fame 
altitude  with  the  cone  AL.  and  becaufe  as  the  £quare  of  AC  is  to 
the  fquare  of  EG,  fo « is  the  polygon  ATBYCVDQjo  the  polygon 
EOFPGRHS;  and  as  the  fquare  of  AC  to  the  fquare  of  EG,  fo 
a.  I.  II.  is  d  the  circli  ABCD  to  the  circle  EFGH ;  therefore  the  circle 
e.  ".  5.    ABCD  is  « to  the  circle  EFGH,  as  the  polygon  ATBYCVDQjo 
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the  polygon  EOFPGRHS-  but  as  the  circle  ABCD  to  the  circle 
EFGH,  fo  is  the  cone  AL  to  the  folid  X  5  and  as  the  polygon 
ATBYCVDQjo  tlie  polygon  EOFPGRHS,  fo  is  » the  pyramid  of 
which  the  bafe  is  the  firft  of  thofe  polygons,  and  vertex  L,  to  the 
pyramid  of  which  the  bafe  is  the  other  polygon,  and  its  vertex  N. 
therefore  as  the  cone  AL  to  the  folid  X,  fo  is  the  pyramid  of  which 
the  bafe  is  the  polygon  ATBYCVDQ^,  and  vertex  L  to  the  pyramid 
the  bafe  of  which  is  the  polygon  EOFPGRHS,  and  vertex  N.  but 
the  cone  AL  is  greater  than  the  pyramid  contained  in  it;  therefore 
the  folid  X  is  greater  ^  than  the  pyramid  in  the  cone  EN.  but  it  is 
lefs|  as  was  ihewn^  which  is  abfurd*  therefore  the  circle  ABCD  is 
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not  to  the  circle  EFGH,  as  the  amc  AL  to  any  folid  which  is  lefs  ^^^  XIL 
than  the  cone  EN.    In  the  fame  manner  it  may  be  demonftrated        ▼  '  '^ 
that  the  circle  EFGH  is  not  to  the  circle  ABCD,  as  the  cone  £N 
to  any  foKd  lefs  than  the  cone  AL.  Nor  can  the  circle  AfiCD  be 
to  the  circle  EFGH»  as  the  cone  AL  to  any  foUd  greater  than  the 
cone  EN.  for^  if  it  be  poffihtcy  let  it  be  fo  to  the  folid  I  which  is 
greater  than  the  cone  EN.  therefore,  by  inverfion,  as  the  circle 
EFGH  to  the  circle  ABCD,  fo  is  the  folid  I  to  the  cone  AL.  but 
as  the  folid  I  to  the  cone  AL,  fo  is  the  cone  £N  to  fome  folid, 
vrhich  muft  be  lefs  ^  than  the  cone  AL,  becaufe  the  folid  I  is  greater  ^*  *4-  S* 
than  the  cone  EN.  therefore  as  the  circle  EFGH  is  to  the  circle 
ABCD,  fo  is  the  cone  EN  to  a  folid  lefs  than  the  cone  AL,  which 
was  (hewn  to  be  impofiible.  therefore  the  circle  ABCD  is  not  to 
the  circle  EFGH,  as  the  cone  AL  is  to  any  iblid  greater  than  the 
cone  ^N*  and  it  has  been  demonftrated  that  neither  is  die  circle 
ABCD  to  the  circle  EFGH,  as  the  cone '  AL  to  any  folid  lefs  than 
the  cone  EN.  therefore  the  circle  ABCD  is  to  the  circle  EFGH, 
as  the  cone  AL  to  the  cone  EN.  but  as  the  cone  is  to  the  cone,  fo 
«  is  the  cylinder  to  the  cylinder ;  becaufe  the  cylinders  are  triple  ff*  '5*  5* 
^  of  the  cones,  each  of  each.    Therefore  as  the  circle  ABCD  to  ^-  ^o*  !«•  ^ 
the  circle  EFGH^  fo  are  the  cylinders  upop  them  of  the  fame  alti- 
tude.  Wherefore  cones  and  cylinders  of  the  fame  altitude,  are  to  ' 
one  another  as  their  bafes.     Q^  £•  D, 

PROP.  XII.     THEOR. 

m 

SIMILAR  cones  and  cylinders  have  to  one  another  see  n. 
the  triplicate  ratio  of  that  which  the  diameters  of 
their  bafes  have. 

Let  the  cones  and  cylinders  of  which  the  bafes  are  the  circles 
ABCD,  EFGI^:  and  the  diameters  of  the  Wes  AC,  EG,  and  KL, 
MN"  the  axesjof  the  cones  er  cylinders,  be  fimilar.  the  cone  of 
which  the  bafe  is  the  circle  ABCD,  and  vertex  the  point  L,  lias 
to-  the  cone  of  which  the  bafe  is-  the  circle  EFGH,  and  vertex  N, 
U)e  triplicatje,  latip.  of  that  which  AC  has  to  EG. 

Foot  if  the  cone  ABCIXL  has  not  to  the  cone  EFGHN  the  tri- 
plicate ratio  of  that  which  AC  has  to  EG^  the  tone  ABCDL  fliall 
knn  the  tariplkae?.  of  that  ralio  to  £wkQ  fohd  which  is  lefs^  or  greater 
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Book  xn-  than  the  cone  EFGHN.  Firft,  let  it  have  it  to  a  lefs,  via.  to  the  folid 
'  X.  makethefamcconftmaionaBiiithcpreccdingPropofition,  and 
it  may  be  demonflTated  the  very  fame  way  as  in  that  Propofition, 
that  die  pyramid  of  which  the  bafc  is  the  polygon  EOFPGRHS, 
and  vertex  N  is  greater  than  the  folid  X  Defcribe  alfo  in  the 
circle  ABCD  the  polygon  ATBYCVDQ^fimilar  to  the  polygon  ; 
EOFPGRHS,  upon  which  crcft  a  pyramid  having  the  fame  vertex 
with  the  concj  and  let  L  AQJjc  one  of  the  triangles  containing  die 
pyramid  upon  the  polygon  ATBYCVDQ^the  vertex  of  which  is 


■■  14.  Def. 


hi  and  let  NES  be  one  of  the  triangles  containing  the  pyramid  upon 
the  polygon  EOFPGRHS  of  which  the  vertex  is  N;  and  join  KQj 
MS.  becaufe  then  the  cone  ABCDL  is  fimilar  to  the  cone  EFGHN, 
AC  io*  to  EG,  as  the  axteKL  to  the  axis  MN;  and  u  AC  to  EG, 
fo^is  AK  to  EM;  therefore  as  AKtoEM,  foisKLto  MNjand, 
alternately,  AK  to  KL,  as  EM  to  MN.  and  the  right  angles  AKL, 
EMN  are  equal;  therefore,  the  fides  about  theie equal  angles  being 
proportionals,  the  triangle.  AKL  is  fimilar  'to  thetrlangle  £MN. 
again,  becaufe  AJ^istg  KQ^  aaSMtoiMS,  and  that  thefcfidct 
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ate  about  equal  angles  AKQ^,  EMS,  bccaufe  thefe  angles  are,  B<ibk  Xli. 
each  of  them,  the  fame  part  of  four  right  angles  at  the  centers  K,        '^' 
M ;  therefore  the  triangle  AKQJs  fimilar « to  the  triangle  EMS.  c*  6'  ^» 
and  becaufe  it  has  been  (hewn  that  as  AK  to  KL,  fo  is  EM  to  MN, 
and  that  AK  is  equal  to  KQ^,  and  EM  to  MS,  as  QK  to  KL,  fo  is 
SM  to  MN;  and  therefore,^  the  fides  about  the  right  angles  QKL, 
SMN  being  proportionals,  the  triangle  LKQJs  fimilar  to  the  tri- 
angle NMS«  and  becaufe  of  the  fimihrity  of  the  triangles  AKL, 
EMN,  as  LA  is  to  AK,  fo  is  N£  to  EM  'r  and  by  the  fimilarity  of  the 
triangles  AKQ^,  EMS,  as  KA  to  AQ^,  fo  ME  to  ES;  ex  aequali  <*,  ^-  *^-  5- 
LA  is  to  AQ^,  as  NE  to  ES.  again,  becaufe  of  the  fimilarity  of 
the  triangles  LQK,  NSM,  as  LQjo  QK,  fo  NS  to  SM-,  and  from 
the  fimilarity  of  the  triangles  K AQ^  MES,  as  KQjo  QA,  fo  MS 
to  SE;  ex  aequali  ^,  LQJs  to  QA,  as  NS  to  SE.  and  it  was  proved 
that  QA  is  to  AL,  as  SE  to  EN;  therefore,  again,  ex  aequali,  as 
QL  to  LA,  fo  is'SN  to  NE.  wherefore  the  triangles  LQA,  NSE, 
having  the  fides  about  all  their  angles  proportionals,  are  equiangu- 
lar *  and  fimilar  to  one  another,  and  therefore  the  pyramid  of  which  *•  5*  ^* 
the  bafe  is  the  triangle  AKQ^  and  vertex  L,  is  fimilar  to  the  pyra- 
mid the  bafe  of  which  is  the  triangle  EMS,  and  vertex  N,  becaufe 
their  foUd  angles  are  equal  ^  to  one  another,  and  they  are  contained     ^  "' 
by  the  fame  number  of  fimilar  planes,  but  fimilar  pyramids  which 
have  triangular  bafes  have  to  one  another  the  triplicate  ^ ratio  of  that  ^'  ^'  '*' 
which  their  homologous  fides  have;  therefore  the  pyramid  AKQL 
has  to  the  pyramid  EMSN  the  triplicate  ratio  of  that  which  AK  has 
to  EM.    In  the  fame  manner,  if  ftraight  line^  be  drawn  from  the 
points  D,  V,  C,  Y,  B,  T  to  K,  and  from  the  points  H,  R,  G,  P, 
r,  O  to  M,  and  pyramids  be  erefted  upon  the  triangles  having  the 
fame  vertices  with  the  cones,  it  may  be  demonftrated  that  each  py- 
ramid irt  the  firft  cone  has  to  each  in  the  other,  taking  them  in  the 
fame  order,  the  triplicate  ratio  of  that  which  the  fide  AK  has  to  the 
fide  EM;  that  is,  which  AC  has  to  EG.  but  as  one  antecedent  to 
its  confequent,  fo  are  all  the  antecedents  to  all  the  confequcnts  *;  ^*  *'•  5- 
therefor^  as  the  pyramid  AKQL  to  the  pyramid  EMSN,  fo  is  the 
whole  pyramid  the  bafe  of  which  is  the  polygon  DQATB  YCV,  and 
yertex  Lj  to  tlie  whole  pyramid  of  which  the  bafe  is  the  polygon 
HSEOFPGR,  and  vertex  N.  wherefore  alfo  the  firft  of  thefe  two 
];a(l  named  pyramids  has  to  the  other  the  triplicateratio  of  that  which 
AC  has  to  EG.  but,  by  the  Hypothefis,  the  cone  of  which  the  bafe 
is  the  .circle  ABCDj  arid  vertex  L  has  to  the  folid  X,  the  triplicate 
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Book  XIL  ratio  of  that  which  AC  hat  to  EG;  therefore  as  the  cone  of  ^htch  ' 
'  the  bafe  is  the  circle  ABCD,  and  vertex  L,  is  to  the  Tolid  X,  Co 
is  the  pyramid  the  bafe  of  which  is  the  polygon  DQATBY'CV, 
and  vertex  L  to  the  pyramid  the  bafe  <^  which  is  the  polygmi 
HSEOPTGR  and  venex  N.  but  the  fatd  cone  b  greater  than  the 
pyramid  contained  in  it,  therefore  the  iolid  X  is  greater  <  than  the 
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tKe  cone  EFGHN  to  feme  foHd,  which  muft  be  lefs  ^  than  the  cone 

j^BCDL>  becaufe  the  folid  Z  is  greater  than  the  cone  EFGHN. 

tlierefore  the  cone  EFGHN  has  to  a  folid  which  is  lefs  than  the  cone 

A3CDL,  the  triplicate  ratio  of  that  which  EG  has  to  AC,  which 

mras  demonftrated  to  be  impoifible.  therefore  the  cone  ABCDLhas 

not  to  .any  folid  greater  than  the  cone  EFGHN,  the  triplicate  ratio 

of  that  which  AC  has  to  EG;  and  it  was  demonftrated  that  it  could 

not  have  that  ratio  to  any  folid  lefs  than  the  cone  EFGHN.  there* 

fore  the  cone  ABCDL  has  to  the  cone  EFGHN,  the  triplicate  ratio 

of  that  which  AC  has  to  EG.  but  as  the  cone  is  to  the  cone,  fo  *  ^*  ^S*  S 

the  cylinder  to  the  cylinder,  for  every  cone  is  the  third  part  of  the 

cylinder  upon  the  fame  bafe,  and  of  the  fame  altitude,  therefore 

alfo  the  cylinder  has  to  the  cylinder,  the  triplicate  ratio  of  that 

^which  AC  has  to  EG.    Wherefore  fimilar  cones,  &c,   Q^E.  D. 

PROP.  Xin.     THEOR. 

IF  a  cylinder  be  cut  by  a  plane  parallel  to  its  oppofite  See  N« 
planes,  or  bafes;  it  divides  the  cylinder  into  two 
cylinders,  one  of  which  is  to  the  other  as  the  axis  of 
the  firft  to  the  axis  of  the  other. 


Let  the  cylinder  AD  be  cut  by  the 
plane  GH  parallel  to  the  oppofite  planes 
AB,  CD,  meeting  the  axis  EF  in  the  point 
K,  and  let  the  line  GH  be  the  common 
feftion  of  the  plane  GH  and  the  furface 
of  the  cylinder  AD.  let  AEFC  be  the 
parallelogram,  in  any  pofition  of  it,  by 
the  revolution  of  which  about  the  ftraight 
line  EF  the  cylinder  AD  is  defcribed  5 
and  let  GK  be  the  common  fefiion  of 
the  plane  GH,  and  the  plane  AEFC. 
and  becaufe  the  parallel  planes  AB,  GH 
are  cut  by  the  plane  AEKG,  AE,  KG, 
Acir  common  fefkions  with  it,  are  paral- 
lel * ;  wherefore  AK  is  a  parallelogram,  »j\ 
and  GK  equal  to  EA  the  ftraight  line 
from  the  center  of  the  circle  AB.  for  "\r 
the  .fame  reafon^  each  of  the  ftraight  lines 
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Book  xn.  drawn  from  the  point  K  to  the  Une  GH  may  be  proved  t^  h€ 
^'^  V  "  ^  equal  to  thofe  which  are  drawn  from' the  center  of  the  circle 
AB  to  its  circumference,  and  'are  therafa^e  all  equal  to  one  an^' 
b.15  Def.i.  ther.  therefore  the  line  GH  is  the  citcttinfercnce  of  a  circle  ^  of 
which  the  center  is  the  point  K.  therefore  the  plane  GH  divides 
the  cylinder  AD  into  the  cylinders  AH,  GD;  for- they  are  the  fame 
which  would  be  defcribed  by  the  revolution  of  the  parallelograms 
AK,  GF  about  the  ftraight  lines  EK,  KF.  and  it  is  to  be  ihewn 
that  the  cylinder  AH  is  to  the  cylinder  HC,  as  the  axis  EK  to 
the  axis  KF. 

Produce  the  axis  EF  both  ways;   and  take  any  number   of 
ftraight  lines  £N,  N|L»,  each  equal  to  EK ;  and  any  number  FX, 
XM,  each  equal  to  FK ;  and  let  planes 
parallel  to.AB,  CD  pafs  through  the 
points  L,  N,  X,  M.  therefore  the  com- 
mon fe£bions  of  thefe  planes  with  the 
•  cylinder  produced  are  circles  the  centers 
of  which  are  the  points  L,  N,  X,  M, 
as  was  proved  of  the  plane  GH  \  and 
thefe  planes  cut  off  the  cylinders  PR, 
RB,  DT,  TQ^  and  becaufe  the  axes 
LN,  NE,  EK  are  all  equal,  therefore 
the  cylinders  PR,  RB,  BG  are  ^  to  one 
another  as  their  bafes;  .but  their  bafes 
are  equaF,'and  therefore  the  cylinders 
PR,  RB,  BG  are  equal,   and  becaufe 
the,  axes  LN,  NE,  EK  are  equal  to  one  rjx 
anoQier,  as  alfo  the  (jylinders  PR,  RB, 
BG,  and  that  there  are  as  many  axes  as   "^ 
cylinders;  therefore  whatever  multiple 

the  axis  ICLis  of  the  axis  KE,  the  fame  multiple  is  the  cylinder  PO 
of  the  cylinder  GB.  for  the  fame  reafon,  whatever  multiple  the  axis 
MK  is  of  the  axis  KF,  the  fame  multiple  is  the  cylinder  QG  of  the 
cylinder  GD.  and  if  the  axis  KL  be  equal  to  the  axis  KM,  the 
cylinder  PG  is  equal  to  the  cylinder  GQj  and  if  the  axis  KL  be 
greater  than  the  axis  KM,  the  cylinder  PG  is  greater  than  the  cy- 
linder GQj  and  if  lefs,  lefs.  fince  therefore  there  are  four  magni- 
tudes, viz.  the  axes  EK|  KF,  andthe  cylinders  BG,  GD,  and  that 
of  the  axis  £K  and  cylinder  BG  there  has  been  taken  any  equimul- 
tiples whatever^  viz.  the  axis  KL  and  cylinder  PG>«and  of  the  axis 
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K^P  and  cylinder  GD,  any  equimultiples  whatever,  vi^.  the  itU  Book  xiL 
KM  and  cylinder  GQj  and  it  has  been  dempnftrated  if  the  axis  ^^^^^^'^^ 
tLL  be  greater  than  the  axis  KM,  the  cylinder  PG  is  greater  than 
the  cylinder  GQj  and  if  equal,  equal-,  and  if  lefs,  lefs.  therefore  *  ^'  S'^^^'S* 
the  axis  £K  is  to  the  axis  KF,  as  the  cylinder  6G  to  the  cylinder 
GD*      Wherefore  if  a  cylinder,  &c-     (^  E.  D. 


PROP.    XIV.      THfOR. 


C 


ONES  slnd  cylinders  upon  equal  bafes  are  to  one 
another  as  their  altitudes. 


Let  the  cylinders  EB,  FD  be  upon  the  equal  bafes  AB,  CD.,  as 
the  cylinder  EB  to  the  cylinder  FD,  fo.is  the  axis  GH  to  the  axis 


]?roduce  the  axis  EL  to  the  foint  N,  and  make  LN  equal  td 
the  axis  GH,  and  let  CM  be  a  cylinder  of  which  the  bafe  is  CD, ' 
and  a^is  LN.  and  becaufe  the  cylinders  EB,  CM  have  the  fame 
altitude,  they  are  to  one  another  as  their  bafes  *.  but  their  bafes  »•  ti.  t». 
are  equal,  therefore  alfo  the  cylin* 
ders  £6,  CM  are  equal,  and  be^ 
-  caufc  the  cylinder  FM  is  cut  by^ 
the  plane  CD  parallel  to  its  oppo-  * 
fite  planes,  as  the  cylinder  CM  to]£ 

the  cylinder.  FD,  fo  is  ^  the  axis      ^'"'^^HflJt-^       fs^  .r^^       !>•  '3*  i^« 
LN  to  the  axis  KL.  but  the  cy- 
linder CM  is  equal  to  the  cylin- 
der EB,  and  the  axis  LN  to  the 
axis  GH.  therefore  as  the  cytin- AV 
der  EB  to  the  cylinder  FD,  fo  is 

the  axis  GH  to  the  axis  KL.  and  as  the  cylinder  EB  to  the  cy** 
Under  FD,  fo  is  ^  the  cone  ABG  to  the  cone  CDK,  becaufe  the  ^'  '5-  5- 
cylinders  are  triple  <*  of  the  cones,  therefore  alfo  the  axis  GH  h  ^  '®'  '*• 
to  the  axis  KL,  as  *the  cone  ^BG  to  the  cone  CDK,  and  the 
cylinder  EB  to  the  cylinder  FD.  Wherefore  c<)nes,  &c.  Q^E.  D, 
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PROP.   XV.     THEOR. 

THE  bafes  and  altitudes  of  equal  cones  and  cylinders 
are  reciprocally  proportional;  and  if  the  bafea 
and  altitudes  be  reciprocally  proporttonal,  the  cones 
and  cylinders  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of  which  are  AC, 
EG,  he  the  bafes,  and  KL,  MN  the  axes,  as  alfo  the  altitudes, 

,  of  equal  cones  and  cylinders  \  and  let  ALC,  ENG  be  the  cpnes, 

and  AX,  EO  the  cylinders,  the  bafes  and  altitudes  of  the  cylinders 
AX)  EO  are  reciprocally  proportional;  that  is,  as  the  bafe  ABCD 
to  the  bafe  EFGH,  fo  i$  the  altitude  MN  to  the  altitude  KL. 

Either  the  altitude  MN  is  equal  to  the  altitude  KL,  or  thefe  al- 
titudes are  not  equal*  Firft,  let  them  be  equal;  and  the  cylinders 
AX,  EO  being  alfo  equal,  and  cones  and  cylinders  of  the  fame  alti- 

II.  12.  tude  being  to  one  another  as  their  baies*.  therefore  the  bafe  ABCD 

A.  5*  is  equal  ^  to  the  bafe  EFGH;  and  as  the  baie  ABCD  is  to  the  bafe 
EFGH,  fo  is  the  al- 
titude MN  to  the  al- 
'  titude  KL  but  let  the 
altitudes  KL,  MN  be 
unequal,  and  MN  the 
greater  of  the  two, 
and  from  MN  take 
MP  equal  to  KL,  and, 
thro*  the  point  P,  cut 
•the  cylinder  EO  by 
the  plane  TYS  paral- 
lel to  the  oppofite 
planes  of  the  circles  EFGH,  RO ;  therefore  the  common  fe^ioa 
of  the  plane  TYS  and  the  cylinder  EO  is  a  circle,  and  confe* 
quently  ES  is  a  cylinder,  the  bafe  of  which,  is  the  circle  EFGH^ 
and  altitude  MP.  and  becaufe  tHe  cylinder  AX  is  equal  to  the 
cylinder  EO,  as  AX  is  to  the  cylinder  ES,  fo  « is  the  cylinder  EO  to 
the  fame  ES.  but  as  the  cylinder  AX  to  the  cylinder  ES,'  fo  *  is 
the  bafe  ABCD  to  the  bafe  EFGH;  for  the  cylinders  AX,  ES  are 
•     of  the  fame  altitude ;  and  as  the  cylinder  EO  to  the  cylinder  £S> 

13*  !«•  fo  <i  is  the  altitude  MN  to  the  altitude  MP,  becaufe  the  cylinder 
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£0  is  Cttt  by  the  plane  TYS  parallel  t6  its  cq)pofite  planes,  tliere-  ^ook  XIL 
fore  as  the  bafe  ABCI>to  the  bafe  EFGH,  fo  is  d\e  altitude  MN  * 
€o  the  altitude  MP.  but  MP  is  equal  to  the  altitude  KL ;  where- 
fore as  the  bafe  ABCD  to  the  bafe  EFCH,  fo  is  the  altitude  MN 
to  the  altitude  KL ;  that  is,  the  bafes  and  altitudes  of  the  equal 
cylinders  AX,  ^^  ^^^  reciprocally  proportionaL 

But  let  the  bafes  and  altitudes  of  the  cylinders  AX  FO,  be  re- 
ciprocally^  proportional,  viz.  the  bafe  ABCD  to  the  bafe  EFGH, 
as  the  altitude  MN  to  the  altitude  KL.  the  cylinder  AX  is  equal   • 
to  the  cylinder  EO. 

Firft,  let  the  bafe  ABCD  be  equal  to  the  bafe  EFGH,  then  be- 
caufe  as  the  bafe  ABCD  is  to  the  bafe  EFGH,  fo  is  the  altitude 
MN  to  the  altitude  KX;  MN  is  equal "  to  KL,  and  therefore  the  *»•  ^  S- 
cylinder  AX  is  equal  *  to  the  cylinder  EO.  &•  n*  ia« 

But  kt  the  bafes  ABCD,  EFGH  be  unequal,  and  let  ABCD  be 
the  greater;  and  becaufe  as  ABCD  is  to  the  bafe  EFGH,  fo  is  the 
altitude  MN  to  the  i^tude  KL,  therefore  MN  is  greater  ^  than 
KL)  then,  the  fame  conftru£kion  being  made  as  before,  becaufe  as 
die  bafe  ABCD  to  the  bafe  EFGH,  fo  is  the  altitude  MN  to  the 
altitude  KL;  and  becaufe  the  altitude  KL  is  equal  to  the  altitgiide 
MP ;  therefore  the  bafe  ABCD  is  *  to  the  bafe  EFGH,  as  the 
qrlinder  AX  to  the  cylinder  £S ;  and  as  the  altitude  MN  to  the 
altitude  MP  or  EIL,  fo  is  the  cylinder  EO  to  the  cylinder  ES.  there^', 
fore  the  cylinder  AX  is  to  the  cylinder  £3,  as  the  cylinder  EO  is 
to  the  fame  ^S.  whence  the  cylinder  AX  is  equal  to  the  cylinder 
£0.  and  the  lame  reafoning  holds  in  cones.   Q^E*  D« 

PROP.  XVI.     PROB. 

TO  defcribe  in  the  greater  of  two  circles  that  have 
the  fame  center,  a  polygon  df  an  even  number  of 
equal  fides,  that  fliali  not  meet  the  lefler  circle. 

Let  ABCD,  EFGH  be  tifro  giren  circles  having  the  fame 
center  K.  it  is  required  to  infcribe  in  the  greater  circle  ABCD  * 
a  polygon  of  an  even  number  of  equal  fides,  that  ffaall  not  meet 
the  leiTer  circle. 

Thro'  the  center  K  draw  the  ftrsught  line  BD,  and  from  i^e 
point  Gj  vhere  it  meets  the  circumference  of  the  lefler  circle,  draw 

S  2 
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Book  XU.  GA  at  right  angles  to  BD,  and  produce  it  to  C ;  therefore  AC 

^        touches  ■  the  circle  EFGH.  then  if  the  circumference  BAD  ht 

bifeftcd,  and  the  half  of  it  be  again  bife£ked,  and  fo  on,  there 

b.  Lemma,  j^^fl.  ^^  length  remain  a  circumference  lefs  **  than  AD.  let  this  be 
ItD ;  and  from  the  point  L  draw 
LM  perpendicular  to  BD,  and  pro- 
duce it  to  N ;  and  join  LD,  DN« 
therefore  LD  is  equal  to  DN,  and 
becaufe  LN  is  parallel  to  AC,  and 
that  AC  touches  the  circle  EFGH; 
therefore  LN  does  not  meet  .the 
^circle  EFGH.  and  much  lefs  (hall 
the.ftraight  lines  LD,  DN  meet  the 
circle  EFGH.  fo  that  if  ftraight  lines  equal  to  LD  be  applied  in 
the  circle  ABCD  from  the  point  L  around  to  N,  there  (hall  be 
defcrib^d  in  the  circle  a  polygon  of  an  even  numberof  equal  fides 
not  meeting  the  leffer  circle.    Which  was  to  be  done. 


LEMMA    IL 

IF  two  trapeziums  ABCD,  EFGH  be  infcribed  in  the 
circles  the  centers  of  which  are  the  points  K,  L ; 
and  if  the  fides  AB,  DC  be  parallel,  as  alfo  EF,  HG ; 
and  the  other^four  fides  AD,  BC,  EH,  FG  be  all  equal 
to  one  another;  but  the  fide  AB  greater  than  EF^  and 
DC  greater  than  HG.  the  ftraight  line  KA  from  the 
center  of  the  circle  in  which  the  greater  fides  are,  is 
greater  than  the  ftraight  line  LE  drawn  from  the  center 
to  the-circumference  of  the  other  circle- 


If  it  be  poffible,  let  KA  be  not  greater  than  LE;  then  KA  muft 
be  either  equal  to  it,  or  lefs.  Firli,  let  KA  be  equal  to  LE.  there- 
fore becaufe  in  two  equal  circles,  AD,'BC  in  the  one  are  equal  to 
«.  a8.  3.  •EH,  FG  in  the  other,  the  circumferences  AD,  BC  are  equal « to  ' 
thie  circumferences  EH,  FG ;  but  becaufe  the  ftraight  lines  AB, 
DC  are  refpeftively  greater  than  EF,  GH,  the  circumferences  ABi 
DC  are  greater  than  EF,  HG.  therefore  the  whole  circumference 
ABCD  is  greater  than  the  whole  EFGH)  but  it  is  alfo  equal  to  it^ 
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SvKich  is  impoffiblc.  therefore  the  ftraight  line  KA  is  not  equal  Book  xn. 
toLE,  ^ 

But  let  KA  be  lefs  than  LE,  and  make  LM  equal  to  KA,  and 
from  the  center  L,  and  diftance  LM  defcribe  .the  circle  MNOP, 
meeting  the  ftraight  lines  LL,  LF,  LG,  LH,  in  M,  N,  O,  P;  and 
join  MN,  NO,  OP,  PM  which  are  refpcaively  parallel  b  to,  and  *>•  *•  ^• 
lefs  than  EF,  FG,  GH,  HE,  then,  becaufe  EH  is  greater  than 
MP,  AD  is  greater  than  MP^  and  the  circles  ABCD,  MNOP  are 


equal,  therefore  the  circumference  AD  is  greater  than  MP;  for  the, 
fame  reafon,  the  circumference  BC  is  greater  than  NOj  and 
becaufe  the  ftraight  line  AB  is  greater  than  £F  which  is  greater 
than  MN,  much  more  is  AB  greater  than  MN.  therefore  the 
circumference  AB  is  greater  than  MN ;  and  for  the  fame  reafon^ 
the  circumference  DC  is  greater  than  PO.  therefore  the  whole 
circumference  ABCD  is  greater  than  the  whole  MNOP  \  but  it 
is  likewife  equal  to  it,  which  is  impoflible.  therefore  KA  is  not 
lefs  than  L£ ;  nor  i3  it  equal  to  it ;  the  ftraight  line  K  A  muft 
therefore  be  greater  than  LE«     (^E.  D. 

Cor.  And  if  there  be  an  Ifofceles  triangle  the  fides  of  which 
are  equal  to  AD,  BC,  but  its  bafe  lefs  than  AB  the  greater  of 
the  two  fides  AB,  DC ;  the  ftraight  line  K A  may,  in  the  fame 
manner,  be  demonftrated  to  be  greater  than  the  ftraight  line  drawa 
from  the  center  to  the  circumference  of  the  circle  defcribed  about 
the  triangle. 
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"^    ^  ■  '  PROP.  XVII.     PROB. 

9p^  n.      ^"V^O  defcribe  in  tb^  greater  of  two  ffhtttt  whtcb 
X      have  the  fame  center,  a  folid  polyhedron,  tiie 
fuperficies  of  Which  ftaTl  not  meet  the  iefier  fpbere« 

Let  there  be  two  fpheies  aibout  the  fame  cevter  A<;  it  is  jre^ 
quired  tp  defqribe  in  the  greater  a  folid  polyhedron  the  fuperficies 
of  which  ihall  not  meet  the  lefjer  fphere.  ^ 

Let  the  fpheres  be  cut  by  a  plane  pafiing  thro'  the  center  \  tha 
common  fe£tions  of  k  with  the  fpheres  (hall  be  circles;  becaufe  the 
fphere  is  defcribed  by  the  revolution  of  a  femicircle  about  the  dia« 
meter  remaining  unmoveablej»  fo  that  in  whatever  poGtion^the  femU 
circle  be  concei^d,  the  common  fe£tion  of  the  plane  in  which  it  is 
with  the  fuperficies  of  the  ff^ere  is  the  circumference  of  a  circle  | 
and  tUs  is  a  great  circle  of  the  fphere,  becaufe  the  diameter  of  the 

%*  IS'  5«    fphere  which  is  likewife  th^  jdiamcter  of  the  circle,  is  greater  *  tha^ 

any  ftraight  line  iif  the  circle  or  fphere.  iet  then  the  circle  made  by 

•  the  fe£kion  of  the  plane  with  the  greater  fphere  be  BCDE,  and  with 

the  leffer  fphere  be  FGH-,  and  draw  the  two  diameters  BD,  CE  at 

right  angles  to  one  another,  and  in  BCDE  the  greater  of  the  two 

b.  1 5.  IX.  circles  defcribe  **  a  polygon  df  an  even  number  of  equal  fides  not 
meet'mg  the  lefler  circle  FGH ;  and  let  its  fides,  in  BE  the  fourth 
part  of  the  circle,  be  BK,  KL,  LM,  ME;  join  KA  and  produce  it 
to  N;  and  from  A  draw  AX  at  right  angles  to  the  plane  pf  the  circle 
BCDE  meeting  the  fuperficies  of  the  fphere  in  the  point  X;  and  lei- 
planes  pafs  thro'  AX  and  each  of  the  ftraighf  lines  BD,  KN,  which, 
ifrom  what  has  been  faid,  (ball  produce  great  circles  on  thefuperfir- 
cies  of  the  fphere,  and  let  BXD,  KXN  be  the  femicircles  thus  made 
upon  the  diameters  BD,  KN.  therefore,  becaufe  XA  is  at  right 
angjes  to  the  plane  of  the  circle  BCPE,  every  plane  which  pafies 

<;.  18.  II.  thro*  X A  is  at  right  «  angles  to  the  plane  of  the  circle  BCDE; 
wherefore  the  femicirclcs^  BXD,  KXN  are  at  right  angles  to  diat 
^lane.  and  becaufe  the  femicircles  BED,  BXDj  KXN,  upon  the  e- 
qud  diameters  BD,  KN  are  equal  to  one  another,  their  fourth  parts 
BE,  BX,  KX  are  equal  to  one  another*  therefore  as  many  fides  of 
(the  polygon  as  are  in  the  fourth  part  BE,  fo  many  there  are*  in  BX| 
KX  equal  to  the  fides  BK,  KL,  LM,  ME.  let  thefe  polygons  be 
defcribed?  an4  their  fides  be  BQ,  OP^  PR,'R25|  KS,  §T,  TY| 
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TX,  and  join  OS,  PT,  RT}  and  from  the  points  O,  S  draw  OV,  Book  xn. 
SQjcrpendiculars  to  AB,  AK.  and  becanfe  the  plane  BOXD  is  at  *  '*"'  ' 
right  angles  to  the  plaiic  BCDE,  and  in  one  of  them  BOXD>  OV 
is  drawn  pcipendiculaT  to  AB  the  common  ieHion  of  the  planet^ 
therefore  OV  is  perpendicular '  to  the  plane  BCDE.  for  the  taioc^A-^f-" 
reafon  SQ^is  perpendicular  to  the  fame  plane,  becaufc  the  plane 
KSXN  is  at  right  angles  to  the  plane  BCDE.    Join  VC^  and  be^ 
caufe  in  the  equal  femicirclea  BSD,  EXN  the  circumferences  BO, 


KS  are  equal,  and  OV,  SQ^arc  perpendicular  to  their  diameters, 
therefore  •  OV  is  equal  to  SQ^,  and  BV  equal  to  KQ^  but  the  •  »«. ». 
whole  B  A  is  equal  to  the  whole  K  A ,  therefore  the  remainder  VA  is 
equal  to  the  remainder  QA.  as  therefore  BV  is  to  VA,  fo  is  KQjo 
QA,  wherefore  VQJs  parallel  •  to  BK.  and  becaufe  OV,  SQjire  e.  >■  &' 
each  of  them  at  right  angles  to  the  plane  of  the  circle  BCDE,  OV  is 
parallel '  to  SQj  and  it  has  been  proved  that  it  is  alfo  equal  to  it;  f.  *■  rt. ' 
therefore  QV ,  SO  are  equal  and  parallel  t.  and  becaufc  QV  is  pa-  g.  33-  «■ 
lallel  to  SO,  Mid  alfo  to  KB;  OS  is  parallel  >'  to  BK;  and  therefwe  b.  9.  kt. 
S4 
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Book  KII.  BO,  KS  which  join  them  are  in  the  fame  plane  in  which  thcfe  paral* 
y  ▼  lels  are,  and  the  quadrilateral  figure  KBOS  is  in  one  plane,  ani  if 
PB,  TK  be  joined,  and  perpendiculars  be  drawn  from  the  points  P, 
T  to  the  ftraight  lines  AB,  AK,  it  may  be  demonftrated  that  TP  is 
parallel  to  KB  in  the  very  fame  way  that  SO  was  (hewn  to  be  paraU 
!»•  $'  «i«  lei  to  the  fame  KB;  wherefore  ^  TP  is  parallel  to  SO,  and  the  quad^r 
rilateral  figure  SOPT  is  in  one  plane,  for  the  fame  reafon  the  quad^ 
trilateral  TPRY  is  in  one  plane,  and  the  figure  YRX  is  alfo  in  onQ 


if  z-ii, 


plane  K  therefore,  if  from  the  points  O,  S,  P,  T,  R,  Y  there  be 
drawn  ftraight  lines  to  the  point  A,  there  (hall  be  formed  a  folid 
polyhedron  between  the  circumferences  BX,  KX  compofed  of  py- 
ramids the  bafes  of  which  are  the  quadrilaterals  KBOS,  SOPT, 
TPRY,  and  the  triangle  YRX,  and  of  which  the  common  vertez  is 
the  point  A.  and  if  the  fame  conftru£tion  be  made  upon  each  of  the 
fides  KL,  LM,  ME,  as  has  been  done  upon  BK,  and  the  like  he- 
done  alfo  in  the  other  three  quadrants,  and  in  the  other  hemifphere; 
til^re  (hair  be  fprme4  a  folid  polvhe4r9n  defgribed  in  t^^  ffb^r^ 
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eomptkd  of  pyramids  the  bafe&of  which  are  the  aforefaid  quadri-  Book  xii. 
lateral  figures,  and  th^  triangle  YRX,  and  thofe  formed  in  the  like  ^— v— ^ 
manner  in  the  reft  of  the  fphere,  the  common  vertex  of  them  all 
being  the  point  A.  and  the  fuperficies  of  this  ftflid  polyhedron  does 
not  meet  die  leffcr  fphere  in  which  b  the  circle  FGH,  for  from  the 
point  A  draw  ^  AZ  perpendicular  to  the  plane  of  the  quadribteral  ^  ii«  ii« 
KBOS  meeting  it  in  Z,  and  join  BZ,  ZK.  and  becaufe  AZ  is  per- 
pendicular to  the  plane  KBOS,  it  makes  right  angies  with  every 
ftraight  line  meeting  it  in  that  plane;  therefore  AZ  is  perpendicular 
to  BZ  and  ZK.  and  becaufe  AB  is  equal  to  AK,  and  that  the 
fquares  of  A^,  ZB,  are  equal  to  the  fquare  of  AB;  and  the  fquares 
of  AZi  ZK  to  the  fquare  of  AK  *;  therefore  the  fquares  of  AZ,  *  47«  ^* 
ZB  are  equal  to  the  fquares  of  AZ,  ZK.  take  from  thefe  equals  the 
fquare  of  AZ,  the  remaining  fquare  of  BZ  is  equal  to  the  remaining 
fquare  of  ZK;  and  therefore  the  ftraight  line  BZ  is  equal  to  ZK^ 
in  tlie  like  manner  it  may  be  demonftrated  that  the  ftraight  lines 
jdrawn  from  the  point  Z  to  the  points  O,  S  are  equal  to  BZ,  or  ZK. 
therefore  the  circle  defcribed  from  the  center  Z,  and  diftanceZB 
(hall  pafs  thro'  the  points  K,0,S,  and  KBOS  fhallbe  a  quadrilateral 
figure  in  the  circle,  and  becaufe  KB  is  greater  than  QV,  and  QV 
equal  toSQ,  therefore  KB  is'greater  than  SO.  but  KB  is  equal  to 
leach  of  the  ftraight  lines  BO,  KS;  wherefore  each  of  the  circumfe- 
rences cut  off  by  KB,  BO,  KS  is  greater  than  that  cut  f>fF  by  OS; 
gnd  thefe  three  circumferences  together  with  a  fourth  equal  to  one 
of  them,  are  greater  than  the  fame  three  together  with  that  cut  off 
by  OS;  that  is,  than  the  whole  circumference  of  the  circle;  there^ 
fore  the  circumference  fubtended  by  KB  is  greater  than  the  fourth 
pajt  of  thewholecircumference  of  the  circle  KBOS,  andconfequent* 
ly  the  angle  BZK  at  the  center  is  greater  than  a  right  angle,  and 
becaufe  the  angle  BZK  is  obtufe,  the  fquare  of  BK  is  greater  ^  than  ^  '*•  '• 
the  fquares  of  BZ,  ZK;  that  is,  greater  than  twice  the  fquare  of 
BZ.   Join  KV,  and  becaufe  in  the  triangles  KBV,  OBV,  KB,  BV 
are  equal  to  OB,  BV,  and  that  they  contain  equal  angles;  the  angle 
KVB  is  equal  °» to  the  angle  OVB.  and  OVB  is  a  right  angle ;  "»•  4-  «• 
therefore  alfoK^Bis  a  right  angle,  and  becaufe  BD  is  lefs  thafn  twice 
/DV,  the  reftangle  containec^by  DB,  BV  is  lefs  than  twice  the  rec- 
tangle DVB;'  that  is  °,  the  fquare  of  KB  is  lefs  than  twice  the  n.  8.  d« 
fquare  of  KV.  but  the  fquare  of  KB  is  greater  than  twice  the 
fquare  of  BZ ;  therefore  the  fquare  of  KV  js  greater  than  the  fquare 
q(  P^*  and  jb^Cattfe  B A  is  equal  tp  AK|  and  that  the  fqu^i^^s  of 
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Book  XIL  BZ»  ^ A  are  equal  together  to  the  fquare  of  J^A,  and  the  {qvoireg 
^*^>^^^  of  KV,  V  A  to  the  fquare  of  AK  j  therefore  the  fquares  of  BZ, 
Z  A  are  equal  to  the  fquares  of  KV,  VA)  and  of  thefe  the  fquaire 
of  KV  18  greater  than  the  fquare  of  BZ,  therefore  the  fquare 
of  VA  it  lefs  than  the  fquare  of  ZA,  and  the  ftraight  line  AZ 
greater  than  VA*  much  more  then  AZ  is  greater  than  AG,  he^ 
caufe  in  the  precepting  Propofition  it.was  (hewn  that  KV  faUs  with- 
out the  circle  FGH.  and  AZ  is  perpendicular  to  the  plane  KBOSs 
and  is  therefore  the  (horteft  of  all  the  ftraight  lines  that  can  be 
drawn  from  A  the  center  of  the  fphere  to  that  plane.  Therefore 
the  plane  KBOS  does  not  meet  the  lefler  fphere. 

And  that  the  other  planes  between  the  quadrants  BX|  KX  fall 

without  the  lefler  fphere,  is  thus  demonftrated.  from  the  point  A 

draw  AI  perpendicular  to  the  plane  of  the  quadrilateral  SOFT,  and 

join  10;  and  as  was  demonftrated  of  the  plane  KBOS  and  the  point 

Z»  in  thiB  fame  way  it  may  be  (hewn  that  the  point  I  is  the  center  dF 

ft  circle  defcribed  about  SOFT,  and  that  OS  is  greater  than  FT  i 

and  PT  was  (hewn  to  be  paralld  to  OS.  therefore  becaufe  the  tw6 

trapeziums  KBOS,  SOFT  infcribed  in  circles  have  their  fides  BK» 

OS  parallel,  as  alfo  OS,  FT ;  and  their  other  fides  BO,  KS,  OP) 

ST  all  equal  to  one  another,  and  that  BK  is  greater  than  OS,  and 

0.  a.  Lem.  OS  greater  than  FT,  therefore  the  ftraight  line  ZB  is  greater  •  than 

'*•         lO.    Join  AO  which  will  be  equal  to  AB ;  and  becaufe  AI(^ 

AZB  are  right  angles,  the  fquares  of  AI,  lO  are  equal  to  the  fquart 

of  AO  or  of  AB ;  that  is,  to  the  fquares  of  AZ,  ZB ;  and  the 

fquare  of  ZB  is  greater  than  the  fquare  of  lO,  therefore  the  fquare 

of  AZ  is  lefs  than  the  fquare  of  AI;  and  the  ftraight  line  AZ  lefs 

than  the  ftraight  line  AI.  and  it  was  proved  that  AZ  is  gre^fet 

than  AG;  much  more  then  is  AI  greater  than  AG.  therefore  the 

plane  SOFT  falls  wholly  without  the  leflTcr  fphere.  in  the  fame 

manner  it  may  be  demonftrated  that  the  plane  TPRY  falls  with-» 

out  the  fame  fphere,  as  alfo  the  triangle  YRX,  viz.  by  the  Cor.  cS 

2d  Lemma,  and  after  the  fame  viray  it  may  be  demonftrated  that 

all  the  planes  which  contain  the  folid  polyhedron  fall  without  the 

leffer  fphere.  therefore  in  the  greater  of  two  fph^pres  which  hav^ 

the  fame  center,  a  folid  polyhedron  ts  defcribed  the  fuperficies  of 

which  does  not  meet  the  lefler  fphere.    Which  was  to  be  done. ' 

But  the  ftraight  line  AZ^nay  be  demonftrated  to  be  greater  thaA 

AG  otherwife  and  in  a  fhorter  manner,  without  the  help  of  Prop; 

%6.  as  follows.  From  the  point  G  draw  GU  at  right  angles^  to  AO 
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and  joki  AU.  if  then  the  circusifcTencc  BE  he  bi&decU  and  its  B«*  xu. 
half  i^aia  faife&ed»  «nd  fo  on,  there  will  at  length  be  left  a  cnr»  ^^V%^ 
ciunferesce  Jefii  than  the  drciimfercnce  which  is  fnbtended  by  a 
finigbtiine  Aqutl  to  GU  i&fcribed  in  the  circle  BCDE.  let  this 
be  the  ctreuaiference  KB.  liierefbre  the  ibnight  ItneKBislefiidian 
GU.  and  becaufe  the  aog^  fiZK  is  obtnie,  is  was  ftowoi  in  th^ 
preceding,  therefore  BK  is  greater  than  BZ.  but  GU  is  greater 
than  BK;  much  more  then  is  GU  pester  Aan  BZ,  and  the  fquare 
of  GU  than  the  fquare  pf  BZ.  and  AU  is  equal  to  AB;  therefore 
the  fquare  of  AU^  that  is  the  fquares  of  AG,  GU  are  equal  to  the 
fquare  of  AB,  that  is  to  the  fquares  of  AZ,  ZB  $  but  the  fquar^ 
of  BZ  is  lefs  than  the  fquare  of  GU;  tiberefore  the  {quare  of  AZ 
is  greater  than  the  fquare  of  AG,  and  the  ftraight  line  AZ  confe* 
quently  greater  than  the  ftraight  line  AG. 

Co&.  And  if  in  the  lefler  fphere  there  be  defcribed  a  folid  poly* 
hedron  by  drawing  ftraight  lines  betwixt  the  points  in  which  the 
ftraight  lines  from  the  center  of  the  fphere  drawn  to  all  the  angles  of 
ihe  foHd  polyhedron  in  die  greater  fphere  meet  the  fuperficies  of  the 
lefler;  in  the  fame  order  in  which  are  joined  die  points  in  which  the 
fame  itncis  from  the  center  meet  die  fuperficies  of  thegreater  fphere; 
the  foiid  polyhedron  in  die  fphere  BCDE  has  to  this  other  folid  po.* 
lyhedron  die  triplieateratio  of  that  which  die  diameter  of  the  fphere 
BCDE  has  to  the  diameter  of  the  other  fphere.  for  if  thefe  two  fo* 
lids  be  divided  into  the  fame  number  of  pyramids,  and  in  the  fame 
order;  the  pyramids  fhall  be  fimilar  to  one  another,  each  to  each, 
becaufe  they  have  the  folid  angles  at  their  common  vertex,  the  cen- 
ter of  the  fphere,  the  lame  in  each  pyramid,  and  their  other  folid 
angles  at  the  bales  equal  to  one  anodier,  each  to  each  *,  becaufe  ^  ^'  <<• 
they,  are  contained  by  three  plane  angles  equal  each  to  each;  and  the 
pyramids  are  contained  by  the  fame  number  of  fimilar  planes;  and 
are  therefeis  £milar  ■*  to  one  another,  each  to  each,  but  fimilar  py-  ^*  ''•  ^^ 
ramids  have  to  one  another  the  triplicate  ^  ratio  of  their  homologous  "* 
fides,  therefore  the  pyramid  of  which  the  bafe  is  the  quadrilateral 
KBOS,  and  vertex  A,  has  to  the  pyramid  in  the  other  fphere  of  die 
fameo^der^  thetriplkate  ratio  of  their  homologous  fides;  diat  is, 
p(  that  jatio  which  AB  from  the  center  of  the  greater  fphere  has 
lo  the  ftraight  liae  from  the  fame  center  to  the  fuperficies  of  the 
bffer  fphere.  and  in  like  manner  eadi  pyramid  in  the  greater  fphere 
has  to  each  of  the  fame  order  in  die  lefler,  the  triplicate  ratio  of  that 
irbkb  AB  has  to  the  femidi^meter  of  the.  lefler  fphere.  ^nd  a$  an« 
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Book  Xlt  antecedent  is  to  its  confequent,  fo  are  all  the  antecedents  to  all  the 
confequents.  Wherefore  the  whole  folid  polyhedron  in  tftfe  greater 
fphere  has  to  the  whole  folid  polyhedron  in  the  other,  the  tripli- 
cate ratio  of  that  which  AB  the  femidiameter  of  the  iirft  has  to  the 
femidiameter  of  the  other ;  that  is,  which  the  diameter  BD  of  the 
greater  has  to  the  dbmeter  of  the  other  fphere. 

PROP.  XVm.     THEOR. 


S 


PHERES  have  to  one  another  the  triplicate  ratio  of 
that  which  their  diameters  have. 


Let  ABC,  DEF  be  two  fpheres  of  which  the  diameters  are 
.     BC,  EF.  the  fphere  ABC  has  to  the  fphere  DEF  the  triplicate 
ratio  of  that  which  BC  has  to  EF, 

For  if  it  has  not,  the  fphere  ABC  (hall  have  to  a  fphere  either 
lefs  or  greater  than  DEF,  the  triplicate  ratio  of  that  which  BC  has 
to  EF.  Firft,  let  it  have  that  ratio  to  a  lefs,  viz.  to  the  fphere 
GHK;  and  let  the  fphere  DEF  have  the  fame  center  with  GHKj 
ft.  17.  xa.  and  in  the  greater  fphere  DEF  defcribe  *  a  folid  polyhedron  the 
fuperficies  of  which  does  not  meet  the  lefler  fphere  GHK;  and  in 


the  fphere  ABC  defcribe  another  fimilar  to  that  in  the  fphere 
DEF.  therefore  th^folid  polyhedron  in  the  fphere  ABC  has  to 
b.  Cor.  17.  ^}jg  fQiy  polyhedron  in  the  fphere  DEF,  the  triplicate  ratio  ^  of 
that  which  BC  has  to  EF.  but  the  fphere  ABC  has  to  the*fpherc 
GHK,  the  triplicate  ratio  of  that  which  BC  has  to  EF;  therefore 
as  the  fphere  ABC  to  the  fphere  GHK,  fo  is  the  folid  polyhedron 
in  the  fphere  ABC  to  the  folid  polyhedron  in  the  fphere  DEE. 
but  the  fphere  ABC  is  greater  than  the  folid  polyhedron  in  it| 
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therefore  ^  alfo  the  fphere  GHK  is  greater  than  ^he  folid  polyhe-  Book  xn. 
dron  in  the  fphere  DEF.  but  it  is  alfo  lefs,  becaufe  it  is  contained  ▼ 
\irithin  it,  which  ismpoffible.  therefore  the  fphere  ABC  has  not  to  ^'  '^  ^* 
any  fphere  lefs  than  DEF,  the  triplicate  ratio  of  that  which  BC  has 
to  EF.  In  the  fame  manner  it  may  be  demonftrated  that  the  fphere 
DEF  has  not  to  any  fphere  lefs  than  ABC,  the  triplicate  ratio  of 
that  which  EF  has  to  BC.  Nor  can  the  fphere  ABC  have  to  any 
iphere  greater  than  DEF>  the  triplicate  ratio  of  that  which  BC  has 
to  EF.  for  if  it  can,  let  it  have  that  ratio  to  a  greater  fphere  LMN. 
therefore,  by  inverfion,  the  fphere  LMN  has  to  the  fphere  ABC, 
the  triplicate  ratio  of  that  which  the  diameter  EF  has  to  the  dia- 
meter BC.  but  as  the  fphere  LMN  to  ABC,  fo  is  the  fphere  DEF 
to  fome  fphere,  which  muft  be  lefs  ^  than  the  fphere  ABC,  becaufe 
the  fphere  LMN  is  greater  than  the  fphere  DEF.  therefore  the 
fphere  DEF  has  to  a  fphere  lefs  than  ABC  the  triplicate  ratio  of 
that  which  EF  has  to  BC  ^  which,  was  fhewn  to  be  impoffible. 
therefore  the  fphere  ABC  has  not  to  any  fphere  greater  than  DEF 
the  triplicate  ratio  of  that  which  BC  has  to  EF.  and  it  was  de- 
monftrated that  neither  has  it  that  ratio  to  any  fphere  lefs  than 
DEF.  Therefore  the  fphere  ABC  has  to  the  fphere  DEF,  the 
triplicate  ratio  of  that  which  BC  has  to  EF.    Q^  E.  D. 
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NOTES,      &c. 

,  DEFINITION  I.    BOOK  I. 

IT  Is  neceflary  to  confider  a  folid,  that  is  a  magnitude  which  hat 
length,  breadth  and  thicknefsi  in  order  to  underftand  aright 
the  Definitions  of  a  point,  line  and  fuperficies ;  for  thefe  all 
arife  from  a  (olid,  and  exift  in  it.  the  boundary,  or  boundaries 
which  contain  a  folid  are  called  fuperficies,  or  the  boundary  which 
is  common  to  two  folids  which  are  contiguous,  or  which  divides  one 
folid  into  two  contiguous  parts,  is  called  a  fuperficies.  thus  if  BCGF 
be  one  of  the  boundaries  which  contain  the  folid  ABCDEFGH, 
or  which  is  the  common  boundary  of  this  folid,  and  the  folid 
BKLCFNMG  and  is  therefore  in  the  one  as  well  as  die  other  folid*, 
it  is  called  a  fuperficies,  and  has  no  thicknefs*  for  if  it  have  any,  this 
thicknefs  muft  either  be  a  part  of  the         -fj»         ^ 


'thickncfs  of  the  folid  AG,  or  of  the  ^        ^       ^ 

folid  BM,  or  a  part  of  the  thicknefs        y/i^FyiN^X 
of  each  of  them.  It  cannot  be  a  part  rif-^  ^  f '  f  — 


part 
of  the  thicknefs  of  the  folid  BM,  be-* 
caufe  if  this  folid  be  removed  from 
the  folid  AG,  the  fuperficies  BCGF, 
the  boundary  of  the  folid  AG,  re-     *  *r>  17" 

mains  ftill  the  fame  as  it  was.    Nor  za.         JlS         J\« 
can  it  be  a  part  of  the  thicknefs  of  (he  folid  AC,  becaufe  if  this 
be  removed  from  the  folid  BM,  the  fuperficies  BCGF,  the  boun« 
dary  of  the  folid  BM,  does  neverthelefs  remain,  therefore  the  fuper- 
ficies BCGF  has  no  tliicknefs ;  but  only  length  and  breadth. 

The  boundary  of  a  fuperficies  is  called  a  line,  or  a  line  is  the 
conunon  boundary  of  two  fuperficies  that  are  contiguous,  or  which 
divides  one  fuperficies  into  two  contiguous  parts,  thus  if  BC  be  one 
of  the  boundaries  which  contain  the  fuperficies  ABCD,  or  which 
is  the  common  boundary  of  this  fuperficies  and  of  the  fuperficies 
KBCI^  which  is  contiguous  to  it,  this  boundary  BC  is  called  a  line, 
and  has  no  breadth,  for  if  it  have  any,  this  muft  be  part  either  of 
the  breadth  of  the  fuperficies  ABCD,  or  of  the  fuperficies  KBCL, 
or  part  of  each  of  them.  It  is  not  part  of  the  breadth  of  the  fuper- 
ficies KBCL,  for  if  this  fuperficies  be  refhoved  from  the  fuperficies 
ABCD^  the  line  BC  which  is  the  boundary  of  the  fuperficies  ABCD 

T 


Book.  I. 


NOTES. 

remains  the  fame  as  it  was.  nor  can  the  breadth  that  BC  is  fup* 
pofed  to  haye  be  a  part  qf  the  breadth  of  the  fuperficies  ABCD, 
becaufe  if  this  be  removed  from  the  fuperficies  KBCL,  the  line 
BC  which  ist  the  boundary  of  the  fuperficies  KBCL  does  never- 
thelefs  remain,  therefore  the  line  BC  has  no  breadth,  and  becaufe 
the  line  BC  is  in  a  fuperficies^  and  that  a  filiperficies  has  no  thick- 
nefsi  as  was  (hewn ;  therefore  a  line  has  neiUicr  breadth  nor 
thicknefs,  but  only  length. 

The  boundary  of  a  line  is  called  a  pointy  or  a  point  is  the  com- 
mon boundary  or  extremity  of  two  lines  that  are  coutiguoua*  thus 
if  B  be  the  exti'emity  of  the  line  AB,  or  the  common  extremity  of 
the  two  liaes  AB,  KB,  this  extremity  is  called  a  pomt,  and  has  no 
length,  for  if  it  have  any,  this  length  muft  either  be  part  of  the 
length  of  the  line .  AB,  or  of  the  line  -rp  ^ 
KB..  It  18  not  part  of  the  length  of  •**•  v«^ 
KB,  for  if  .the  line  KB  be  removed 
from  AB,  ^p  point  B  which  is  the  r^ 
extremity  of  the  line  AB  remains  the 
fame  as  it  was,  nor  is  it  part  pf  the 
length  of  the  line  AB;  for  if  AB  be 
removed  from  the  line  KB,  the  point    a  -_^         -«► 

B  which  is  the  extremity  of  the  Vne  zV.  J3  Jx 
KB,  does  neverthelefs  remain,  therefore  the  point  B  has  no  length, 
and  becaufe  a  point  is  in  a  line,  and  a  line  has  neither  l^readth  nor 
thicknefs,  therefore  a  point  has  no  length,  breadth  nor  thicknefs» 
And  \n  thi9  manner  the  Definitions  of  a  pointy  line  and  fuper- 
^ciesare.to  be  underftood. 

DEF.  VII.    B.  I. 

Inftead  of  this  Definition  as  it  is  in  the  Greek  copies,  a  more 
diftinfi:  otic  is  given  from  a  property  of  a  plane  fuperficies,  which  is 
ma^ifeftly  fupppfed-in  the  Elements,  viz.  that  a  ftraight  line  drawn 
fxom  any  point  in  a  plane  to  any  other  in  it,  is  wholly  in  that  plane* 


IZIF 


I  ♦ 


DEF.  VIII.    B.  I. 


It  feems  that  he  who  made  this  Definition  defigned  that  it  fhould 
comprehend  not  only  a  plane  angle  contained  by  two  ftraight  lines^ 
hut  likewife  the  angle  which  fome  conceive  to  be  made  by  a  ftraight 
line,  and  a  curve»  or  by  two  curve  lines,  which  meet  one  another 
id  a  planet  but  thp'  the  meaning  of  the  words  sr*  tMoi-,  that  i8» 


N  O  t  £  S;  fi^f 

tn  a  ftratght  line,  dt  in  the  (ante  dtre£biotl,  be  plaini  Mirfaetl  two  BookL 
ftraight  lines  ate  faid  to  be  iii  a  ftra^ht  lme»  it  does  not  appear  '  ^^ 
what  ought  to  be  underftood  by  thefe  words,  Whev  a  ftraight  line 
and  a  curve,  or  two  curve  lines,  are  faid  to  be  in  the  fame  direc- 
tion \  at  lead  it  cannot  be  eiplained  iii  this  place ;  which  mak^ 
it  probable  that  this  Definition,  and  that  of  the  angle  of  a  fegment^ 
and  what  is  faid  of  the  angle  of  a  femicircle,  and  the  angles  of 
fegments,  iii  the  i6.  and  31*  Propofitions  of  Book  3.  are  the  ad* 
ditions  of  foihe  lefs  ikilf  ul  Editor,  oh  which  account,  efpecially  flttce 
they  are  quite  ufelefis,  thefe  Definitions  ate  dlftinguifhed  front  the 
reft  by  inverted  double  coinmas. 

PE^.  XVlI.    B.  1. 

Hie  words  *<  which  alfo  divides  thejcitcle  into  two  equal  parts'^ 
Are  added  at  the  end  of  this  Definition  in  all  the  copies,  but  ^re 
now  left  out  as  not  belonging  to  the  Definition,  being  only  a  Co^ 
tollary  from  it.  Proclus  demonftrates  it  by  conceiving  one  of  th^ 
parts  into  which  the  diameter  divides  the  circle,  to  be  applied  to 
the  other,  for  it  is  plain  they  muft  coincide,  elfe  the  ftraight  lines 
from  the  center  to  the  circumference  would  not  be  all  equal*  the 
fame  thing  is  eafily  deduced  from  the  31.  Prop,  of  Book  p  dn4 
the  24.  of  the  fame  1  from  the  firft  of  which  it  follows  that  femi'- 
circles  are  fimilar  fegments  of  a  circle*  and  from  the  other,  that 
they  are  equal  to  one  another* 

D  E  F.  XX^tliL    B.  h 

This  Definition  has  one  condition  more  than  is  necefiary ;  be« 
caufe  every  quadrilateral  figure  which  has  its  oppoiite  fides  .equal 
to  one  another,  has  likewife  its  oppofite  angles  equal )  and  on 
the  contrary. 

Let  AfiCD  be  a  quadrilateral  figure,  of  which  the  oppofite  fides 
AB,  CD  are  equal  to  one  another ;  as 
alfo  AD  and  BC.  join  BDj  the  two 
fides  AD,  DB  ^e  equal  to  the  two 
CB,  BD,  and  the  bafe  AB  is  equal  to  ~^     ^ 

the  bafe  CD )  therefore  by  Prop.  8.  of\fi     .  v 

Book  I.  the  angle  ADB  is  equal  to  the  angle  CBD;  and  by  Prop. 
4.  B.  I.  the  angle  BAD  is  equal  to  the  angle  DCB,  and  ABD 
to  BDC)  and  therefore  alfo  the  angle  ADC  is  equal  to  the  angte 


:^ 


>2^  NOTES.  " 

Booli  I.  And  if  the  angle  BAD  be  equal  to  the  oppofitc  angle  BCD,  and 
the  angle  ABC  to  ADC;  the  oppofite  fides  are  equal.  Becaufe  by 
Prop.  32.  B.  f .  all  the  angles  of  the  quadrilateral  figure  ABCD 
are  together  equal  to  four  right  angles, 
and  the  two  angles  BAD,  ADC  are  to- 
gether, equal  to  the  two  angles  BCD, 

ABC.   wherefore  BAD,  ADC  are  the  ^        . 

half  of  all  the  four  angles;  that  is,  BAD£  1/ 

and  ADC  are  equal  to  two  right  angles,  and  therefore  AB,  CD 
are  parallels  by  Prop.  28.  B.  i.  in  the  faitieimanner  AD,  BC  are 
parallels,  therefore  ABCD  is  a  parallelogram,  and  its  oppofite 
fides  are  equal  by  34.  Prop.  B.  i. 

PROP.  yiL    B.  I- 

There  arc  two  cafes  of  this  Propofition,  one  of  which  is  not  in 

the  Greek  text^  but  is  as  neceflTary  as  th^  other,  and  that  the  cafe 

left  out  has  been  formerly  in  the  text  appears  plainly  from  this, 

-that  the  fecond  part  of  Prop  5.  which  is  neceffary  to  the  Demon- 

ftration  of  this  cafe,  can  be  of  no  ufe  at  all  in  the  Elements,  or 

any  where  (Ife,  but  in  this  Demonftration;  becaufe  the  fecond  part 

of  Prop.  5.  clearly  follows  from  the  firft  part,  and  Prop.  13.  B.-i. 

this  part  muft  therefore  have  been  added  to  Prop.  5.  upon  account 

of  fome  Propofition  betwixt  the  5.  and  13.  but  none  of  thefe  ftand 

in  need  of  it,  except  the  7.  Propofition,  on  account  of  which  it 

has  been  added,  befides  the  tranflation  from  the  Arabic  has  this 

cafe  explicitely  demonftrated.  and  Proclus  acknowledges  that  the 

fecond  part  of  Prop.  5.  was  added  upon  account  of  Prop.  7.  but 

gives  a  ridiculous  reafon  for  it,  «  that  it  might  aflTord  an  anfwer 

«<  to  objeftions  made  againft  the  7."  as  if  the  cafe  of  the  7.  which 

is  left  out,  were,  as  he  exprefsly  makes  it,  an  obje£lion  againft  the 

propofition  itfelf.     Whoever  is  curious  may  read  what  Proclus 

.fays  of  this  in  his  commentary  on  the  5.  and  7.  Propofitions;  for 

it  is  not  worth  while  to  relate  his  trifles  at  full  length. 

It  was  thought  proper  to  change  the  enuntiation  of  this  7.  Prop. 
fo  as  to  preferve  the  very  fame  meaning;  the  literal  tranflation  from 
the  Greek  being  extremely  harih,  and  difficult  to  be  underftood 
by  beginners. 
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Book!. 

PROP-  XI.    B.  I.  ^— >r^ 

A  Corollary  is  added  to  this  Propofitioni  which  is  neceflary 
to  Prop.  I.  B.  II.  and  otherwife. 

PROP.  XX.  and  XXI.    B.  I. 

Proclus  in  his  Commentary  relates  that  the  Epicureans  derided 
this  Propofition,  as  being  manifeft  even  to  afTes,  and  needing  no 
Demonftration;  and  his  anfwer  is,  that  tho'  the  truth  of  it  be  ma- 
nifeft to  our  fenfes,  yet  it  is  fcience  which  muft  give  the  reafon 
why  two  (ides  of  a  triangle  are  greater  than  the  third,  but  the  right 
anfwer  to  this  objedion  againft  this  and  the  21.  and  fome  other 
plain  Propofitions,  is,  that  the  number  of  Axioms  ought  not  to  be 
encreafed  without  neceflity,  as  it  muft  be  if  thefe  Propofitions  be 
not  demonftrated.  Monf.  Clairault  in  the  Preface  to  his  Elements 
of  Geometry  publifhed  in  French  at  Paris  Ann.  1741.  fays  that 
Euclid  has  been  at  the  pains  to  prove  that  the  two  fides  of  a  triangle 
which  is  included  within  another  are  together  lefs  than  the  two 
fides  of  the  triangle  which  includes  it ;  but  he  has  forgot  to  add  ' 
this  condition,  viz.  that  the  triangles  muft  be  upon  the  fame  bafe^ 
becaufe  unlefs  this  be  added,  the  fides  of  the  included  triangle 
may  be  greater  than  the  fides  of  the  triangle  which  includes  it,  in 
any  ratio  which  is  lefs  than  that  of  two  to  one.  a&  Pappus  Alex-- 
andrinus  has  demonftrated  in  Prop.  3.  fi.  3.  of  his  Mathematical 
CoUediions. 

PROP.  XXII.    B.  I. 

Some  Authors  blame  Euclid  becaufe  he  does  not  demonftrafce 
that  the  two  circles  made  ufe  of  in  the  conftru£l:ion  of  this  Problem 
muft  cut  one  another,  but  this  is  very  plain  from  the  determination 
he  has  given,  viz.  that  any  two  of  the  ftraight  lines  DF,  FG,  GH 
muft  be  greater  than  the  third,  for 
who  is  fo  dull,  tho'  only  beginning 
to  learn  the  Elements,  as  not  to  per- 
ceive that  the  circle  defcribed  from 
the  center  F,  at  the  diftance  FD, 
muft  meet  FH  betwixt  F  and  H,r\fyr 
becaufe  FD  is  lefs  than  FH;  and 

that,  for  the  like  reafon,  the  circle  defcribed  from  the  center  G,  at 
the  diftance  GH  or  GM  muft  meet  DG  betwixt  D  wd  G ;  and 
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that  thefe  circles  muft  meet  one  another,  becaufe  FD  and  GH  are 

together  greater  than  FG  ?  and  this 

determination's  eafier  to  be  under- 

ftood  than  that  which  Mr.  Thomas 

Simpfon  derives  from  it|  and  puts 

inftead*of  Euclid^S)  in  the  49.  page 

iff  his  Elements  pf  Geometry,  that  herviLT       X|»  ^ 

may  fupply  the  omiffion  he  blames 


H 


Euclid  for;  which  determination  is,  diat  any  of  the  three  ftraight 
lines  muft  be  lefs  than  the  fum,  but  greater  than  the  difference  of 
ihe  other  two.  from  this  he  (hews  the  circles  muft  meet  one  ano^ 
ther,  in  pne  cafe  i  and  fays  that  it  may  be  proved  after  the  fame 
manner  m  any  other  cafe,  but  the  ftraight  line  GM  which  he  bids 
iake  from  GF  may  be  greater  than  it,  as  in  the  figure  here  annexedj 
in  whigli  cafe  his  ^^monftration  muft  be  changed  into  auother, 

PROP.  XXIV.    B.  I. 

To  this  is  added  <^  of  the  two  Cdes  DE,  DF,  let  D£  be  that 
#  which  is  not  greater  tl^an  the  pther  -"  that  is,  take  that  fide  of 
the  two  D£,  DF  which  is  not  greater  than  the  otheri  in  order  to 
make  with  it  the  angle  EDG  equal  tq       y| 
BAC.   becaufe  without  this  reftriftion, 
there  might  be  three  different  cafes  of 
the  Propofition,  as  Campanus  and  others 
make. 

Mr.  Thomas  Simpfon  in  p.  262.  of 
the  fecond  edition  of  his  Elements  of 
Geometry  printed  Ann.  1760.  obferves 
in  his  Notes,  that  it  ought  to  have  beep 
fliewn  that  the  point  F  falls  below  the 
line  EG;  this  probably  Euclid  omitted,  as  it  U  very  eafy  to  perceive 
that  DG  being  equal  to  DF,  the  point  G  is  in  the  circumference  of  a 
pircle  defcribed  from  the  centerD  at  the  diftanceDF,  and  muft  be  in 
that  part  of  it  which  is  above  the  ftraight  line  Ef,  becaufe  DG  faUs 
above  QF,  the  angle  EDG  being  greater  than  the  angle  EDF, 

'  PROP.  XXIX.    B.  L 

The  Propofition  which  is  ufually  called  the  5«  Poftiilate,  or  1 1^ 
Axiomy  by  fome  the  12.  on  which  this  29.  depends,  has  given  ^ 
great  4f  al  to  do  both  tQ  aotknt  zM  m^^m  Qepmei^r$^  it  f^vn 
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ttot  to  be  properly  placed  amotig  the  Axioms,  is,  indeed,  it  is  not    Book  h 
felf-cvident  •,  but  it  may  be  demonftrated  thus. 

DEFINITION    I. 

The  diftance  of  a  point  from  a  ftraight  line,  is  the  perpendicular 
drawn  to  it  from  the  point. 

DEF.    2. 

One  ftraight  line  is  faid  to  go  nearer  to',  or  further  from  another 
ftraight  line,  when  the  diftance  of  tha  points  of  the  firft  from  the 
other  ftraight  line  become  lefs  or  greater  than  they  were;  and  twO 
ftraight  lines  are  faid  to  keep  the  fame  diftance  from  one  another, 
when  the  diftance  of  the  points  of  one  of  them  from  the  other  is 
always  the  fame. 

AXIOM. 

A  ftraight  line  caiinot  firft  come  nearer  to  another  ftraight  line^ 
and  then  go  further  from  it,  before       . 
it  cuts  it ;  and,  in  fike  manner,  a    J\^ 
ftraight  Une  cannot  go  furdier  f rom«^. 
another  ftraight  line,  and  then  come*'^ 
ftearer  to  it;  nor  can  a  ftraight  line  JQ^ 
keep  the  fame  diftance  from  ano« 
ther  ftraight  line,  and  then  come  nearer  to  it,  or  go  further  from 
it ;  or  a  ftraight  line  keep  always  the  fame  dire£tion. 

For  example,  the  ftraight  line  ABC  cannot  firft  come  nearer  to^i 
the  ftraight  line  DE,  as  from  the  point  1^  Sec  the  «i 

« A  to  the  point  B,  and  then,  from  the    Ai  '  _  Cl    5^*  *****^'' 

point  B  to  the  point  C,  go  further  J)  ■  ■■      '"F 

from  the  fame  DE.  and,  in  like  man-  "Tl  /I  "^Tf 

ner,  the  ftraight  line  FGH  cannot  go  ^  •"• 

further  from  DE,  as  from  F  to  G,  and  then,  from  G  to  H,  come 
nearer  to  the  fame  DE.  and  fo  in  the  laft  cafe  as  in  fig'.  2. 

PROP.     I.  . 

If  two  equal  ftraight  lines  AC,  BD  be  each  at  right  angles  t^ 
the  fame  ftraight  line  AB  5  if  the  points  C,  D  be  joined  by  the 
ftraight  line  CD,  the  ftraight  line  EF  drawn  from  any  point  Eln  AB» 
unto  CD,  at  right  .angles  to  AB,  ftiall  be  equal  to  AC,  or  BD. 

If  EF  be  not  equal  to  AC,  one  of  them  muft  be  greater  than  the 
Q&cxi  let  AC  be. the  greater;  then  becaufe  F£  is  le&  than  CA,  the 
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ftraight  line^FD  is  nearer  to  the  ftraight  line  AB  at  the  point  F 
than  at  the  point  C,  that  is  CF  comes 
nearer  to  AB  from  the  point  C  to  F. 
but  becaufe  DB  is  greater  than  FE,  thefj^ 
ftraight  line  CFD  is  further  from  AB 
at  the  point  D  than  at  F,  that  is  FD  goes 
further  from  AB  from  F  to  D.  there- 
fore the  ftraight  line  CED  firft  comes  a*" 
nearer  to  the  ftraight  line  AB,  and  then-"- 
goes  further  from  it,  before  it  cuts  it,  which  is  impoffible.  and  the 
fame  thing  will  follow,  if  FE  be  ^aid  to  be  greater  than  C  A,  or  DB. 
therefore  FE  is  not  unequal  to  AC,  that  is,  it  is  equal  to  it. 
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PROP.    2. 

If  two  equal  ftraight  lines  AC,  BD  be  each  at  right  angles  to 
the  fame  ftraight  line  AB  j  the  ftraight  line  CD  which  joins  their 
extranities  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC ;  and  becaufe  in  the  triangles  CAB,  DBA,  CA, 
AB  are  equil  to  DB,  BA,  and  the  angle  CAB  equal  to  the  angle 
DBA;  the  bafe  BC  is  equal  *  to  the  bafe  AD,  and  in  the  triangles 
ACD,  BDC,  AC,  CD  are  equal  to  BD,  DC,  and  the  bafe  AD  is 
equal  to  the  bafe  BC,  therefore  the  an- 
gle ACD  is  equal  ^  to  the  angle  BDC.  >n 
from  any  point  E  in  AB  draw  EF  unto^ 
CD,  at  right  angles  to  AB ;  therefore, 
by  Prop.  I.  EF  is  equal  to  AC,  or  BD; 
wherefore,  as  has  been  juft  now  flicwn,  k^ 
the  angle  ACF  is  equal  to  the  angle  ^^ 
EFC.  in  the  fame  manner  the  angle  BDF  is  equal  to  the  angle 
EFD ;  but  the  angles  ACD,  BpC  are  equal,  therefore  the  angles 
EFC  and  EFD  are  equal,  and  right  angles  « ;  Virhcrefore  alfo  the 
angles  ACD,  BDC  are  right  angles. 

CoR.  Hence,  if  two  ftraight  lines  AB,  CD  be  at  right  angles 
to  the  fame  ftraight  line  AC,  and  if  betwixt  them  a  ftrsight  line 
BD  be  drawn  at  right  angles  to  either  of  them,  a$  to  AB;  then- 
BD  is  equal  to  AC,  and  BDC  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  take  BG  equal  to  AC,  and  join  CG. 
therefore,  by  this  Propofition,  the  angle  ACG  is  a  right  angle;  but 
ACD  is  alfo  a  right  angle,  wherefore  the  angles  ACD}  ACQ  we 
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eqaal  to  one  another^  which  is  impoffible.  therefore  BD  is  equal    Book  i. 
tD  AC)  and  by  this  Propofition  BDC  is  a  right  angle. 

PROP.     3. 

If  two  ftraight  lines  which  contain  an  angle  be  produced,  there 
maybe  found  in  either  of  them  a  point  from  which  the  perpendicular 
drawn  to  the  other  ihall  be  greater  than  any  given  ftraight  line. 

Let  AB,  AC  be  two  ftraight  lines  whidi  make  an  angle  with 
one  another,  and  let  AD  be  the  given  ftraight  line ;  a  point  may 
be  found  either  in  AB  or  AC,  as  in  AC,  from  which  the.  perpen- 
dicular drawn  to  the  other  AB  (hall  be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  EF  perpendicular  to  AB ; 
produce  AE  to  G  fo  that  EG  be  equal  to  AE;  and  produce  FE  to 
H,  and  make  EH  equal  to  FE,  and  join  HG.  becaufe,  in  the  tri- 
angles AEF,  GEH,  AE,  EF  are  equal  to  GE,  EH,  each  to  each, 
and  contain  equal  *  angles,  the  angle  GHE  is  therefore  equal  ^ 
to  the  angle  AFE  which  is  a  right  angle,  draw  GK  perpendicular 
to  AB;  and  becaufe    »  -|^         _«  .-^         —  -. 

the  ftraight  lines  FK,-A;L^_^-r  K.         iS         jVl 

HG  are  at  right  an- [Ni  ^ 

gles  to  FH,  and  KG  O! . 

at    ri^t   angles   toJP^, 

FK)  KG  is  equal  to  p^  \ 

FH,  by  Cor.  Pr.  2. 

that  is  to  the  double 

of  FE.  in  the  fame  manner,  if  AG  be  produced  to  L  fo  that  GL 

)>e  equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB,  then  LM 

is  double  of  GK,  and  fo  on.    In  AD  take  AN  equal  to  FE,  and 

AO  equal  to  KG,^  that  is  to  the  double  of  FE,  or  AN ;  alfo  take 

AP  equal  to  LM,  that  is  to  the  double  of  KG,  or  AO ;  and  let 

this  be  done  till  the  ftraight  line  taken  be  greater  than  AD.  let 

this  ftraight  line  fo  taken  be  AP,  and  becaufe  AP  is  equal  to  LM, 

therefore  LM  is  greater  than  AD.    Which  was  to  be  done. 

PROP.    4. 

If  two  ftraight  lines  AB,  CD  make  equal  angles  EAB,  ECD 
with  another  ftraight  line  EAC  towards  the  fame  parts  of  it ;  AB . 
and  CD  are  at  right  angles  to  fome  ftraight  line. 
.  Bifeft  AC  in  F,  and. draw  FG  perpendicular  to  AB;  take  CH  in 
the  ftraight  line  CD  ^qual  to  AG  and  on  the  contrary  fide  of  AC  to . 
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that  on  wUch  AG  is,  and  join  FH.  therefore,  in  the  triangles  AFG, 
CFH  the  fides  FA,  AG  are  equal  to  FC,  CH,  each  to  eadi,  an4 
the  angle  FAG,  that  *  is  £  AB  is  equal  to 
the  angle  FCH ;  wherefore  ^  the  angle 
AGF  is  equal  to  CHF,  and  AFG  to  the 
angle  CFH.  to  thefe  laft  add  the  common 
angle  AFH,  therefore  the  two  aisles 
AFG,  AFH  are  equal  to  the  two  angles 
CFH,  HF  A  which  two  laft  are  equal  to- 
gether to  two  right  angles  *^,  therefore  |n  -vjt 
alfo  AFG,  AFH  are  equal  to  two  right  ^  -"• 
angles,  and  confequently  ^  GF  and  FH  are  in  one  ftraight  line,  and 
becaufe  AGF  is  a  right  angle,  CHF  which  is  equal  to  it  is  alfo  a 
right  angle,  therefore  die  ftrai^t  lines  AB,  CD  are  at  right  angles 
toGH 

PROP.    5. 

If  two  ftraight  lines  AB,  CD  be  cut  by  a  tlurd  ACE  fo  as  to 
make  the  interior  angles  B  AC,  ACD,  on  the  fame  fide  of  it,  toge* 
ther  lefs  than  two  right  angles;  AB  and  CD  being  produced  ihall 
meet  one  another  towards  the  parts  on  which  are  the  two  angles 
which  are  lefs  than  two  right  angles. 

At  the  point  C  in  the  ftraight  line  CE  malce  *  the  angle  ECF 
equal  to  the  angle  EAB,  and  draw  to  AB  the  ftraight  line  CG  at 
right  angles  to  CF.  then  becaufe  the  angles  ECF,  EAB  are  equal 
to  one  another,  and  that  the 
angles  ECF,  FCA  are  toge«> 
ther  equal  ^  to  two  right  an- 
gles, the  angles  EAB,  FCA      34;  c/       p  K 

are  equal  to  two  right  angles* 
but,  by  the  hypothefis,  the 
angles  EAB,  ACD  are  toge- 
ther left  than  two  right  an- 
gles, therefore  the  angle  FCA  ^^  Q  Kt  JO  -Tjr 
is  greater  than  ACD,  and  CD  *^ 
falls  between  CF  and  AB.  and  becaufe  CF  and  CD  make  an  angle 
with  6ne  another,  by  Prop.  3,  a  point  may  be  found  in  either  of 
them  CD  from  which  the  perpendicular  drawn  to  CFihall  be  greater 
than  the  ftraight  line  CG.  let  this  point  be  H,  and  draw  HK  per* 
pendicular  to  CF  meeting  AB  in  L.  and  becaufe  AB,  CF  contain 
e^Ual  angles  with  ACon  the  fame  fide  of  ilj  by  Prop.  4.  AB aod 
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CF  are  at  right  angles  to  the  ftraight  line  MNO  which  bifea$  AC  Book  I. 
in  N  and  is  perpendicular  to  CF.  therefore,  by  Cor.  Prop*  2..CG  ▼  ^ 
and  KL  which  axe  at  ri^t  angles  to  CF  are  equal  to  one  another. 
»nd  HK  is  greater  than  CG,  and  therefore  is  greater  than  KL,  and 
confequently  the  point  H  is  in  KL  produced.  Wherefore  the 
ftraight  Hne  CDH  drawn  betwixt  the  points  C,  H  which  are  on 
contrary  fides  of  AL,  muft  necedanly<:ut  the  ftraight  line  AB. 

PROP.  XXXV.    B.  I. 

The  Demonftration  of  this  FropoCtion  is  changed,  becaufe  if  the 
method  which  is  ufed  in  it  was  followed,  there  would  be  three 
cafes  to  be  feparately  demonftrated,  as  is  done  in  the  tranflation 
from  the  Arabic;  for  in  the  Elements  no  cafe  of  a  Propofition  that 
irequires  a  different  demonftration  ought  to  be  Omitted.  On  this 
account  we  have  chofen  the  method  which  Monf.  Ciairault  has 
given,  the  firft  of  any,  as  far  as  I  know,  ia  his  Elements,  page  2i* 
and  which  afterwards  Mr.Simpfon  gives  in  his,  page  32.  but  where- 
as Mr.  Simpfon  makes  ufe  of  Prop.  26*  6.  i.  from  which  the  equa* 
lity  of  the  two  triangles  does  not  immediately  follow,  becaufe  to 
prove  that,  the  4.  of  B.  i.  muft  likewife  be  made  ufe  of,  as  may 
be  feen,  in  the  very  fame  cafe,  in  the  34.  ^rop.  B.  i.  it  was 
thought  better  to  make  ufe  only  of  the  4.  of  B.  i* 

PROP.  XLV.    B.  I. 

The  ftraight  line  KM  is  jproved  to  be  parallel  to  FL  from  the 
J 3.  Prop,  whereas  KH  is  parallel  to  FG  by  conftruftion,  and 
KHM,  FGL  have  been  demonftrated  to  be  ftraight  lines,  a  Co^^^ 
rollary  is  added  from  Commandine,  as  bbing  often  ufed. 

PROP.  XIII.    B.  II.  Bookri. 

IN  this  Propofition  only  acute  angled  triangles  are  mentioned, 
whereas  it  holds  true  of  every  triangle,  and  the  Demonftrations 
of  the  cafes  omitted,  are  added  \  Commandine  and  Clavius  have 
}ikewife  given  their  Demonftrations  of  thefe  cafes. 

PROf.  XIV.    B.  II. 

In  the  Demonftration  of  tliis,  fome  Greek  Editor  has  ignorantly 
ittfart^^  thQ  word^,  «  bm  if  not,  one  of  the  two  BE,  ED  is  the 
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Book  n.   w  greater;  let  BE  be  the  greater  and  produce  it  to  F,**  as  if  it  was 
'  of  any  confequence  whether  the  greater  or  lefler  be  produced, 
therefore  inftead  of  thefe  words,  there  ought  to  be  read  only^ 
«  but  if  not,  produce  BE  to  F.*' 


Bookm.  PROP.  L    B.  IIL 

SEVERAL  Authors,  efpecially  among  the  modem  Mathemati- 
cians  and  Logicians,  inveigh  too  feverely  againft  indirect,  or 
Apagogic  Demonftrations,  and  fome times  ignorantly  enough  ^  not 
being  aware  that  there  are  fome  things  that  cannot  be  demonftrated 
any  other  way.  of  this  the  prefent  Propofition  is  a  very  clear  in- 
ftance,  as  no  dire£l;  demonflration  can  be  given  of  it.  becaufe, 
befides  the  Definition  of  a  circle,  there  is  no  principle  or  property 
relating  to  a  circle  antecedent  to  this  Problem,  from  which  either 
a  dire£b  or  indired:  Demonflration  can  be  deduced,  wherefore  it  is 
necefTary  that  the  point  found  by  the  conftru£tion  of  the  Problem 
be  proved  to  be  the  center  of  the  circle,  by  the  help  of  this  Defi- 
nition, and  fome  of  the  preceding  propofitions.  and  becaufe  in  the 
Demonflration,  this  Propofition  mufl  be  brought  in,  viz.  ftraight 
lines  from  the  center  of  a  circle  td  the  circumference  are  equal,  and 
that  the  point  found  by  the  conflru£):ion  cannot  be  aflumed  as  the 
center,  for  this  is  the  thing  to  be  demonflrated;  it  is  manifeft  fome 
other  point  mufl  be  affumed  as  the  center;  and  if  from  this  aflump« 
tion  an  abfurdity  follows,  as  Euclid  demonflrates  there  mufl;  theii 
it  is  not  true  that  the  point  aflumed  is  the  center;  and  as  any  point 
whatever  was  aflumed,  it  follows  that  no  point,  except  that  found 
by  the  conflru£lion  can  be  the  center,  from  which  the  neceility  of 
an  indirefl  Demonflration  in  this  cafe  is  evident. 

n»ROP.  XIIL    B.  m. 

As  it  is  much  eafier  to  imagine  that  two  circles  may  touch  one 
another  within  in  more  points  than  one,  upon  the  fame  fide,  than: 
upon  oppofite  fides;  the  figure  of  that  cafe  ought  not  to  have  been 
omitted;  but  the  conftruflion  in  the  Greek  text  would  not  have 
fuited  with  this  figure  fo  well,  becaufe  the  centers  of  the  circles 
mufl  have  been  placed  near  to  the  circumferences,  on  which  ac-> 
count  another  conflrudion  and  demonftration  is  given  which  is  the 
fame  with  the  fecond  part  of  that  which  Campanus  has  tzanflated^ 
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from  tht  Arabic>  where  without  any  reafon  the  Demonftration  U  Book  m. 
divided  into  two  parts.  , 

PROP.  XV.    B.  III. 

The  conrerfe  of  the  fecond  part  of  this  Propofition  is  wanting, 
tho'  in  the  preceding,  the  converfe  is  added,  in  a  like  cafe,  both  in 
the  Enuntiation  and  Demonftration;  and  it  is  now  added  in  this, 
befides  in  the  Demonftration  of  the  (irft  part  of  this  15th  the  dia- 
meter AD  (fee  Commandine's  figure)  is  proved  to  be  greater  than 
the  ftraight  line  BCby  means  of  another  ftraight  line  MN-,  whereas 
it  may  be  better  done  without  it.  on  which  accounts  we  have  given 
a  difGsrent  Demonftration,  like  to  that  which  Euclid  gives  in  the 
preceding  14th,  and  to  that  which  Theodofius  gives,  in  Prop.  6* 
B.  I.  of  his  Spherics,  in  this  very  afiain 

PROP.  XVI.    B.  m. 

In  this  we  have  not  followed  the  Greek,  nor  the  Latin  tranflation 
literally,  but  have  given  what  is  plainly  the  meaning  of  the  Propo- 
fition, without  mentioning  the  angle  of  the  femicircle,  or  that  which 
fome  call  the  comicular  angle  which  they  conceive  to  be  made  by  the 
circumference  <nnd  the  ftraight  line  which  is  at  right  angles  to  the 
diameter,  at  its  extremity;  which  angles  have  furniftied  matter  of 
great  debate  between  fome  of  the  modem  Geometers,  and  given  oc- 
cafion  of  deducing  ftrange  confequences  from  them,  which  are  quite 
avoided  by  the  manner  in  which  we  have  exprefled  the  Propofition. 
and  in  like  manner  we  have  given  the  true  meaning  of  Pi  op.  3 1  •  B.  3 . 
without  mentioning  the  angles  of  the  greater  or  lefler  fegments. 
thefe  pafiages  Vieta  with  good  reafon.  fufpefls  to  be  adulterated, 
in  the  386.  page  of  his  Oper.  Math. 

PROP.  XX.     B.  III. 

The  firft  words  of  the  fecond  part  of  this  Demonftration, 
**  x&uJ^u  <ri  Ttiyjy*  are  wrong  tranflated  by  Mr.  Briggs  and  Dr. 
Gregory  «  Rurfus  inclinetur,"  for  the  tranflation  ought  to  be 
**  Rurfus  infle£latur"  as  Commandine  has  it.  a  ftraight  line  is  faid 
to  be  infle£fced  either  to  a  ftraight,  or  curve  line,  when  a  ftraight  line 
is  drawn  to  this  line  from  a  point,  and  from  the  point  in  which  it 
meets  it,  a  ftraight  line  making  an  angle  with  the  former  is  drawn 
to  another  point,  as  is  evident  from  the  90.  Prop,  of  Euclid's  Data; 
for  thus  the  whole  line  betwixt  the  firft  and  laft  points^  is  infle£ied 
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Book  m.  or  broken  at  the  polot  of  inflexion  where  the  two'  ftt alght  lines 
'  meet.  And  in  the  like  fenfe  two  ftraight  lines  are  faid  to  be  in-f 
fle£ted  from  two  points  to  a  third  point,  when  they  make  an  angle 
at  this  point ;  as  may  be  feen  in  the  defcription  given  by  Pappus 
Alexandrinus  of  Apolbnius  Books  de  Iiocis  planis,  in  the  Preface 
to  his  7«  Book,  we  bate  nu^  the  expreifion  fuller  from  the  ^o» 
Prop#  of  the  Data. 

PROP.  XXli    B.  in. 

There  arc  two  cafes  of  this  Propofition,  the  fecond  of  which) 
viz.  vriien  the  angles  are  in  a  fegment  not  greater  than  a  femicircle^ 
is  wanting  in  the  Greek,  and  of  this  a  more  fimple  Demonftratioii 
is  given  than  that  ^ich  is  in  Commandine,  as  being  derived  only 
from  the  firft  cafe,  without  the  help  of  triangles. 

PROP.  XXm.  and  XXIV.    B.  III. 

In  Propofition  I4.  it  is  demonftrated  that  the  fegment  A£B 
muft  coincide  with  the  fegment  CFD  (fee  Commandine*s  figure) 
and  that  it  cannot  fall  otherwife,  as  CGD,  fo  as  to  cut  the  other 
circle  in  a  third  point  G,  from  this^  that  if  it  did,  a  circle  could 
cut  another  in  more  points  than  two.  but  this  ought  to  have  been 
proved  to  be  impoflible  in  the  23.  Prop,  as  well  as  that  one  of 
the  fegments  cannot  fall  within  the  other,  this  part  then  is  left 
out  in  the  24.  and  put  in  its  proper  place  the  23d  Propofition. 

PROP.  XXV.    B.  III. 

This  Propofition  is  divided  into  three  cafes,  of  which  two  hav^ 
the  fame  conftruflion  and  demonftration ;  therefore  it  is  now  di« 
vided  only  into  two  cafes. 

PROP.  XXXIII.  B.  m. 

This  alfo  in  the  Greek  is  divided  into  three  cafes,  of  which  two^ 
iriz.  onCr  tn  which  the  given  angle  is  acute,  and  the  other  in  which 
it  is  obtttie,  have  exaftiy  the  fame  conftru£lion  and  demonllration; 
on  which  account  the  demonftration  of  the  laft  cafe  is  left  out  as 
quite  fuperfluous,  and  the  addition  of  fome  unfkilful  Editor  \  be<< 
fides  the  demonftration  of  the  cafe  when  the  angle  given  is  a  right 
angle,  is  done  a  round  about  way,  and  is  therefore  changed  to  a 
puae  fimple  ^nei  as  was  done  by  Clavius. 
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PROP.  XXXV.    B.  III. 

As  the  25.  and  33.  Propofitions  are  divided  into  more  cafes^ 
fo  this  35*  is  divided  into  fewer  cafes  than  are  neceflary.  Nor 
can  it  be  fuppofed  that  Euclid  omitted  them  becaufe  they  are  eafy^ 
as  he  has  given  the  cafe  which  by  far  is  the  ealieft  of  them  all,  viz. 
that  in  which  both  the  ftraight  lines  pafs  thro'  the  center,  and  in 
the  {[^lowing  Propofition  he  feparately  demonftrates  the  cafe  in 
which  the  ftraight  line  pafTes  thro'  the  center,  and  that  in  which 
it  does  not  pafs  thro'  the  center,  fo  that  it  feems  Theon,  or  feme 
other,  has  thought  them  too  long  to  infert.  but  cafes  that  require 
different  demonftratibns,  ihould  not  be  kft  out  in  the  Elements,  as 
was  before  taken  notice  of  thefe  cafes  are  in  the  tranflation  from 
the  Arabic ;  s^  are  now  put  into  the  Text. 

PROP.  XXXVII.    B.  m. 

At  the  end  of  this  the  words  <<  in  the  fame  manner  it  may  be 
«<  demonftrated,  if  the  center  be  in  AC  are  left  out  as  the  addition 
of  fome  ignorant  Editor. 


DEFINITIONS  OF  BOOK  IV.  Book  iv. 

WIEN  a  point  is  in  a  ftraight,  or  any  other  line,  this  point  is 
by  the  Greek  Geometers  faid  ii^a^aij  to  be  upon,  or  in 
that  line,  and  when  a  ftraight  line  or  circle  meets  a  circle  any  way^ 
the  one  is  faid  tLrk&eu  to  meet  the  other,  but  when  a  ftraight  line 
or  circle  meets  a  circle  fo  as  not  to  cut  it,  it  is  faid  i^'xji^ai,  to 
touch  the  circle;  and  thefe  two  terms  are  never  promifcuoufly  ufed 
by  them,  therefore  in  the  5.  Definition  of  B,  4.  the  compound 
f^TTvreu  muft  be  read,  inftead  of  the  fimple  StTJwreu.  and  in  the 
I,  2,  3.  and  6.  Definitions  in  Commandine's  tranflation  '^tangit^' 
9iuft  be  read  inftead  of  <<  contingit.^'  and  in  the  2.  and  3.  Definitions 
of  Book  3.  the  fame  change  muft  be  made,  but  in  the  Greek  text 
9f  Pm^fitions  u,  la,  13,  18,  19.  B.  3.  the  compound  verb 
is  to  be  put  for  the  fimple. 

,  PROP.  IV.    B.  IV. 

In  this,  as  aUb  in  the  8.  and  13.  Propofitions  of  this  Book,  it 
is  demonftrated  iadire£Uy  diat  the  circle  touches  a  ftraight  line  a 
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Book  IV.  wheteas  in  the  17.  33.  and  37.  Propofitions  of  Book  3.  the  (auaac 
V^^Y%i^  thing  is  direfily  demoniirated.  and  this  way  we  have  chofea  to  ufe 
in  the  Propofitions  of  this  Book,  as  it  is  Ihortei:. 

PROP.  V,    B.  IV.  ^ 

The  Demonftration  of  this  has  been  fpoiied  by  fome  unfldlfiil 
hand,  for  he  does  not  demonftrate,  as  is  neoeflary)  that  the  two 
ftraight  lines  which  hik£k  the  fides  of  the  triangle  ^t  right  angles^ 
muft  meet  one  another;  andj  without  any  reafon,  he  divides  the 
Propofitbn  into  three  cafes,  whereas  one  aitd  the  iaaie<:onftnidion 
and  demonftration  ferves  for  themiill,  as  Campanus  has  obferTcd; 
which  ufeiefs  repetitions  are  now  left  out.  the  Greek  text  al£b  in 
the  Corollary  is  manifeftly  vitiated,  where  mention  is  made  of  a 
given  angle,  tho'  thare  neither  is,  nor  ^ui  be  any  thing  in  the 
Prdpofition  relating  to  a  given  angle. 

PROP.  XV.  and  XVI.    B.  IV. ,  » .     ,    ' 

In  the  Corollary  of  the  firft  of  the&,  the  WK>rds  'equibteral  and 
equiangular  are  wanting  in  the  Greek,  and  in  Prop.  16.  inflead  of 
the  circle  ABCD  ought  to  be  read  the  circumference  ABCD, 
where  mention  is  made  of  its  containing  fifteen  equal  parts- 
Book  V.  D  E>.  III.    B.  V. 

* 

MANY  of  the  modem  Mathematicians  reje£l  dus^  Definition. 
'  the  very  learned  Dr.  Barrow,  has  explained  it  at  large  at  the 
end  of  his  third  Lecture  of  the  year  1666,  in  which  alio  he  anfwero 
the  obje£tions  made  againft  it  as  well  as  the  fubjedl  would  allow, 
and  at  the  end  gives  his  opinion  upon  the  whq^e,  as  follows.  ,^ 
<<  I  {hall  only  add,  that  the  Author  had,  perhaps,  no^otfaer  Ik^ 
«  fign  in  making  this  Definition,  than  (that  he  might  mocc  fully 
<<  explain  and  embellifh  his  fubjedi)  to  give  a  general  and  fummary 
f <  idea  of  ratio  to  beginners,  by  premifing  this  Metaphyfical  De&«- 
f<  nition,  to  the  more  accurate  Definitions  of  fatios  ^at  atc  the 
<«  fame  to  one  another,  or  one  of  which  is  greater,  or  lefs  than  tht 
<^  other.  I  call  it  a  Metaphyfical,  for  it  is  not  properly  a  Mathema* 
<<  tical  Definition,  fince  nothingnn  Mathematics  depends  on  it,  or 
^  is  deduced,  nor,  as  I  judge,  can  be  deduced  from  it«  and  the 
^  Definition  of  Analogy^  which  follows^  viz.  Analogy  is  ibefimip 
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*<  likidc  of  ratios,  is  of  the  fame  kind,  and  can  fervc  for  no  purpofc  Book  V, 
*<  in  Mathematics,  but  only  to  give  beginners  fome  general  tho' 
•«  grofd  and  confufed  notion  of  Analogy,  biit  the  whole  of  the  doc* 
*<  trine  of  Ratios,  aiid  the  whole  of  Mathematics  depend  updn  the 
**  accurate  Mathematical  Definitions  which  follow  this,  to  thefe  we 
<'  ought  principally  to  attend,  as  the  do£irine  of  Ratios  is  more 
«  perfefbly  explained  By  them*^  ihi^  third,  and  others  like  it,  may 
«<  be  entirely  fpared  without  any  lofs  to  Geometry^  as  we  fee  in 
•«  the  7.  Book  of  the  Elements,  where  the  proportion  of  numbers 
«  to  one  another  is  defined,  and  treated  of,  yet  without  giving  any 
"  Definition  of  the  ratio  of  numbers;  tho'  fuch  a  Defimtioi^  was 
•**  as  neccflary  and  ufefiil  to  be  given  in  that  Book,  as  in  this,  but 
**  indeed  there  is  fcarce  any  need  of  it  in  cither  of  them,  tho'  I 
•<  think  that  a  thing  of  fo  general  and  abftra£led  a  nature,  and  there^ 
*<  by  the  more  difficult  to  be  conceived,  aiid  explaiiied,  cannot  be 
-«  more  commodioufly  defined,  than  as  the  Author  has  done,  upoii 
^<  which  account  I  thought  fit  to  explain  it  at  large,  and  defend 
<<  it  agaitift  the  Captious  objedions  of  thofe  who  attack  it."  to  this 
citation  from  Dr.  Barrow  I  have  nothing  to  add,  except  that  I 
folly  faeHeve  the  3.  and  8.  Definitions  ;ire  not  Euclid's,  but  adde^ 
by  fome  unQulful  Editpr. 

DBF.  XI.    B.  V. 

it  was  neccflUry  to  add  the  word  "  coittiriual"  before  "  pra» 
«<  portionals"  in  this  Definition)  and  thus  it  is  cited  ih  the  33. 
Prop,  of  Book  II. 

After  this  Definition  ought  to  have  followed  the  Definition  of 
Compound  ratio,  as  this  was  Ac  proper. place  for  it-,  Duplicate 
and  Triplicate  ratio  being  fpecies  of  Compound  ration  But  Thcon 
has  ttiAdt  it  the  5.  Def.  of  B^  6i  where  he  gives  an  abfurd  and 
entirely  ttfclcfo  Definition  of  Comtpound  ratio,  for  this  reafon  we 
hare  placed  anoth^  Definition  of  it  betwixt  the  11.  and  12.  of 
this  Book,  iRrhkb,  no  doubt,  Eticlid  gavej  for  he  cites  it  exprefsly 
in  Prop.  23.  B.  6.  and  which  Clavins,  Herigon  and  Barrow  have 
likewife  given,  but  they  retain  alfo  Theon's,  which  they  Ought  to 
kaTe  left  out  of  the  Elements. 

CEf.  3tin.  fi.  V.  ' 

This  and  die  reft  of  die  Definitions  following,  contain  thd  ex^ 
(>Iicaticsi  of  Ibmc  lerms  which  are  ufed  in  the  5 .  and  following 
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Bo6k  V.  Books;  which,  except  a  few,  are  eafily  enough ntndetftood  from 
the  Fropofitions  of  this  Book  where  they  are  iirft  mentioned,  they 
4eem  to  have  been  added  by  Thcon  or  fome  o|her«  However  it 
be,  they  are  explained  fomethhig  more  diftm^^Iy  for  dte  iakc  of 
learsKTs. 

PROP.  IV.    B.  V. 

in  the  conftntiftion,  preceding  the  denumsftration  of  this^  the 
wards  i  hvx^i  ^^  i)riiate¥er,  ave  twice  wantb^  in  the  Greeky  as 
aHb  in  the  Latin  tranflations;  and  are  now  added,  as  being  wholly 
neceflary. 

Ibid,  in  the  demonftrationj  in  the  Greek,  and  in  the  Latin  trans- 
lation of  Commandine,  and  in  that  of  Mr.  'Henry  firiggs,  which 
was  puldifhed  at  London  in  i6ao,  together  with  the  Greek  text  of 
the  firft  fix  Books,  which  tranfiation  in  this  place  b  £oliowod  by 
Dr.  Gregory  in  hk  edition  of  Euclid,  thdre  is  -dxis  fentenoe  fbUow- 
ing,  Tiz.  <<  and  of  A  and  C  hzvs  been  taken 'equimultiples  B^,  L; 
**  and  of  B  and  D,  «ny  equimoltiples  whatever  (^huxjt)  M,  N  j'* 
whidi  is  not  true*  the  worda  ^<  any  wkatcrer"  oaght  to  be  left  out. 
-and  It,  is  Itrange  tkait  neiliier  Mn  firiggs,  w4ie  did  right  to  leave 
out  thefe  words  in  one  place  of  Prop.  13.  of  this  6ode,  nor  Dr. 
Gregory  who  changed  them  into  the  word  «  fome**  in  three  places, 
and  left  them  out  in  a  fourth  of -that  f^aime  Prop.  13.  did  not  alfo 
leave  'them  out  in  this  plaoe  of  Prop.  4.  and  in  die  fecond  of  the 
two  pkices  where  they  occur  in  Prop,  x  7.  of  this  Book,  in  neither 
of  which  they  can  (land  confident  with  truth,  and  'in  none  of  all 
thefe  places,  even  in  thofe  which  they  corrected  in  their  Latin 
tranflatian,  have  diey  cancdied  Ak&  words  i  Itux*  ^  ^  <^reek 
text,  as  they  ought  to  have  done. , . 

The  fame  words  «'Itx%«  are  found  in  lour  places  of  Prop.  1 1. 
^  this  Book,  in  the  fitft  and  laft  of  which,  they  are  necdlary,  but 
in  the  fecond  and  third,  dao*  they  arc  tnie^  they  are  quite  fuper- 
fiuous;  as  they  iikewtfe  are  in  the  fecond  of  the  two  places,  in 
wUch  they  aie  jFound  in  the  12^  Prop,  and  in  die  like  {dac^s  of 
Prop.  22f  23.  of  this  Book,  but  are  wan^g  in  the  ki&  pkce  of 
Prop.  23.  as  alfo  in  Prop.  25.  B.  u. 

COR.    PROP.  IV.    B.  V. 

ThisCoroUary  has  been  unikilfully  sttmeixedto  thisPropofition, 
and  has  been  made  in&ead  of  the  legitimate  4emoiiB;nitioa  which 


N  O  T  ^  ^.  307 

Without  dout>t  Thcon,  cr  fome  other  Editor  has  taken  away,  hot  Book  V. 

from  this,  but  from  its  proper  place  in  this  Book,  the  Author  of        V    ^ 

it  defigned  to  dcmonftrate  that  if  four  magnitudes  E,  G,  F,  H  be 

proportionals,  they  are  atib  ptopottidnals  inverfely ;  that  is,  G  is 

to  E,  as  H  to  F :  which  is  true,  but  the  demonftration  of  it  does 

not  in  the  leaft  depend  upon  this  4.  Prop,  or  its  demonftration. 

for  when  he  fays  "  becaufe  it  is  demonftratcd  that  if  K  be  greater 

*<  than  M,  L  is  greater  than  N,'*  ice.  this  is  indeed  (hewn  in  the 

demonftration  of  the  4.  ftiyp.  but  not  from  this  that  £,  G,  F,  H 

are  proportionals,  for  this  laft  is  the  conclufion  o^  the  Propofition. 

Wherefore  thcfc  words  «  becaufe  it  is  demonftrated,"  &c.  arc 

wholly  foreign  to  his  defign.  and  he  fliould  have  proved  ftiat  if  K 

be  greater  than  M,  L  is  greater  than  N,  from  this,  that  E,  G,  F> 

H  are  proportionals,  and  from  the  5.  Def.  of  this  Book,  which  he 

has  not ;  but  is  done  in  Propofition  B,  which  we  have  given,  in 

its  proper  place,  inftead  of  this  Corollary,  and  another  Corollary 

is  placed  after  the  4.  Prop,  which  is  often  of  ufe,  and  is  necefiary 

to  the  Demonftration  of  Ptop.  t8.  of  this  Book. 

PROP.  V.    B.  V. 

In  the  conftruftion  which  precedes  the  demohftration  of  this 
Propofition>  it  is  required  that  £B  may  be  the  fame  multiple  of 
CG,  that  AE  is  of  CF ;  that  is,  that  EB  be  divided  into  as  many 
equal  parts,  as  there  are  parts  in  AE  equal  to  CF.  from  which  it 
is  evident  diat  this  conftru£tion  is  not  Euclid's,  for  he  does  not 
fhew  the  way  of  dividing  ftraight  lines,  and  far  lefs  other  magni- 
tudes, into  any  number  of  equal  parts,  until  the  9.  Ptopofition  of 
B.  6.  and  he  never  requires  any  thing  to  be  done  in  the  qonftruflion^ 
of  wluch  he  had  not  before  given  the  method  of  doing, 
for  this  reafon  we  have  changed  the  conftru£lion  to  A  . 
one  which  without  doubt  is  Euclid's,  in  which  nothing  Cc 

is  required  but  to  add  a  magnitude  to  itfelf  a  certain  V. , 
number  of  times,  and  this  is  to  be  found  in  the  tran-  C'  * 

ilation  from  the  Arabic,  tho*  the  enunciation  of  the  J^.L. 

PropofitioA  and  the  demonftration  are  there  very  much      I         I 
fpoiled.    Jacobus  Peletarius  who  was  the  firft,  as  far^l     T\[ 
as  I  know,  who  took  notice  of  this  error,  gives  alfo 
the  ri^  conftru£^ion  in  his  edition  of  Euclid,  after  he  had  given 
the  cither  which  he  blames,  he  fays  he  would  not  leave  it  out,  be- 
tSLVify  it  Was  fin^,  and  might  (h^irpen  one's  genius  to  invent  others 

U  2 
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Rook  V.  like  Jt-  -whereas  there  is  not  tht  leaft  differeiice  betv^ecn  the  twdr 
demonftrations,  except  a  fingfe  word  in  the  conftruftion,  whith 
very  probably  has  been  owing  to  an  unfkilful  Librarian.  Clavius 
likewife  gives,both  the  ways,  but  neither  he  nor  Peletarius  takes 
notice  of  the  reafon  why  one  is  preferable. to  the  other. 

PROP.  VI.     B.  V. 

There  are  two  cafes  of  this  Propofition,  of  which  onfy  the  firft 
^nd  firapleft  is  demonftrated  in  the  Greek,  and  it  is  probablfe  Theon 
thought  it  was  fufficient  to  give  this  one,  fince  he  was  to  malce 
ufe  of  neither  of  them  in  his  mutilated  edition  of  the  5th  Book ; 
and  h§  fhight  as  well  have  left  out  the  other,  as  alfo  th6  5.  Pto- 
pofition  for  the  fame  reafon.  the  demonftration  of  the  other  cafe 
is  now  added,  becaufe  both  of  them,  as  alfo  the  5.  Propofition,  are 
neceflary  to  the  demonftration^of  the  18.  Prop,  of  this.  Book,  the 
tranflation  from  the  Arabic  gives  both  cafes  hr'Mj. 

PROP.  A.    B.  V.  .         - 

This  Propofition  is  frequently  ufed  by  Geometers,  and  it  is  ne- 
ceflary in  the  25.  Prop.,  of  this  Book,  31,  of  the  6.  and  34.  of  the' 
ir.  and  15.  of  the  12.  Book,  it  feems  to  havii  been  taken  out  of 
the  Elements  by  Theon,  becaufe  it  appeared  evident  enough  to  hin^v 
and  others  who  fubftitute  the  conf  ufed  and  irtdiftin£t  ideia  die  volgdr 
have  of  proportionals,  in  place  of  that  accurate  idea  which  is  ta  be 
got  from  the  5.  Def.  of  this  Book.  Nor  can  there  be  any  doubt 
that  Eudoxus  or  Euclid  gave  it  a  place  in  the  Elements,  when  wfe 
fee  the  7.  and  9.  of  the  fame  Book  demonftrated,  tho'  they  iarc 
quite  as  eafy  and  evident  as  this.  Aiphonfus  Borellus  takes  occaffidi^ 

*  from  this  Propofition  to  cenfure  the  5.  Definition  of  this  Bdok-vciy 
feverely,  but  moft  unjuftly.  in  page  126.  of  his  Euclid  reftbre^ 
printed  at  Pifa  in  1658.  he  fays,  "  Nor  can  even  this  leift  degree 
«  of  knowledge  be  obtained  from  thie  forefaid  property,"  viz.  that 
which  is  contained  in  5.  Def.  5.  <<  That  if  four  magnitudes  bfe 
«  proportionals,  the  third  muft  netefTarily  be  greater  than  tite 
"  fourth,  when  the  firft  is  greater  than  the  fecorid;  as  Clavius  ac^ 
"  knowledges  in  tjie  16.  Prop,  of  the  5.  Book' of  the  Eleitientsf/* 

•But  tho'  Clavius  makes  no  fuch  acknowledgement  exprefsly,^  hp 
*  has  given  Borellus  a  handle  to  fay  this' of  him,  becaufe  wheft  Cla- 

.vius  in  the  above^cited  place  cenfures  Commandine,  aticl  Aat  very 

juftly,  for  demonftrating  this  Propofition  by  help  of  the  16.  of  the 
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5.  yet  he  hinifelf  gives  no  deinonftration  of  it,  but  thinks  it  plain  Book  v. 
from  the.nature  of  Proportionals,  as  he  writes  in  the  end  of  the  14. 
and,  i6.  Prop.  B.  5.  of  his  edition,  and  is  followed  by  Herigon  iii 
Scbpl.  I.  Pi;op.  14,  B.  5.  as  if  there  was  any  nature  of  Propor* 
tionals  anteciedent  to  that  which  is  to  be  derived  and  under  Hood 
from  the  Definition  of  them,  and  indeed,  tho'  it  is  very  caly  ta 
give  a  right  demonltration  of  it>  no  body, .  as  far  as  t  know,  haa 
given  one,  except  the  learned  Dr.  Barrow,  who,  in  anfwcr  to  Bo- 
relfus's  objeftion,  demonftrates  it  indireftly,  but  very  briefly  and 
cleaidy  from  the  5.  Definition,  in  the  322  page  of  his  Led:.  Mathera. 
from  which  Definition  it  may  alfo  eafily  be  demonftrated  dire£kly. 
on  which  account  we  have  placed  it  next  to  the  Propofitions  con- 
cerningi  equimultiples.  , 

PROP.  B.    B.  V. 

This  alfo  is  eafily  deduced  from  the  5.  Dcf.  B.  5.  ahd  therefore  is 
placed  next  to  the  other,  for  it  was  very  ignorantly  made  a  Corolhry 
from  the  4.  Prop,  of  this  Book.  See  the  note  on  that  Corollary. 


?        PROP.  C.    B.  V. 

This  is  frequently  made  ufe  of  by  Geometers,  and  is  neccflary 
to  the  5.  and  6.  Propofitions  of  the  10.  Book.  Clavius  in  his' Notes 
Subjoined  to  the  8.  Def.  of  Book  5.  demonftrates  it  only  in  num- 
bers, by  help  of  fome  of  the  Propofitions  of  the  7.  Book,  in  orde^ 
to  demonilrate  the  property  contained  in  the  5.  Definition  of  the  5. 
Booky  when  applied  tonumberis,  from  the  property  of  Proportionals 
ciontainedin  the  20.  Def.  of  the  7.  Book,  andmoftof  the  Gom- 
n^cmtatprs  judge  it  difficult,  to  prove  that,  fovir  magnitudfes.  which 
ar^  proportionals  according  to  the  20.  Def.  of  7.  B,  are.  alfo  pror 
portionals  according  to  the  5.  Def.  of  5.  Book*  but  this  is  eafily 
made  out,  as  follows, 

Firft,  If  A,  B,  C,  D  be  four  njag--^ 
•nitudes,  fuch  that  A  is  the  fame  mul- Jtj 
tiple,  or  the  fame  part  of  B|  which 
C  is  of  D;  Af  B,  C,  i>  are  propor- 
tional^ 1:his  is  deiubnftrated  in  Pro*    ' 
pofition  C.  • 

Secondly^  If  AB  contain  the  fame 
.partsi  of.  CD  that  EF  docs  of  GH ; 
lA^Ous  cafe  iikemfe-AU  is  ta  CP,  as  EF  to  GHi. 
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Let  CK  be  a  part  of  CD,  and  GL  the  £une  part  of  GH ;  andlet 
AB  be  the  fame  multiple  of  CK>  that  £F  it  of  GL'  thereSdse  bf 
Prop.  C.  of  5.  Book,  AB  is  to  CKy  as 
EF^  to  GL*  ^nd  CD»  CH  arc  cqui^^  Jt 

multiples  of  CK,  GL  the  fecond  and  Jt^  xf. 

fourth  J  wherefore  by  Cor.  Prop-  4,        •  'Jjk 
B.  5*  AB  i&  to  CD,  98  £F  to  GH. 

And  if  four  magnitudes  be  pro*  IT  ^  J^^ 

portionals  according  to  the  5.  Def.  of 
3.  5.  they  are  alfo  proportionals^  ac* 
cording  to  the  zo,  Def.  of.  B.  7. 

Firi^  If  A  be  to  B,  as  C  to  D  ^  then  if  A  be  any  multipk  oc 
part  of  B,  C  is  the  fame  multiple  or  part  of  D,  by  Prog-  I>  o£ 
B.  5. 

Next,  If  AB  be  to  CD,  as  EF  to  GH^  then  if  AB  Contains  any: 
parts  of  CD,  £F  contains  the  fame  parts  of  GH.  for  let  CK  be  a 
part  of  CD,  and  GL  the  fame  part  of  GH,  and  lei  A^  b&  4 
mukiple  of  CK ;  £F  is  the  fame  multiple  of  GI>.  Take  M  tb^ 
fame  multiple  of  GL  that  AB  is  of  CK;  therefore  by  Prop.  C.  of 
B.  5.  AB  is  to  CK,  as  M  to  GL|  and  CD,  GH  are  ec^uimultipies 
of  CK,  GL  ^  wherefore  by  Cor.  Prop.  4.  B.  $.  AB  is  to  CD,  as 
M  to  GH.  and,  by  the  Hypothefis,  AB  is  to  CD,  as  £F  to  GH  1 
therefore  M  is  equal  tq  £F  by  Prop.  9.  B.  5.  and  copfequeatly  £F 
is  the  fame  multiple  of  GL.that  AB  is  of  CK* 


PROP,  D.    B.  V, 

This  is  not  unfrequently  ufed  in  thedemonftration  of  other  Pro-. 
poGtibns,  and  is  neceflary  in  that  of  Prop.  9.  B.  6.  it  feems  Theotl 
has  left  it  put  for  the  reafonlftentipned  in  the  Note§[  at  Prop.  A. 

PROP,  VIIL    p.  V. 

In  the  demonftration  of  this,  as  it  is  now  in  i^e  Greek,  there  are 
two  cafes,  (fee  the  demonftration  in  Hervagius»  qr  Dr*  Gregory** 
edition}  of  which  the  firft  is  that  in  w}u(;h  A£  is  lef&than  £B^  an4 
in  this,  it  necefiarily  follows  that  H®  the  multiple  of  £B is  greater 
than  ZH  th^  fame  |nultiple  of  AE,  which  laft  multiple,  by  the  ^^oon 
.  ftruftion,  is  greater  thail  A;  wh^ce  alfo  H^muft  be  greater  ti^n 
A.  but  fa  the  fecond  cafe,  viz.  that  in  which  £B  is ie&  than  A£,  tho? 
Za  be  greater  than  A,  yet  H<p^  may  be  lefis  tfom  t^«  Sm^  A|  fo  dMi 


NQTES.:  jit; 

tliere  cannot  be  takeu  a  multiple  of  A  which;  b  the  firft  that  ia  ^<w>k  v. 

gveator  thaa  K,  of  H9»  hecaufe  AUfelf  is  gf eater  tlian  i%.  npoQ 

this  accoimt,  the  Author  of  thb  demonftracioA  found  it  neceflbr]! 

to  change  one  pait  of  the  conftru£bion  tbaft  was  Qiade  uie  of  in  the 

fisft  cafe,  but  he  ha8»  wkhout  any  neceflity>  changed  aUb.  aoc^h^Q 

part;  of  k,  viz^  when  he  orders  to  take  N  thai:  multijf^  of  4.  which 

ift-  the  firft  that  is  greater  than . 

ZH;  for  he  might  have  taken     Z 

that  muttipk  of  £k  which  is.  the 

fkvA  dbat  is  grea^r  thaa  HS,  or  ~.| 

K,  as  was  done  in  the  firft  cafe,  t^'  > 


^^^^' 


he  likewilb  brings  io  this  K  into 

the  dcmon^tion  of  both  cafes^ 

without  ao)^  naSon^  for  it  fenres 

tx>  n*  pttrpofis  bail  to.  lengthea 

die  demoiiArstiqn.  There  i^  ^o. 

a  diird  €afe,  wliicfa  id  not  me&tieiied  in  this  demonftration,  viz.  dnur 

in  which  A£  in  the  firft^  or  SB  in  the  iecond  of  the  twa  otbctf 

eafes,  is  gteater  than  I>;  a^  im  this  any  equimuhipks,  as  the 

doubles^  ef  AE9  £B  are  to  be  taken^  as  is  done  in  thi«  Editioiiy 

where  all  the  eafes  are  at  once  demooftrated.  and  from  this  it  is 

l^aln  that  Theon>  or  fome  odier  unikilful  Editor  has  vidated  this 

Prc^fition. 

PROP.  IX,    B.  V^ 

Of  this  there  is  given  a  more  explicit  4€monftration  than  that 
which  is  now  in  the  Elements. 

PROP.  X    B.  V. 

It  was  necelEiry  to  give  another  demonftration  of  this  PropofitiQn> 
becaufe  that  which  is  in  the  Greek»  and  Latin>  or  other  editiqns^ 
is  not  legitimate,  for  the  words  greater^  ihifame  oxejuai,  Uffir  have 
a  quite  difterent  meaning  when  applied  to  nuagnitudes  and  catios>. 
as  is  plain  from  the  5.  and  7.  Definitions  of  B.  5.  by  the  help  of 
tfaefe  let  us  examine  the  demonftration  of  the  10.  Prop,  which  proi-^ 
ceeds  thud.  ^<  Let  A  have  to  C  a  greater  ratic^,  than  B  to  C.  I  £if 
^  that  A  is  greater  dian  B.  for  if  it  is  aot  greater,  it  is  either  equals 
<<  or  kfs.  but  A  cannot  be  equal  to  B)  bocaufe  thot  each  of  them 
<'  wiMild  have  the  fame  ratio  to  C ;  but  they  have  not,  therefore 
^^Jl  is  ^ot  equal  to  B."  the  force  of  which  xeafoniog  id  this>  if  6^ 

U4 


N  OTT'E'S, 

had  to  C,  the  fame  ratio  th^t  B  has  tb  C^  theh  ii^ny^e^lmvidfku 
whatever  of  A  and  Bbe  tkten,  and  «my  imtltipie  Mrhatever^of  6; 
if  the  multiple  of  A  be  greater  than  the  multi^e  <i{  C,  dibn,  fajr 
the  5;  Def.of  i^;  5.  the  th^k^le'of- fi  isalfo  greater' than  that  of  C* 
but  from  the  Hypothe&  Aat*  A  ha$  a  greater  ratio  to  C>  than  B  has. 
to  C,  there  muft^  by  die  (7.  Def.of  B.  $«  be>ccctasii  equimult^es. 
of  A  and  B,  and  fome  multiple  of  C  foch,  that  the  muhiple  of  A  i& 
greater  than  the  multiple  of  C)  but  the  multiple  of  &  is  not  ^greatec 
than  the  fame  multiple  of  C.  and  this  Propofitlon  Sxc6df;  contra*.- 
fdi<^s  the  preceding ;  wherefore  A  is  not  equal  to  B.  the  detaosifii 
illation  of  the  10.  Propoiition  goes  on  thus,  <<  but  neither  is  Aiefs 
<c  than  B,  becaufe  then  A  would  have  a  lefs  ratio  toC,  thauriihas 
<<  to  it.  but  it  has  not  a  lefs  ratio»  theiiefore.Ais  not  ie&  than  B»?t 
3cc.  here  it  is  faid  ^hat «  A  would  have  ajefs  ratio  taC^  than  B  ha*' 
*<  to  C"  or,  ^hich  is  th^  fame  thing,  that  B  would  hare  a  gmter 
ratio  to  G,  than  A  to  C^  that  i8><  by  7.  Def.  B.;.  there  muft.)bc 
fome  equimultiples  of  B  and  A,  and  fome  multiple  o£C  fueh,  that 
the  multiple  of  B  is  greater  than  the  multiple  of  C,  bfit-theinuitipk 
of  A  is  not  greater  than  it.  and  it  ought  to  have-  b^en  proved  tha£ 
this  can  never  happen  if  the  ratio  of  A  to  C,  be  greater  than  the 
ratio  of  B  to  C^  that  is,  it  (hould  have  been  proved  that  in  ^is  cafe 
the  multiple  of  A  is  always  greater  th4n  the.  ipultiple  of  C,  when- 
ever the  multiple  of  B  is  greater  than  the  multiple  of  C-,  for  wljen 
this  is  demonftrated  it  will  be  evident  that  B  cannot  have  a  greater 
ratio  to  C,  than  A  has  to  G,  or,  which  is  the  fame  thing,  that  A 
cannot  have  a  lefs  ratio  to  C,  t)ian  B  has  to  C,  but  thi§  is  not  ^t'all 
proved  in  the  10.  Propofition;  but  if  the  lo.  were  QPce  4empn»- 
ftrated  it  would  immediately  follow  from  it;  but  cannot  without  it 
be  eafily  demonftrated,  as  he  that  tries  to  doit  will  find,  wherefore 
the  10.  Propofition  is  not  fufficiently  demonftrated.  and  it  feems 
that  he  who  has  given  the  demonftration  of  the  10.  Propofition  as 
we  now  have  it,  inftead  of  that  which  Eudoxus  or  Euclid  had  giv- 
en, has  been  deceived  in  applying  what  was  manifeft  when  under-: 
flood  of  magnitudes,  unto  ratios,  viz.  that  a  magnitude  cannot  bp: 
both  greater  and  lefs  than  another.    That  thofe  things  which  are 
equal  to  the  fame  are  equal  to  one  another,  is  a  moil  evident  Axiom 
when  underftood  of  magnitudes,  yet  Euclid  does  not  make  ufe  of 
it  to  infer  that  thofe  ratios  which  aice  the  fame  to  the  fame  ratio,' 
are  the  fame  to  one  another;  but  expiicitely  demonftrates  this  in 
Prop.  I X,  of  B<  5*  tlie  demonftration  we  have  given  of  the  |g^* 
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Prop,  kifio  doubt  tbe  fame  witii.that  of  Eudoxus  or  Etfclid,  as  it  BM  v. 
is  unmedialely.anddireflly  dorLved  fiom^the  Definition  of  a  greater  ' 
raliio>.irm  ^^.^£lilje  5.:  . 

,TheaboTekmenti(^€dFrop<jfitiQ%.>iz.  If  AMvis  ^0  Qagr^^ter 
ratio  ihauQ  B  to  C,  and  if  of-  A  and  B  there  be 
taken  ceriaitieq^nniltifde^  and  >{bme  mul- 
tiple, of  Cy  then*  if  the  multiple  of  B  be  greater 
than  the  anikipie  Df>;C,i  the  multiple  of  A  i$ 
alfo  J  greater/ ibaa  the  famc^  is  thusdem^n* 

JUet  DytE.be  eqiumulttplea  of  A,  B,  and 
Fa  multiple  of  C,  Atehy  that  £  the  multiple 
of  B  is;  greater  ^n  F ;  D  the  multifde  of  A 
is  alfo  greater  thaa  F. 

fiecaufe  Ahasa  greater  ratio  to  C,  than 
B  to  C,  A  is  greater  than  3,  by  tlie  j  o.  Prop, 
fi.  5.  therefore  D  the  multiple  of  A  is  greater 
than  £  diefame  multiple  of  B.  and  £  is  greater 
tkaa^E;-  muck  more  therefore  D  is  greater  than  F. 
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•  PROP.  xni.   B.  V. 

In  Coipmandine^s, ,  Briggs^s  and  Gregory's  Tranflations,  at  the 
beginning  of  this  demonftration,  it  is  faid,  <<  And  the  multiple  of  C 
"  is. greater.  tb.an  the  multiple  pf  D  j  but  the  multiple  of  E  is  not 
*<  greater  than  the  multiple  of  F,"  which  words  are  a  literal  tranf- 
lation  fyom  the  Greek,  but  the  fenfe  evidently. requires  that  it  be 
read,  "  fo  that  the  multiple  of  C  be  greater  than  the  multiple  of  D  5^ 
"  l)ut  the  multiple  of  E  be  not  greater  than  the  multiple  of  F."  and 
thus  this  place  was  reuored  to  the  true  reading  in  the  firft  editions 
of  Commandine's  Euclid  printed  in  8vo.  at  Oxford'j  but  in  the 
later  editions,  a^  leaft  in  that^of  17471  the  error  of  the  Greek 
text  was  kept  in.  , 

^There  is  a  Cprollary  added  to  Prop.  13.  as  it  is  neqeflary  to  the 
Jio.  and  .511.  Prop,  of  tliis  Book,  and  is  as  ufeful  a?  the  Propofition, 


A 


PROP.  XIV.    B.  v.,      , 

.  The  two  cafes  of  this  which  are  not  .in  the  Greek  are  .added  ; 
the  demonftration  of  them' not  being  exaftly  the  fame  with  tliat 
itf.  |l^e  firft  cafe, :  : 


J»4 

Book  V. 


NOTES; 

PROP.  xvn.   B.  V, 

The  order  of  the  words  in  a  claufe  of  Om  b  changed  to  one 
more  oaCuraL  as  was  alfo  dose  in  Pvojp*  1 1. 

PB.OP.  XVffl.    B.  V. 

The  demonfttation  of  this  is*  none  of  Euclid^  nor  is  it  legitimate, 
for  it  depends  upon  this  Hypothefis,  that  to  any  three  magnitudes, 
two  of  which,  at  leaft,  are  of  the  fame  kind,  there  may  he  a  fourth 
proportional}  which  if  not  proved,  the  Demonftration  now  in  the 
teict,  is  of  no  force,  but  this  is  aflumed  without  any  proof,  nor  can 
it,  as  far  as  I  am  able  to  difcem,  be  demonftrated  b^  t^e  Plpopofi^ 
tions  preceding  thisj  fo  far  is  it  from  deferying  tabe  reckcmed  an 
Axiom,  as  Clavius,  after  other  Commentators^  would  have  it,  at 
the  end  of  the  Definitionsrof  the.5.  Book.  Eudid  doe&  notde- 
monftrate  it,  nor  does  he  (hew  how  to  find  the  fourdi  proportidntf- 
al,  before  the  la.  Prop,  of  the  6.  Book,  and  he^nevet  afl&mie8.an7 
thing  in  the  demonfttation  of  a  Frop^tion,  which  he:  had  not 
before  demonftrated  ^  atkaft,  he  aiTumeQ  nothing  dttiexiftence  of 
which  is  not  evidently  poflible;  for  a  certain  conclufion  can  never- 
be  deduced  by  the  means  of  an  uncertain  Propofition.  upon  this 
account  we  have  given  a  legitimate  Demonftration  of  this  Propo- 
fition inftead  of  that  in  the  Greek  and  other  editions,  which  very 
probably  Theon,  at  leaft  fome  other  has  put  in  the  place  of  Eudid's^ 
becaufe  he  thought  it  too  prolix,  and  as  the  17.  Prop,  of  which 
this  18.  is  the  converfc^  is  demonftrated  by  help  of  the  i.  and 
2.  Propofitions  of  this  Book,  fo  in  the  demonftration  now  given  of 
the  1 8th,  the  5*  Prop,  and  both  cafes  of  the  6.  are  neceffary,  and 
thefe  two  Propofitions,  are  the  converfes  of  the  I.  and  Zi  Now  the 
5.  and  6.  do  not  enter  into  the  demonftration  of  any  Propofition  in 
this  Book  as  we  now  have  it,  nor  can  they  be  of  ufe  in  any  Pro- 
pofition of  the  Elements,  except  in  this  18.  and  this  is  a  manifeft 
proof  that  Euclid  made  ufe  of  them  in  hb  demonftration  of  it,  and 
that  the  demonftration  now  given,  which  is  exaftlythe  converfe 
of  that  of  the  1 7.  ^  it  ought  to  be,  difiers  nothing  from  that  of 
Eudoxus  or  Euclid;'  for  the  5.  and  6.  have  undoubtedly  been  put 
into  the  5.  Book  for  the  fake  of  fome  Propofitions  in  it,  as  all  the 
other  Propofitions  about  eqidmultipies  have  beecr. '.  < 

HieroBymtt&  Saccherius  in  his  Book  named  Endives  ab  omni 
paevo  vindicatus,  printed  at  Milaa  Ann.  1 733  in  4tOy  acknowkdge^s 


NOTES.  J15 

this  bleimfli  in  the  detnonftratkm  of  the  18.  and  thai  he  may  te^  B0OI1  v, 
move  it,  and  tcndef  the  demooAration  we  now  have  of  it  legit»« 
in»tc^  he  endesivottr9  to  dcmonftratc  the  foHonrixig:  Fropofitton^ 
which  is  in  page  115  of  his  Book,  via. 

^  Ijst  At  &»  C>  D  be  four  magnitit^s,  of  which  the  two  firft 
^  are  of  one  kind,  and  alio  the  two  others  either  of  the  fame  idnd 
•*  wfth^  the  two  firfty  or  of  feme  other  die  fame  kind,  with  one 
^  aoothcTr  I  fay  tte  ratio  of  the  tUrl  C  to  the  fourth  O,  b 
«  «idier  ecfoai  to>  or  gresiteti  or  1^  thaft  the  ratio  of  tbr  fitft  A 
<•  ta  the  fecoad  fi." 

And  avftrr  two  Ptopofitiom  p«ttmife4  al^  Limnasv  he  pvoceedaf 
ihu».. 

«<  ISlflier  amo0g  all  the  poffibie  eqmmtiltiples  of  the  firft  A,  mi 
^  of  tile  thiiRt  C)  ^dy  at  the  fafine  time  among  att  die  poffibie  eqvi* 
^  IMttliif  Ie»of  tbefeeond  B,  and  of  the  fourth  D,  there  can  be  found 
«« feme  one  ffi«i%)e  EF  of  the  firft  A,  and  one  I£L  of  the  fecond  By 
«<  that  are  equal  to  (me  another;  and  alfo  (m  the  fitme  cafe}  fom^ 
«*  one  mulliple  GH  of  die  third  C  eqtxal  to  IM  the  muhiirie  of  the 
••«  kmrdk  D.  of  fach  eqiiaHty  is  no  where  fo^  be  found.  If  the  frft 
•<  cafe  happen,  lu^^ 

"if   fuch   equality j^._i_         ^ ,^p 

"is  to  be  found,] 

"  it  is  manifeft  from  B I '"  ■■ 'vK* 

<<  what  tft  before  de^  ^                   W  -rf^ 

"monftrated^   that  C^^^ ^^   «. ^H 

-AistoB^ai^CD^. __I,.^ 5^ 

«^toDt  botif  fuch 

"'finmitaneaiis  eqsral«ry  be  not  to  be  found  upon  bodi  fides,  if  wilt 
"  he  fcNsfid  eithei(  upoft  one  fide,  ais  upon,  the  fifde  of  A  [and  B;7 
"  or  it  will  br  found  upoft  neither  fide^  if  the  firft  happen }  there-< 
^  fofc  (from  Suclid's  Defimtioii  of  greater  and  lefier  ratio  fore^ 
^^^y  A  has  to  B^  a  greater  or  le&  ratio  than  C  to  D^  accor-i 
"  ding  aikGHt  4he  mokiple  of  the  thkrd  C  is  le&,  or  greater  thati 
"  LM  the  multiple  of  the  fourth  D.  but  if  the  fecond  cafe  hap« 
*^  'pen ;  tberelbre  iipotr  the  one  fide^  a^  upon  the  fide  of  A  the  firft 
"^and  B  the  fi:condv  it  may  happen  that  the  multiple  £F,  [viz.  of  the 
"  iiiA}:  may  be  k&  than  UL  the  multiple  of  the  &cond,  while  oi|. 
^'  the  contrary,  upon  the  other  fide,  [viz,  of  C  and  D}  the  multij^ 
^  GH  [of  the  third  C}  is  greater  than  the  other  multiple  LM  [of 

^  tbrldurth  IX  Jaod  then  (from  the  fame  I^ 


3ii  NOTE  $; 

S«ol(  V.   a  r^io  of  the  firft  A  to  the  &con4  B,  is  Icfs  than  the  wtip  4if 
M  the  third  C  to  the  fourths  D>  or  on  the  contrary, 
.  <<  Therefox;^  the^  Axionv  [i-^  the  Propofition  before  fet.do^ini^} 
<c  remains  demonilratecy  &c. 

.  ^ot.in  the  leaft;  but  it  semaiivB  ftilLundcmonftrated^  fox  what 
hcilajrs  may^ppen,  may  in  ianumecable  cafes  never  happen^  and 
therefore  his  demonfttatioa  does  not  hold*  for  example,  if  A  be 
the  fide  and  B  the  diameter  of  a  fqu^re;  apd  C  the  fme.and  I> 
the  diameter  of  another  iquare;..  there, can  io  no  .cafe  b^  any  mul- 
tiple of  A  equal  to  any  of  B  j  nor  any  one  of  C  equal  jto  one;  of  .Dy 
as  is  well  known;  and  yet  it  qari  ney^  happea  ^hai  wjhea.any.mul- 
tiple  of  A  is  greater  or  lefs  than  a  multiple  of  B,  the  multip^^.o^ 
C  can,  upon  the  contrary,  be  ^lefs  or  greater  than  U^  multiple  of 
D,  vi35.  taking.equimultiples  pf  Aan4-C,,^nd,equimMltiples,qf.B 
and  D.  for  A,  B,  C,  D  are  proportionals^  andfo  jif  .the  m^tiple 
of  A  be  greater>  &c.  than  that  pf  B,  fo  inuft  ^at  q£  Qhe  grealcf 
&c.  than  that  of  D^  by  $•  Def*  ^.  5.    .     :  ,    ^       .  .   .     ' 

The  fame  objeftion  holds  good  againft  the  Dempnftratipn,vffaicb 
fi[>me  give  of  the  i.J?rop,  of  the  6,  Boplf^  inrhicK  w^  ,h^ve jviade 
againft  this  of  the  18.  Propofition,  becaufe  it,  depends  Ujnoa.tbp 
fame  infufEcient  found^tiou  with  the  other*  .     .,    ..    - 

PROP.  XIX    B.  V.  r    ,  ■    ", 

A  Corollary  is  added  to  this,  which  is  as  frequently,  ufcd  ^  the 
Propofition  itfelf.  the  Corollary  which  is  fubjoine4  to  4t  in  the 
Greek,  plainly  (hews  that  the  5.  Book  h^s  been  vitiated  by  £dito]» 
who  were  not  Geometers,  for  the  converfion  of  ratios  does  not 
depend  upon  this  19.  and  the  Demonftration  which  fcvcral  of  the 
Commentator*  on  Euclid  give  jrf  Converfion,  is  not  legitimate,  a» 
Clavius  has  rightly,  obfer^^ed,  who  has  giyen  a  good  Dcnp^quftta- 
tion  of  it  which  we  haye  put  in  Propofition  E ;  but  hc.m^kea  it  a 
Cprollary  from  the  19.  and  begins  it  with  the  woj;d%"  "Jtience- 
«  it  eafily  follows,"  tUp'  it  does  jw>t.at;  ali  follow  froijait^.  . 


>'■ 


( 


<  * 


,  ,  .  PRQp.xx^ XXI,  XXII,  xxiij,xxiy..B.y.... 

The  Dc.monftr^ions^pf  the  ao.  und  a  i  *, Pxopefitipns  are  ((borter 
than  thofe  Euclid  gives  of  eafier  Prcpoiltioasi  eiiiikerin  the^ecedm' 
ing,  or  following  Books,  wherefore  it  was  proper  to;makc  the^* 
more  exj^licit.  »nd  themau  and  13.  Pxoppfitipaa  arc,  a^ iijiey  ought 
to.be,  e;acAdcd  to  any  number  pf  maj^udes^au^  ioKk^WMUincr 


JNOtlS- 

may  th^  ^4.  be,  as  i^  taken  notice  of  in  a  Corollary;  and  ainotlict 
Corollary  is  adHed,  as'  ufeful  as  the  PropofitionJ  and  the  words 
«  any  wliate\cif'  arc  fujjplied  near  the" ehd  of  Prop.  23.  which 
are  wanting  in  the  Greek  text,  and  the  tfanilations  from  it. 

Iri  a  paper  writ  by  Philtppus  NandacUs,  and  puWfilhed,  after  his 
death,  iti  the  Hiftory  of  the  Royal  Academy  of  Sciences  of  Berlin, 
Ann..  1 74 J.  page  50.  the  23.  Prop,  of  the  5.  Book,  is  cenfured 
as  being  obfcurely  enuntiated,  and,  becaufe  of  this,  prolixly  demon- 
ftfated.  the  Enuntiation  there  given  is  not  Euclid^s  but  Tacquefs, 
as  he  acknowledges,  which,  tho'  not  fo  wdl  exprefled,  is,  upon  the 
m^tteri  the  lime  with  that  which  is  now  in  the  Elements.   Nor  is 

* 

ftcre  any  'tMng  Obfciire  in  it,'  tho*  the  Author  of  the  paper  has 
fct  down  the  proportionals  in  a  difadvantageous  order,  by  which 
ft  appears  to  be  obfcure.  but  no  doubt  Euclid  enuntiated  this  23. 
as  weH  as  the  I2.  fo  as  to  extend  it  to  any  number  of  magnitudesi 
Irhich  taken  two  and  two,  are  proportionals,  artd  not  df  fix  only; 
and  to  this  general  cafe  the  Enuntiation  which  Naudaeus  gives, 
cannot  be  well  a:iplied. 

-  The  Demonftration  which  is  given  of  this  23.  in  that  paper,'  i^ 
quitewrong;  becaufe  if  the  proportional  magnitudes  be  plane  or 
folid  figures,  there  can  no  ire^ftangle  (which  he  improperly  calls  a 
P^odud)  be  conceived  to  be  made  by  any  two  of  them,  and  if  it 
(hould  be  faid,  that  in  this  cafe  ftraight  lines  are  to  be  taken  which 
are  proportional  to  the  figures,  the  Demonflration  would  this  way 
become  much  longer  than  Euclid^s.  but  even  tho'  his  Demonftra- 
tioti'  had  been  right,  who  does  not  fee  that  it  could  not  be  made 
ufe  of  iti  the  5.  Book  f 

PROP.  F,  G,  H,  K;    B.  V. 

Thefe  Propoficions  are  annexed  to  the  5.  Book,  bec^uft  they 
arc  frequently  made  ufe  of  by  both  antient  'and  modern  Geome- 
ters, and  in  many  cafeis  Compound  ratios  cannot  be^brought  into 
Demonftrations,  without  making  ufe  of  them. 

t^oever  defires  to  fee  the  doftrine  of  Ratio?  delivered  in  this 
5.  Book,  folidly  defended,  and  the  arguments  brought  againft  it 
by  And.  Tacquet,  AIplv.  Borellus  -and  others,  ftiHy  refuted,  may 
read  Dr.  Bairt:6w's  Mathematical  L^ataits^  iriz.  the  7.  and  8.  o£ 

'  The  5:  Bookhdng  thiiiaf  corredfcedi  I  nioft  readily  agre6  to  what 
the  learned  Dr.  Barrow fayb%  "That  there  iijfiotMng  in  the  whok  *P»gc33tf. 
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Book  y.  u  l)ody  of  die  ElemetitSy  of  a  more  fiibtile  invention^  nodilng  mope 
^<  felkUy  eiUUiiked  and  more  accurately  handled,  than  the  doc'- 
'<  trine  of  ProportaonaU."  And  there  is  fome  ground  to  hope  that 
Geometers  will  think  that  this  could  not  have  been  faid  wkti  as 
good  TeafoB,  fince  Theon'a  time  till  the  prefent. 


Book  VI.  X)EF.  II.  and  V.  of  B.  VI. 


THE  2.  Definition  does  not  feem  to  be  Euclid's  but  fome 
unikilful  Editor's,  for  there  is  no  mention  made  by  Eu- 
clid, nor,  as  far  as  I  know,  by  any  other  Geometer,  of  reciprocal 
figures,  it  is  obfcurely  expreOcd,  which  made  it  proper  to  render 
it  more  diftiafl.  it  would  be  better  to  put  the  following  Definition 
in  place  of  it,  viz« 

DEF.  IL 

9 

Two  magnitudes  arc  faid  to  be  reciprocally  proportbnal  to  two 
others,  when  one  of  the  firft  is  to  one -of  the  other  magnitudes,  a> 
the  remaining  dne  of  the  laft  two  is  to  "Ait  remaining  one  of  the  firft. 

But  the  5.  Definition,  which  fince  Theon's  time  has  been  kept 
in  the  Elements,  to  the  great  detriment  of  learners,  is  now  juftly 
thrown  out  of  them,  for  the  reafons  given  in  the  Notes  on  the 
23.  Prop,  of  this  Book. 

PROP.  I.  and  II.    B.  VI, 

To  the  firit  of  thefe  a  Corollary  is  added  which  is  often  ufed.. 
and  the  Enuntiation  of  the  fecond  is  made  more  general. 

P R  OP.  m.    B.  VI. 

A  fecond  cafe  of  this,  as  uieful  as  the  firft,  is  given  in  Prop.  A, 
Tiz.  the  cafe  in  which  the  exterior  angle  of  a  triangle  is  bife£ted 
hj  a  ftraight  line,  die  Demonftration  of  h  is  very  like  to  that  of 
tfie  firft  <afe,  atid  npon  this  account  may,  probably,  have  been 
4eftottt,  as  dl(o  the  j^untiatioii,  by  fome  unikilftd  Editor,  at  leafk 
it  h  certain  that  Pappus  makes  ufe  of  tihis  cafe,  as  an  Elementary 
'IRropofition,  without  a  Demonftradoa  of  it,  in  Prop.  39.  of  his  ^• 
S^ok  of  liMhcm.  CoUe^oQii* 
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Sook  VX. 

PROP.  VII.    B.  YI. 

To  this  a  cafe  is  added  which  occurs  not  unfrequently  in  De- 
monftrations. 

PROP.  VHI.    B.  VI. 

It  feems  plain  that  fome  Editor  has  changecl  the  Demonftratlon 
that  Euclid  gave  of  this  Propofition.  for  after  he  has  demonftrated 
that  the  triangles  are  equiangular  to  one  another,  he  particularly 
Ihews  that  their  fides  about  the  equal  angles  are  proportionals,  as 
if  this  had  not  been  done  in  the  Demonftration  of  the  4.  Prop,  of 
this  Boole,  this  fuperfluous  part  is  not  found  in  the  Tranllation 
froxft  the  Arabic,  and  is  now  left  out, 

PROP.  IX.    B.  VI. 

This  is  demonftrated  in  a  particular  cafe»  viz.  that  in  which  the 
third  part  of  a  ftraight  line  is  required  to  b^  cut  off;  which  is  not 
at  all  like  Euclid's  mantier.  befides,  the  Author  of  the  Demonstra- 
tion, from  four  magnitudes  being  proportionals,  concludes  that  the 
third  of  them  is  the  fante  multiple  of  the  fourth,  which  the  £rft  is 
.  of  the  iecond;  now  this  is,  no  where  demonftrated  in  the  5.  Book^ 
as  we  now  have  it.  but  the  Editor  afiumes  it  from  the  confuied 
notion  which  the  vulgar  have  of  proportionals,  on  this  account  it 
was  neceilary  to  give  a  general  and  legitimate  pemonftration  of 
this  Proportion. 

PROP.  XVIII.    B.  VI. 

The  Demonftration  of  this  feems  to  be  vitiated,  for  the  Fropo« 
fition  is  demonftrated  only  in  the  cafe  of  quadrilateral  figure^  with* 
out  mentioning  how  it  may  be  extended  to  figures  of  £ve  or  mort 
£de&,  befides,  from  two  triangles  being  equiangular  it  is  inferreA 
<that  a  fide  of  the  one  is  to  the  homokfgous  fide  of  the  other,  as  atio*> 
tfacr  fide  of  the  firft  is  to  the  fide  homc^ogous  to  h  of  the  other, 
wkhotzt  permutatioai  of  the  proportionals;  which  is  contrary  to  £«k 
clid's  manner,  as  is  cksr  &am  the  next  Propofition.  and  the  fame 
fauh  occults  again  in  the  conclufion,  where  the  tides  d^ttt  the  equil 
<an^e8  are  not  !0iewn  to  be  proportionals ;  by  reafon  ^f  a^in  ne^ 
•glebing  permutation,  on  thefe  accounts  a  Demonftration  is  givei^ 
in  Euclid's  manna:,  like  to  that  he  m&es  ufe  of  in  the  ao.  Prop. 


/ 


\ 
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Book  VI.  of  this  Book ;  atid  it  is  extended  to  five  fided  figures,  by  which  tt 
'  may  be  feen  how  to  extend  it  to  figures  of  any  number  of  fides. 

PROP.  XXIII.    B.  VI. 

Nothing  is  ufually  reckoned  more  difiicult  in  the  Elements  of 
Geometry  by  learners^  than  the  do£lrine  of  Compound  ratio,  which 
Theon  has  rendered  abfurd  and  ungeometrical,  by  fubftituting  the 
'  5.  Definition  of  the  6.  Book,  in  place  of  the  right  Definition  which 
without  doubt  Eudoxus  or  Euclid  gave,  in  its  proper  place,  after 
the  Definition  of  Triplicate  ratio,  &c.  in  the  5.  Book.  Theon's 
Definition  is  this  \  a  Ratio  is  faid  to  be  compounded  of  ratios 

which  Commandine  thus  tranflates,  **  quando  rationum  quantitates 
<<  inter  fe  multiplicatae  aliquam  efliciunt  rationem  -f**  that  is,  when 
the  quantities  of  the  ratios  being  multiplied  by  one  another  make  a 
certain  ratio.  Dr.  Wallis  tranflates  the  word  xwA/xorwrg^,  "  ratio- 
^*  num  exponentes,"  the  exponents  of  the  ratios,  and  Dr.  Gregory 
renders  the  laft  words  of  the  Definition  by  "  illius  facitquantitatem,'* 
niat.es  the  quantity  of  that  ratio,  but  in  whatever  fenfe  the  ^*  quan- 
<«  titles"  or  "  exponents  of  the  ratios,"  and  their  "  multiplication'* 
be<aken>  the  Definition  will  be  ungeometrical  and  ufelefs.  for  there 
can  be  no  multiplication  but  by  a  number ;  now  the  quantity  of 
exponent  of  a  ratio  (according  as  Eutocius  in  his  Comment,  on 
Prop.  4.  Book  2.  of  Arch,  de  Sph.  et  Cyt  and  the  moderns  explain 
that  term)  is  the  number  which  multiplied  into  the  confequcnt  term 
of  a  ratio  produces  the  antecedent,  or,  which  is  the  (kme  thing,  the 
number  which  arlfes  by  dividing  the  antecedent  by  the  confequent^ 
but  there  are  many  ratios  fuch,  that  no  number  can  arifc  from  the 
^Hvifion  of  the  antecedent  by  the  confequcnt;  ex.  gr.  the rartia which 
the  diameter  of  a  fquare  has  to  the  fide  of  h;  and  the  ratio  which 
the  circumference  of  a  circle  has  to  its  diameter,  and  fuch  tike. 
JBefides,  there  is  not  the  leaft  mention  made  of  this  Defiixition  in 
th^  writings  of  Euclid,  Archimedes,  ApolbniuB,  or  oilier  afntients, 
tho'  they  frequently  make  uie  of  Compound  ratio,  and  m  this  23. 
Prop,  of  the  6.  Book,  where  Compound  ratio  is  firft  mentioned, 
there  is  not  one  word  which  can  relate  to  this  Definition,  tho'  here, 
if  in  any  place,  it  was  necefiary  to  be  brought  in ;  bttt  the  right 
Definition  is  exprefsly  cited  in  tbefe  word»,  <<  but  the  ratio  of  K  to 
i*<  M  is  compounded  of  the  ratio  of  K  to  L,  and  of  the  rartio  of  L 
<<  to  M."  this  Definition  theiefore  of  TheM  it  qtrile  ufeleft  aad 
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iWilrd  for  that  Theon  brought  it  into  the  Elements  can  fcarce  be  Book  vj. 
doubted,  as  it  is  to  be  found  in  his  Commentary  upon  Ptolemy's  — 
MsytfAn  2t/rr*fif,  page  62.  where  he  alfo  gives  a  childifh  explication 
of  it,  as  agreeing  onl-y  to  fuch  ratios  as  can  be  expreffed  by  num- 
bers; and  from  this  place  the  Definition  ajid  explication  have  been 
exadly  copied  and  prefixed. to  the  Definitions  of  the  .6.  Book,  as 
stppcarsJrom  HervagiUa's^ition.  but  Zarabertus  and  Gommandiije 
in  tlieir  Latin  1  ranflations  fubjoin  the  fame  to  thefc  Definitions. 
Neither  Campanus,  nOr,  as  it  feefns,  the  Arabic  maaufcripts  from 
which  he  made  his  Tranflatipn^  have  this  Definition.  Qlavius  in  his 
Obfervations  upon  it,  rightly  judges  that  the  Definition  of  Com- 
pound ratio  might  ha ve^  been  made  after  the  fame  manner  in  which 
the  Definitions  of  Duplicate  and  Triplicate  ratio  are  given,  viz* 
*<  that  as  in  feveral  magnitudes  that  are  continual  proportionals,  Eu- 
•'  did  named  the  ratio  of  the  firft  to  the  third,  the  Duplicate  ratio 
«<  of  the  firft  to  the  fecond;  and  the  ratio  of  the  firft  to  the  fourth, 
*<  the  Triplicate  ratio  of  the  firft  to  the  fecond ;  that  is,  the  ratio 
*<  compounded  of  two  or  three  intermediate  ratios  that  are  ^ual 
«<  to  one  another,  and  fo  on ;  fo  in  like  manner  if  there  be  feveral 
««  magnitudes  of  the  fame  kind,  following  one  another,  which  are 
<<  not  continual  proportionals,  the  firft  is  faid  to  have  to  the  laft 
<<  the  ratio  compounded  of  all  the  intermediate  ratios,-'^*-^<i^only  for' 
«*  this  reafon,  that  thefe  intermediate  ratios  are  interpofed  betwixt 
*<  the  two  extremes,  viz.  the  firft  and  laft  magnitudes ;  even  as  in 
«*  the  10.  Definition  of  the  5.  Book,  the  ratio  of  the  firft  to  the 
«  third  was  called  the  Duplicate  ratio,  merely  upon  account  of  two 
«  ratios  being  interpofed  betwixt  the  extremes,  that  afe  equal  to  one 
*<  another,  fo  that  there  is  no  diiTer^nce  betwixt  this  compounding 
"  of  ratios,  and  the  duplication  or  triplication  of  them  which  are 
'♦*^  defined  in. the  5*  ]@ook,  but  that  in  the  duplkation,  tripKcatidny- 
H«&c.  of  ratios,  all  the  interpofed  ratios  are  equal  to  Gi)e  another; 
>^  whereas  Ih  the  compounding  of  ratios,  it  is  not  neceflary  that  the 
ffantertnediataratios  (hould  be  equal  to  onfe  another."  Alfo  Mr, 
EdmundSearburgh,  iti  liis*£ngU{h  tranilation  of  the  firft  fix  Boioks^ 
p2ge*2^Sy 'Z664  cxpTthYfiv&ttm  ehat  the  5.  Definition  of  the  6* 
Book^'iisfiippofititious,  and  that  the  trtio  Definition  of  Compound 
ratio  i&iccmfained  in  the  ro;  Defimtienof  the  $,  Book,  viz.  the 
Definition  of  DapKcate  ratio,  «r  to  be  under Aood  from  k,  to  t^it^ 
in  the^famemdmrtet*  as^^Clavius  has^expkiln^d  it  in  the  preceding  ci- 
■tsuion,  T/et4hefe^and  the  reft  of-the^loderns,'do  notwithftanding 
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Book  VI.  retain  this  5.  Def.  of  the  6.  B.  an4  -illuftrate  and  explain  it  by  long 
Commentaries,  when  they  ought  rather  to  have  taken  it  quite  away 
from  the  Elements. 

For,  by  comparing  Def.  5.  B.  6.  with  Prop.  5.  B.  8.  it  will 
clearly  appear  that  this  Definition  has  been  put  into  the  Elements  in 
place  of  the  right  one  which  has  been  taken  out  of  them,  becaufe  in 
Prop.  5.  B.  8.  it  is  demonftrated  that  the  plane  number  of  which 
the  fides  are  C,  D  has  to  the  plane  number  of  which  the  fides  are 
E,  Z  (fee  Hervagius's  or  Gregory's  Edition)  the  ratio  which  is  com- 
pounded of  the  ratios  of  their  fides;  that  is,  of  the  ratios  of  C  to 
E,  and  D  to  Z.  and  by  Def.  5.  B.  6.  and  the  explication  given  of 
it  by  all  the  Commentators,  the  ratio  which  is  compounded  of  the 
ratios  of  C  to  E,  and  D  to  Z,  is  the  ratio  of  the  produft  made  by 
the  multiplication  of  the  antecedents  C,  D,  to  the  produft  of  the 
confequents  E,  Z,  that  is  the  ratio  of  the  plane  number  of  which 
the  fides  are  C,  D  to  the  plane  number  of  which  the  fide?^  are  £,  Z. 
wherefore  the  Propofition  which  is  the  5.  Def.  of  B.  6.  is  the  very 
fame  with  the  5.  Prop,  of  B.  8.  and  therefore  it  ought  necejflTarily 
to  be  cancelled  in  one  of  thefe  places;  becaufe  it  is'abfurd  that  the 
fame  Propofition  fhould  ftand  as  a  Definition  in  one  place  of  the 
Elements,  and  be  demonftrated  in  another  place  of  them.  Now 
there  is  no  doubt  that  Prop.  5.  Book.  8.  (hould  have  a  place  in  the 
Elements,  as  the  fame  thing  is  demonftrated  in  it  concerning  plane 
numbers,  which  is  demonftrated  in  Prop.  23.  B.  6.  of  equiangular 
parallelograms ;  wherefore  Def.  5.  B.  6.  ought  not  to  be  in  the 
Elements,  and  from  this  it  is  evident  that  this  Definition  is  not 
Euclid's  but  Thcon's,  or  fome  other  unfkilful  Geometer's. 

But  no  body,  as  far  as  I  know,  has  hitherto  (hewn  the  true  ufe 
of  Compound  ratio,  or  for  what  purpofe  it  has  been  introduced  into 
Geometry ;  for  every  Propofition  in  which  Compound  ratio  is  made 
ufe  of,  may  without  it  be  both  enuntiated  and  demonftrated.  Now 
the  ufe  of  Compound  ratio  confifts  wholly  in  this,  that  by  means  of 
it,  circumlocutions  may  be  avoided,  and  thereby  Propofitions  may 
be  more  briefly  either  enuntiated  or  demonftrated,  or  both  may  be 
done ;  for  inftance,  if  this  23.  Propofition  of  the  6.  Book  were  to 
be  enuntiated,  without  mentioning  Compound  ratio,  it  might  be 
done  as  follows;  If  two  Parallelograms  be  equiangular,  and  if  as  a 
fide  of  the  firft  to  a  fide  of  the  fecond,  fo  any  aifumed  ftraight  line 
be  made  to  a  fecond  ftraight  line;  and  as  the  other  fide  of  the  firft: 
to  the  other  fide  of  the  fecond,  fo  the  fecond  ftraight  line  be  made 


MOTES.  323 

to  a  third :  the  firft  parallelogram  is  to  the  (econd,  as  the  firft  Book  yi.^ 
ftraight  line  to  the  third,  and  the  Demonilration  would  be  exaftly 
the  fame  as  \<^e  now  have  it.  but  the  antient  Geon^eters,  when  they 
obferved  thi$  Enuntiation  could  be  made  ihorter,  by  giving  a  name 
to  the  ratio  which  the  firft  ftraight  line  has  to  the  laft,  by  which 
name  the  intermediate  ratios  might  likewife  be  fignified,  of  the  firft 
to  the  fecond,  and  of  the  fecond  to  the  third,  and  fo  on  if  there 
were  more  of  them,  they  called  this  ratio  of  the  firft  to  the  laft,  the 
ratio  compounded  of  the  ratios  of  the  firft  to  the  fecond,  and  of  the 
fecond  to  the  third  ftraight  line;  that  is,  in  the  prefent  example,  of 
the  ratios  which  are  the  fame  with  the  ratios  of  the  fides,  and  by  this 
they  exprefied  the  Propofition  more  briefly  thtts,  If  there  be  two 
equiangular  parallelograms,  they  have  to  one  another  the  ratio 
which  is  the  fame  with  that  which  is  compounded  of  ratios  that 
are  the  fame  with  the  ratios  of  the  fides,  which  is  fliorter  than  the 
preceding  Enuntiation,  but  has  precifely  the  fame  meaning,  or  yet 
(horter  thus;  equiangular  parallelograms  have  to  one  another  the 
ratio  which  is  the  fame  with  that  which  is  compounded  of  the  ra-* 
tios  of  their  fides,  and  thefe  two  Enuntiations,  the  firft  efpecially, 
agree  to  the  Demonftration  which  is  now  in  the  Greek^  the  Propo- 
fition may  be  more  briefly  demonftrated,  as  Candalla  does,  thus; 
Let  ABCO,  CEFG  be  two  equiangular  parallelograms,  and  com- 
plete the  parallelogram  CDHG;  then,  becaufe  there  are  three  pa- 
rallelograms AC,  CH,  CF,  the  firft  AC  (by  the  Definition  of  Com- 
pound ratio)  has  to  the  third  CF,  tKe  Tl  xT 
ratio  which  is  compounded  of  the  ratio  Af-         ■     ^       ■    i"' 
of  the  firft  AC  to  the  fecond  CH,  and 
of  the  ratio  of  CH  to  the  third  CF ;  JJ 
but  the  parallelogram  AC  is  to  the  pa- 
rallelogram CH,  as  the  ftraight  line  BC 
to  CG;  and  the  parallelogram  CH  is  to 

CF,  as  the  ftraight  line  CD  is  to  CE;  therefore  the  parallelogram 
AC  has  to  CF  the  ratio  which  is  compoundedof  ratios  that  are  the 
fame  with  the  ratios  of  the  fides,  and  to  this  Demonftration  agrees 
the  Enuntiation  which  is  at  prefent  in  the  text,  viz.  equiangular 
parallelograms  have  to  one  another  the  ratio  which  is  compounded 
of  the  ratios  of  the  fides,  for  the  vulgar  reading  *«  which  is  com- 
««  pounded  of  their  fides"  is  abfurd.  But  in  this  Edition  we  have 
kept  the  Demonftration  which  is  in  the  Greek  text,  tho'  not  fo 
fhort  as  Candalla's ;  becaufe  the  way  of  finding  the  ratio  which 
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Book  VI.  Is  compounded  of  the  ratios  of  the  fides;  that  is,  of  finding  the  ratid 
of  the  parallelograms,  is  (hewn  in  that,  but  not  in  Candalla's  De- 
monftration ;  whereby  beginners  may  learn,  in  like  cafes,  how  to 
find  the  ratio  wkich  is  compounded  of  two  or  more  given  ratios. 

From  what  has  been  faid  it  may  be  obferved,  that  in  any  magi- 
tudes  whatever  of  the  fame  kind  A,  B,  C,  D,  &c.  the  ratio  com- 
pounded of  the  ratios  of  the  firft  to  the  fecond,  of  the  fecond  to  the 
third,  and  fo  on  to  the  laft,  is  only  a  name  or  expreflion  by  which 
the  ratio  which  the  firft  A  has  to  the  laft  D  is  fignified,  and  by 
which  at  the  fame  time  the.  ratios  of  all  the  magnitudes  A  to  B, 
B  to  C,  C  to  D  from  the  firft  to  the  laft,  to  one  another,  whether 
they  be  the  fame,  er  be  not  the  fame,  are  indicated;  as  in  magni- 
tudes which  are  continual  proportionals  A,  B,  C,  D,  &c.  the  Du- 
plicate ratio  of  the  firft  to  the  fecond  is  only  a  name,  or  expi-eflion 
by  which  the  ratio  of  the  firft  A  to  the  third  C  is  fignified,  and  by 
which,  at  the  fame  time,  is  fliewn  that  there  are  two  ratios  of  the 
magnitudes  from  the  firft  to  the  laft,  viz.  of  the  firft  A  to  the  fe- 
cond B,  and  of  the  fecondB  to  the  third  or  laftC,  which  are  the  fame 
with  one  another;  and  the  Triplicate  ratio  of  the  firft  to  the  fecond 
is  a  name  or  expreflion  by  which  the  ratio  of  the  firft  A  to  the 
fourth  D  is  fignified,  and  by  which,  at  the  fame  time,  is  ftiewn  that 
there. are  three  ratios  of  the  magnitudes  from  the  firft  to  the  laft,  viz* 
of  the  firft  A  to  the  fecond  B,  and  of  B  to  the  third  C,  and  of  C  to 
the  fourth  or  laft  D,  which  are  all  the  fame  with  one  another;  and 
fo  in  the  cafe  of  any  other  Multiplicate  ratios.  And  that  this  is  the 
right  explication  of  the  meaning  of  thefe  ratios  is  plain  from  the  De- 
finitions of  Duplicate  and  Triplicate  ratio  ui  which  Euclid  makes 
ufe  of  the  word  ^iy^TcUy  is  faid  to  be,  or  is  called ;  which  word,  he 
no  doubt  made  ufe  of  alfo  in  the  Definition  of  Compound  ratio 
which  Theon,  or  fome  other,  has  expunged  from  the  Elements  ^ 
for  the  very  fame  word  is  ftill  retained  in  the  wrong  Definition  of 
Compound  ratio  which  is  now  the  5.  of  the  6.  Book,  but  in  the 
citation  of  thefe  Definitions  it  is  fometimcs  retained,  as  in  the  De- 
monftration  of  Pjpp.  19,  B.  6.  "  the  firft  is  faid  to  have,  l^^^^s^^, 
<«  to  the  third  the  Duplicate  ratio,"  &c.  which  is  wrong  tranflated 
by  Commandine  and  others  "  has"  inftead  of  <«  is  faid  to  have ;" 
and  fometimes  it  is  left  out,  as  in  the  Demonftration  of  Prop. 
33.  of  the  II.  Book,  in  which  we  find  «  the  firft  has,  lx«,  to 
<<  the  third  the  Triplicate  ratio;"  but  without  doubt  ix'^y  "  has,*^ 
in  this  place  fignifies  the  fame  as  ix'^  ^iyvrcu,  is  faid  to  have*  fo 
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likewife  in  Prop.  23.  B.  6.  we  find  this  citation  "  but  the  ratio  of  Book  Vf. 
•*  K  to  M  is  compounded,  (fifyKentu^  of  the  ratio  of  K  to  L,  and  the 
**  ratio  of  L  to  M,"  which  is  a  fhorter  way  of  expreffing  the  fame 
thing,  which,  according  to  the  Definition,  ought  to  have  been 
exprefied  by  ffvyx^od  Keytreu,  is  faid  to  be  compounded. 

From  thefe  Remarks,  together  with  the  Propofitions  fubjoined 
to  the  5.  Book,  all  that  is  found  concerning  Compound  ratio  either 
in  the  antient  or  modern  Geometers  may  be  underftood  and  ex- 
plained. 

PROP.  XXIV.     B.  VI. 

It  feems  that  fome  unikilful  Editor  has  made  up  this  Demon- 
ft  ration  as  we  now  have  it,  out  of  two  others;  one  of  which  may 
be  made  from  the  2.  Prop,  and  the  other  from  the  4.  of  this  Book. 
for  after  he  has  from  the  2.  of  this  Book,  and  Compofition  and 
Permutation,  demonilrated  that  the  fides  about  the  angle  common 
to  the  two  parallelograms  are  proportionals,  he  might  have  imme- 
diately concluded  {hat  the  fides  about  the  other  equal  angles  were 
proportionals,  viz.  from  Prop.  34.  B.  i.  and  Prop.  7,  B.  5.  this 
|ie  does  not,  but  proceeds  to  ihew  that  the  triangles  and  parallelo-t 
grams  are  equiangular,  and  in  a  tedious  way,  by  help  of  Prop.  4.  of 
this  Book,  and  the  22.  of  B.  5.  deduces  the  fame  conclufion.  from 
which  it  is  plain  that  this  ill  compofed  Demonftration  is.  not  Eu- 
clid's, thefe  fuperfluous  things  are  now  left  out,  and  a  more  fimple 
Demonftration  is  given  from  the  4.  Prop,  of  this  Book,  th«  fame 
which  is  in  the  Tranflation  from  the  Arabic,  by  help  of  the  a.  Prop, 
and  Compofition  ^  but  in  this  the  Author  negle£ls  Permutation^ 
and  does  not  fhew  the  parallelograms  to  be  equiangular}  as  i$ 
j>,roper  to  do  for  the  fake  of  beginners. 

PROP.  XXV.    B.  VI. 

It  is  very  evident  that  the  Demonftration  which  Euclid  had  given 
of  this  Propofition,  has  been  vitiated  by  fome  unikilful  hand,  for 
after  this  Editor  had  demonftrated  that  "  as  the  re£lilineal  figure 
«  ABC  is  to  the  reftilineal  KGH,  fo  is  the  parallelogram  BE  to  the 
<*  parallelogram  EF,"  nothing  more  fliould  have  been  a Jded  but 
this,  <<  and  the  reftilineal  figure  ABC  is  equal  to  the  parallelogram 
«  BE,  therefore  the  reftilineal  KGH  is  equal  to  the  jparallelogram 
«  EF,''  viz.  from  Prop.  14.  B.  5.  but  betwixt  thefe  two  fentences 
be  ha$  infertcd  thisj  <<  wherefore,  by  Permutation^  as  the  rc^^iliacaii 
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Book  VI.  €€  figure  ABC  to  the  parallelogram  BE,  fo  is  the  rcaUineal  KGH 
V  ^  «  to  the  parallelogram  EF ;"  by  which,  it  is  plain,  he  thought  it 
was  not  fo  evident  to  conclude  that  the  fecoiid  of  four  proportionals 
is  equal  to  the  fourth  from  the  equality  of  the  firft  and  third,  which 
is  a  thing  demonftrated  in  the  14.  Prop,  of  B.  5.  as  to  conclude 
that  the  third  is  equal  to  the  fourth,  from  the  equality  of  the  firft 
and  fecond,  which  is  no  where  demonftrated  in  the  Elements  as  we 
now"  have  them,  but  thp'  this  Propofition,  viz.  the  third  of  four 
proportionals  is  equal  to  the  fourth,  if  the  firft  be*  equal  to  the  fe- 
cond, had  been  giyen  in  the  Elements  by  Euclid,  as  very  probably 
it  was,  yet  he  would  not  have  made  ufe  of  it  in  this  place,  becaufe^ 
>  as  was  (aid,  the  condufion  could  have  been  inunediately  deduced 
without  this  fuperfluous  ftep  by  Permutation,  this  we  have  (hewn 
at  the  greater  length,  both  becaufe  it  affords  a  certain  proof  of  the 
vitiation  of  the  Text  of  Euclid,  for  the  very  fame  blunder  is  found 
twice  in  the  Greek  Text  of  Prop.  23.  B.  1 1.  and  twice  in  Prop.  2. 
B.  12.  and  in  the  5.  11.  12.  and  18.  of  that  Book;  in  which 
places  of  B.  12.  except  the  laft  of  them,  it  is  rightly  left  oUt  in  the 
Oxford  Edition  of  Commandine's  Tranflation.  and  alfo  that  Geo- 
meters  may  beware  of  making  ufe  of  Permutation  in  the  like  cafes^ 
for  th^  Moderns  not  unfrequently  commit  this  miftake,  and  among 
others  Commandine  himfelf  in  his  Commentary  on  Prop.  5.  B.  3. 
p.  6.  b.  of  Pappus  Alexandrinus,  and  in  other  places,  the  vulgar 
notion  of  proportionals,  has,  it  feems,  pre-occupied  many  fo  much^ 
that  they  do  not  fufiiciently  underftand  the  true  nature  of  them. 

Befides,  tho'  the  re£kilineal  figure  ABC,  to  which  another  is 
to  be  made  fimilar,  may  be  of  any  kind  whatever,  yet  in  the  De^ 
mpnftration  the  Greek  Text  has  "  triangle^'  inftead  of  <*  re£iilineal 
*«  figure/'  which  error  is  correfted  in  the  above-named  Oxforc) 
Edition. 

PROP,  xxvn.    B,  VI. 

The  fecond  Cafe  of  this  has  « aaA,  otherwife,  prefixed  to  it, 
as  if  it  was  a  difierent  Demonftcation,  which  probably  has  been 
done  by  fome  unlkilful  Librarian.  Dr.  Gregory  lias  rightly  left 
it  out.  the  fcheme  of  this  fecond  Cafe  ought  to  be  marked  with 
the  fame  letters  of  the  Alphabet  which  a?^  in  the  fchenie  of  the 
firft,  gs  18  noy  done* 
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PROP.  XXVIIT.  and  XXIX.     B.  VI. 

Thefe  two  Problems,  to  the  firft  of  which  the  27.  Prop,  is  ne- 
ceflary,  are  the  moft  general  and  ufeful  of  all  in  tlie  Elements^  and 
are  moft  frequently  made  ufe  of  by  the  antient  Geometers  in  the 
folution  of  other  Problems*}  and  therefore  are  very  ignorantly  left 
out  by  Tacquet  and  Dechales  in  their  Editions  of  the  Elements^ 
who  pretend  that  they,  are  fcarce  of  any  ufe.  the  Cafes  of  tk^fe 
Problems,  wherein  it  is  required  to  apply  a  re£kangle  which  fliall 
be  equal  to  a  given  fquare,  to  a  given  ftraight  line,  either  deficient 
or  exceeding  by  a  fquare;  as  alfo  to  apply  a  re£tangle  which  iliall 
be  equal  to  another  given,  to  a  given  ftraight  line,  deficient  or 
exceeding  by  a  fquare,  are  very  often  made  ufe  of  by  Geometers, 
and  on  this  account,  it  is  thought  proper,  for  the  fake  of  begin- 
ners, to  give  their  conftru£lions,  as  follows. 

I.  To  apfdy  a  red^gle  which  Ihall  be  equal  to  a  given  fquare, 
to  a  given  ftraight  line,  deficient  by  a  fquare.  but  the  given  fquare 
muft  not  be  greater  than  that  upon  the  half  of  the  given  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon  the 
given  ftraight  line  C  be  that  to  which  the  redangle  to  be  applied 
muft  be  equal,  and  this  fquare  by  the  determination,  is  not  greater 
than  that  upon  half  of  the  ftraight  line  AB. 

Bife£l  AB  in  D,  and  if  the  fquare  upon  AD  be  equal  to  the 
fquare  upon  C,  the  thing  required  is  done,  but  if  it  be  not  equal  to 
it,  AD  muft  be  greater  than  C, 
according  to  the  determination. 
draw  D£  at  right  angles  to  AB, 
and  make  it  equal  to  C ;  pro- 
duce ED  to  F,  fo  that  EF  be 
equal  to  AD  or  DB,  and  from 
the  center  E,  at  the  diftance 
EF  defcribe  a  circle  meeting 
AB  in  G,  {Old  upon  GB  defcribe  the  fquare  GBKH,  and  com- 
plete the  ref^angle  AGHL ;  alfo  join  EG.  and  becaufe  AB  is  bi- 
fe£ted  in  D,  the  re£kangle  AG^  GB  together  with  the  fquare  of 
DG  is  equal  ^  to  (the  fquare  of  DB,  that  is  of  EF  or  EG,  that  is  ^  S*  «• 
to)  the  fquares  of  ED,  DG.  take  away  the  fquare  of  DG  from  each 
of  thefe  equals,  therefore  the  remaining  rectangle  AG,  GB  is  equal 
to  the  fquare  of  ED,  that  is,  of  C.  but  the  re£langle  AG,  GB  is 
the  redangle  AH,  becaufe  GH  is  equal  to  GB*  therefore  the  rec« 
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Book  Vl.  tangle  AH  is  equal  to  the  given  fquare  upon  the  ftraight  line  C, 
wherefore  the  reflangle  AH  equal  to  the  given  fquare  lipon  C,  has 
been  applied  to  the  given  ftraight  line  AB,  deficient  by  the  fquare 
GK.     Which  was  to  be  done, 

2.  To  apply  a  reftangle  which  fhall  be  equal  to  a  given  fquarej 
to  a  given  ftraight  line,  exceeding  by  a  fquare. 

Let  AB  be  the  given  ftraight  line,  and  let  the  fquare  upon  the 
given  ftraight  line  C  be  that  to  which  the  re£tangle  to  be  applied 
tnuft  be  equal. 

Biket  AB  in  D,  and  draw  BE  at  right  angles  to  it,  fo  that  BE 
be  equal  to  C,  and,  having  joined  DE,  from  the  center  D  at  th« 
fdiftance  DE  defcribe  a  circle  meeting  AB  produced  in  G  ;  upon 
BG  defcribe  the  fquare  BGHK, 
and  complete  the  rectangle  AGHL. 
and  becaufe  AB  is  bifc£led  in  D, 
and  produced  to  G,  the  reft  angle 
AG,  GB  together  with  the  fquare 
of  DB  is  equal  *  to  (the  fquare  of  c\ 
DG,  or  DE,  that  is  to)  the  fquafes 
of  EB,  BD.  from  each  of  thefe  c* 
quals  take  the  fquare  of  DB,  there- 
fore the  remaining  reftangle  AG,  GB  is  equal  to  the  fquare  of 
BE,  that  is  to  the  fquare  upon  C.  but  the  redangle  AG,  GB  is 
the  reftangle  AH,  becaufe  GH  is  equal  to  GB.  therefore  the  rec- 
tangle AH  is  equal  to  the  fquare  upon  C.  wherefore  the  reftangle 
'  AH  equal  to  the  given  fquare  upon  C,  has  been  applied  to  the 
given  ftraight  line  AB,  exceeding  by  the  fquare  GK.  Which 
was  to  be  done. 

3.  To  apply  a  redlangle  to  a  given  ftraight  line  which  fliall 
be  equal  to  a  given  reftangle,  and  be  deficient  by  a  fquare.  but 
the  given  redlangle  muft  not  be  greater  than  the  fquare  upon  th^ 
|ialf  of  the  given  ftraight  line. 

Let  AB  be  the  given  ftraight  line,  and  let  the  given  reftangle 
be  that  which  is  contained  by  the  ftraight  lineg  C,  D,  which  is 
not  greater  than  the  fquaie  upon  the  half  of  AB.  it  is  required 
to  apply  to  AB  a  reftangle  equal  to  the  reftangle  C,  D,  deficient 
by  a  fquare. 

Draw  AE,  BF  at  ri^t  angles  to  AB,  upon  the  fame  fide  of  it| 
and  make  A£  equal  to  C,  and  BF  to  D.  join  EF  and  bifeft  it  in  O, 
fad  (r9fn  the  center  G,  at  th^  diftance  G£  defcrijpe  a  circle  meeting 
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AE  again  in  H ;  join  HF  and  draw  GK  parallel  to  it,  and  GL  Book  VL 
parallel  to  AE  meeting  AB  in  L.  v>*v^V 

Becaufe  tlie  angle  £HF  in  a  femicircle  is  equal  to  the  right  angle 
£AB,  AB  and  HF  are  parallels,  and  AH  and  BF  are  parallels^ 
M'herefore  AH  is  equal  to  BF,  and  the  redangle  £A,  AH  equal  to 
the  re£tangle  £A,  BF,  that  is  to  the  rectangle  C,  D.  and  becaufe 
£G,  GF  are  equal  to  one  another,  and  AE,  LG,  BF  parallels, 
therefore  AL  and  LB  are  equal ;  alfo  EK  is  equal  to  KH  *,  and  *"  ^'  ^' 
the  reftangle  C,  D,  from  the  determination,  is  not  greater  than  the 
fquare  of  AL  the  half  of  AB,  wheirefore  the  re£kangle  EA,  AH 
is  not  greater  than  the  fquare  of  AL,  that  is  of  KG.  add  to  each 
the  fquare  of  KE,  therefore  thq  fqUare  *»  of  AK  is  not  greater  thaa  ^-  ^-  »• 
the  fquares  of  EK,  KG,  that 
is  than  the  fquare  of  EG ;  and 
confequently  the  ftraight  line    T7 
AK  or  GL  is  not  greater  than 
CE.    Now,  if  GE  be  equal 
toGL,  the  circle  EHF  touches 
AB  in  L,  and  therefore  the 
fquare  of  AL  is  ^  equal  to  the 
re<^angle  EA,  AH,  that  is  to 
the  given  reftangle  C,  D;  and 
that  which  was  required  is 
done,  but  if  EG,  GL  be  un-» 
equal,  EG  muft  be  the  greater,  and  therefore  die  circle  EHF  cuts 
the  ftraight  line  A-R;  let  it  cut  it  in  the  .points  M,  N,  and  upon  NB 
defcribe  the  fquare  NBOP,  and  complete  the  reftangle  ANPQ^ 
becaufe  ML  is  equal  to  ^  LN,  and  it  has  been  proved  that  AL  is  d.  3*  3- 
equal  to  LB,  therefore  AM  is  equ^  to  NB,  and  the  reftanglc  AN, 
NIJ  equal  to  the  redangle  NA,  AM,  that  is  to  the  rcdangle  « EA,  eCor.3<).j, 
AH  or  the  rectangle  C,  D,  but  the  redangle  AN,  NB  is  the  rec- 
tangle AP,  becaufe  PN  is  equal  to  NB.  therefore  the  reftangle 
AP  is  equal  to  the  reftangle  C,  D,  and  tlie  reftangle  AP  equal  to 
the  given  reftangle  C,  D  has  been  applied  to  the  given  ftraight 
line  AB,  deficient  by  the  fquare  BP.     Which  was  to  be  done. 
.    4*  Tp  apply  a  rectangle  to  a  given  ftraight  line  that  fhall  be 
equal  to  a  given  reftangle,  .exceeding  by  a  fquare. 

Let  AB  be  the  given  ftraight  line,  and  the  reftangle  C,  D  the 
given  re£langle,  it  is  required  to  apply  a  rc£kangle  to  AB  equ^} 
(9  9?  ^^  exceeding  bv  a  fc^uarct 
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Draw  AE,  BF  at  right  angles  to  AB,  on  the  contrary  fides  of  it, 
and  make  A£  equal  to  C,  and  BF  equal  to  D.  join  EF  and  hikGt 
it  in  Gf  and  from  the  center  G^  at  the  diftance  G£  defcribe  a  circle 
meeting  AE  again  in  H ;  join  HF,  and  draw  GL  parallel  to  A£; 
let  the  circle  meet  AB  produced 
in  M»  Nt  and  upon  BN  defcribe 
the  fquare  NBOP,  and  complete 
the  rcftangle  ANPQ^becaufc  the 
angle  EHF  in  a  femipircle  is  equal 
to  the  right  angle  EAB,  AB  and 
HF  are  parallels,  and  therefore  AH 
and  BF  are  equal,  and  the  rectan- 
gle EA,  AH  equal  to  the  re£lan-, 
gle  EA,  BF,  that  is  to  the  rectan- 
gle C,  D.  and  becaufe  ML  is  equal 
to  LN,  and  AL  to  LB,  therefore 

MA  is  equal  to  BN,  and  the  rectangle  AN,  NB  to  MA,  AN, 
^  35-  >  that  is  *  to  the  redlangle  EA,  AH  or  the  reSangle  C,  D.  there* 
fore  the  redangle  AN,  NB,  that  is  AP  is  equal  to  the  re&angle 
C,  D ;  and  to  the  given  ftraight  line  AB  the  re£langle  AP  ha* 
been  applied  equal  to  the  given  re£langle  C,  D,  exceeding  by  the 
fquare  fiP.     Which  was  to  be  done. 

Willebrordus  Snellius  was  the  firft,  as  far  as  I  know,  who  gave 
thefe  conftru£tions  of  the  3.  and  4.  Problems  in  his  ApoUonius 
Batavus.  and  afterwards  the  learned  Dr.  Halley  gave  them  in  the 
Scholium  of  the  18.  Prop,  of  the  8.  B.  of  Apollonius's  Conies 
reilored  by  him. 

The  3.  Problem  is  otherwife  enuntiated  thus,  To  cut  a  given 
ftraight  line  AB  in  the  point  N,  fo  as  to  make  the  re£langle  AN, 
NB  equal  to  a  given  fpace.  or,  which  is  the  fame  thing.  Having 
given  AB  the  fum  of  the  fides  of  a  redangie,  and  the  magnitude 
of  it  being  likewife  given,  to  find  its  fides. 

And  the  4.  Problem  is  the  fame  with  this.  To  find  a  point  N 
in  the  given  ftraight  line  AB  produced,  fo  as  to  make  the  redan- 
gle  AN,  NB  equal  to  a  given  fpace.  or,  which  is  the  fame  thing. 
Having  given  AB  the  difference  of  the  fides  of  a  re£tangle^  and 
the  magnitude  of  it,  to  find  the  fides^ 
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PROP.  XXXI.    B.  VI. 

In  the  Demonftration  of  this  the  inverfion  of  proportionals  is 
twice  neglediledy  and  is  now  added,  that  the  conclufion  may  be 
legitimately  made  by  help  of  the  24.  Prop,  of  B.  5.  as  Clavius 
had  done, 

PROP.  XXXII.    B.  VI- 

The  Enuntiation  of  the  preceding  26.  Prop,  is  not  general 
enough;  becaufe  not  only  two  fimilar  parallelograms  that  have  an 
angle  common  to  both,  are  aboUt  the  fame  diameter;  but  likewife 
two  fimilar  parallelograms  that  have  vertically  oppofite  angles^ 
have  their  diameters  in  the  fame  ftraight  line,  but  there  feems  to 
have  been  another,  and  that  a  dired  Demonftration  of  thefe  cafes^ 
to  which  this  32.  Propofition  was  needful,  and  the  32.  may  be 
otherwife  and  fomething  more  briefly  demonftrated  as  follows. 

PROP.  XXXII.    B.  VI. 

If  two  triangles  which  have  two  fides  of  the  one,  &c. 

Let  GAF,  HFC  be  two  triangles  which  have  two  fides  AG» 
GF  proportional  to  the  two  fides  FH,  HC,  viz.  AG  to  GF,  as  FH 
to  HC}  and  let  AG  be  parallel  to  FH,  ^ 

and  GF  to  HC ;  AF  and  FC  are  in  a  ^  ^ 

ftraight  line. 

Draw  CK  parallel  *  to  FH,  and  let  E 
it  meet  GF  produced  in  K.  becaufe  AG, 
KC  are  each  of  them  parallel  to  FH, 
they  are  parallel  ^  to  one  another,  and*]^ 
therefore  the  alternate  angles  AGF, 

FKC  are  equal,  and  AG  is  to  GF,  as  (FH  to  HC,  that  is  ^)  CK 
to  KF;  wherefore  the  triangles  AGF,  CKF  are  equiangular^,  and 
the  angle  AFG  equal  to  the  angle  CFK.  but  GFK  is  a  ftraight 
line,  therefore  AF  and  FC  are  in  a  ftraight  line  «. 

The  26.  Prop,  is  demonftrated  from  the  32.  as  follows. 

If  two  fimilar  and  fimilarly  placed  parallelograms  have  an  angle 
common  to  both,  or  vertically  oppofite  angles;  their  diameters  are 
in  the  fame  ftraight  line. 

Firft,  Let  the  parallelograms  ABCD,  AEFG  have  the  angle 
BAD  common  to  both,  and  be  fimilar,  and  fimilarly  placed  | 
A6CD9  ASFG  ar?  dbput  the  fam^  diameter. 
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Boofc  VI.      Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC.  then  bccaufe  the 
^^r^y"^  parallelograms  ABCD,  AEFG  are  fi-  f^ 

milar,  DA  is  to  AB,  as  GA  to  AE ;    A 
a.Cor.ip.5.  wherefore  the  remainder  DG  is  *  to 

the  remainder  EB,  as  GA  to  A£.  but 

DG  is  equal  to  FH,  EB  to  HC,  and 

AE  to  GF.  therefore  as  FH  to  HC, 

fo  is  AG  to  GF;  and  FH,  HC  arc  pa- 
rallel to  AG,  GF ;  and  the  triangles 

AGF,  FHC  are  joined  at  one  angle,  in  the  point  F ;  wherefore 

AF,  FC  are  in  the  fame  ftraight  line  **. 

Next,  Let  the  parallelograms  KFHC,  GFE  A  which  are  fimilar 

and  fimilarly  placed,  have  their  angles  KFH,  GFE  vertically  op* 

pofite ;  their  diameters  AF,  FC  are  in  the  fame  ftraight  line. 
Becaufe  AG,  GF  are  parallel  taFH,  HC;  and  that  AG  is  to  GF, 

as  FH  to  HC;  therefore  AF,  FC  are  in  the  fame  ftraight  line  ^. 

PROP.  XXXIII.    B.  VI. 

The  words  "  becaufe  thfey  are  at  the  center,"  are  left  out,  as  the 
addition  of  fonie  unfkilful  hand. 

In  the  Greek,  as  alfo  in  the  Latin  Tranflation,  the  words 
i  €Tux«,  **  any  whatever,"  are  left  out  in  the  Demonftration  of  both 
parts  of  the  Propofition,  and  are  now  added  as  quite  neceflary. 
and  in  the  Demonftration  of  the  fecond  part,  where  the  triangle 
BGC  is  proved  to  be  equal  to  CGK,  the  illative  particle  ifet  in  the 
Greek  Text  ought  to  be  omitted. 

The  fecond  part  of  the  Propofition  is  an  addition  of  Theon's, 
at  he  tell  us  in  his  Commentary  on  Ptolomy's  Mvydkni  'Smri^n^ 
p.  50. 

PJIOP.  B,  C,  D.    B.  VL 

Thefe  three  Propofitions  are  added,  becaufe  they  arc  frequently 
made  ufe  of  by  Geometers. 
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DEF;  IX.  and  XI.    B.  XI. 


THE  fimilitude  of  plane  figures  is  defined  from  the  equality  of 
their  angles,  and  the  proportionality  of  the  fides  about  the 
^(|^ual  angles  I  iox  froQi  the  proportionality  of  the  fides  only,  or  ooly 
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frdm  the  equality  of  the  angles,  the  fimilitude  of  the  figures  does  Bo<>'^  xi. 
not  follow,  except  in  the  cafe  when  the  figures  are  triangles,  the 
iimilar  pofition  of  the  fides,  which  contain  the  figures,  to  one  ano- 
ther, depending  partly  upon  each  of  thefe.  and,  for  the  fame  rea* 
fon,  thofe  are  fimilar  folid  figures  which  have  all  their  fblid  angles 
equal,  each  to  each,  ind  are  contained  by  the  fame  number  of  fimi* 
lar  plane  figures,  for  there  are  fome  folid  figures  contained  by  fimi- 
lar plane  figures,  of  the  fame  number,  and  even  of  the  fame  mag- 
nitude, that  are  neither  fimilar  nor  equal,  as  fhall  be  demonftrated 
after  the  Notes  on  the  lo.  Definition,  upon  this  account  it  was 
neceflary  to  amend  the  Definition  of  fimilar  folid  figures,  and  to 
place  the  Definition  of  a  folid  angle  beforer  it.  and  from  this  and 
the  lo.  Definition,  it  is  fufficiently  plain  how  much  tlie  Elements 
have  been  fpoiled  by  unikilful  Editors. 

DEF.  X.  B.  XI. 
Since  the  meaning  of  the  word  «« equal"  is  known  and  eftablifiied 
before  it  comes  to  be  ufed  in  this  Definition,  therefore  the  Propofi- 
tion  which  is  the  lo.  Definition  of  this  Book,  is  a  Theorem  the 
truth  or  falfhood  of  which  ought  to  be  demonftrated,  not  afiumed; 
fo  that  Theon,  or  fome  other  Editorj^  has  ignorantly  turned  a  The- 
orem which  ought  to  be  demonftrated  into  this  lo.  Definition,  that 
figures  are  fimilar,  ought  to  be  proved  from  the  Definition  of  fimi- 
lar figures;  that  they  are  equal  ought  to  be  demonftrated  from  the 
Axiom,  "  Magnitudes  that  wholly  coincide,  are  equal  to  one  ano- 
"  ther;"  or  from  Prop.  A.  of  Book  5.  or  the  9.  Prop,  or  the  14. 
of  the  fame  Book,  from  one  of  which  the  equality  of  all  kind  of 
figures,  muft  ultimately  be  deduced.  In  the  preceding  Books,  Eu- 
clid has  given  no  Definition  of  equal  figures,  and  it  is  certain  he  did 
not  give  this,  for  what  is  called  the  i.  Def.  of  the  3.  Book,  is  real- 
ly a  Theorem  in  which  thefe  circles  are  faid  to  be  equal,  that  have 
the  ftraight  lines  from  their  centers  to  the  circumferences  equal, 
which  is  plain  from  the  Definition  of  a  circle,  and  therefore  has  by 
fome  Editor  been  improperly  placed  among  the  Definitions.  The 
equality  of  figures  ought  not  to  be  defined,  but  demonftrated. 
therefore  tho'  it  were  true  that  folid  figures  contained  by  the  fame 
number  of  fimilar  and  equal  plane  figures  are  equal  to  one  another, 
yet  he  would  juftly  deferve  to  be  blamed  who  Ihould  make  a  Defi- 
nition of  this  Propofition  which  ought  to  be  demonftrated.  But  if 
this  Propofition  be  not  true,  mirft  it  not  be  confeiTed  that  Gcomr- 
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Book  XI.  ten  hare  for  thefe  thirteen  hundred  years  been  iftiftaken  in  thi« 
Elementary  matter?  and  this  fhould  teach  us  modefty,  and  to  ac- 
knowledge how  little,  thro'  the  weaknefs  of  our  minds>  we  are 
able  to  prevent  miftakes  even  in  the  principles  of  fciences  which 
are  juftly  reckoned  amongft  the  moft  certain ;  for  that  the  Pro- 
pofition  is  not  univerfally  true  can  be  (hewn  by  many  examples ; 
the  following  is  fufficient. 

Let  there  be  any  plane  rectilineal  figure^  as  the  triangle  ABC, 
and  from  a  point  D  within  it  draw  *  the  ftraight  line  DE  at  right 
angles  to  the  plane  ABC ;  in  DE  take  DE»  DF  equal  to  one  ano- 
ther, upon  the  oppofite  fides  of  the  plane,  and  let  G  be  any  point  in 
EF;  join  DA,  DB,  DC;  EA,  EB,  EC;  FA,  FB,  FC;  GA,  GB, 
GC.  becaufe  the  ftraight  line  EDF  is  at  right  angles  to  the  plane 
ABC,  it  makes  right  angles  with  DA,  DB^  DC  which  it  meets  in 
that  plane;  and  in  the  triangles  EDB,  FDB,  ED  and  DB  are  equal 
to  FD  and  DB,  each  to  each,  and  they  contain  right  angles,  there- 
fore the  bafe  EB  is  equal  ^  to  the  bafe  FB;  in  the  fame  manner  EA 
is  equal  to  FA,  and  EC  to 
FC.  and  in  the  triangles 
EBA,  FBA,  EB,  BA  are 
equal  to  FB,  BA,  and  the 
bafe  EA  is  equal  to  the 
bafe  FA;  wherefore  the 
angle  EBA  is  equal  ^  to  the 
angle  FBA,  and  the  tri- 
angle EBA  equal  ^  to  the 
triangle  FBA,  and  tlie  other  t> 
angles  equal   to  the  other 

{:  ^  angles ;  therefore  thefe  tri- 
i.Def.  angles  are  (imilar  ^.  in  the 
fame  manner  the  triangle 
EBC  is  fimilar  to  the  triangle  FBC,  and  the  triangle  EAC  to  FAC, 
therefore  there  arc  two  folid  figures  each  of  which  is  contained  by 
fix  triangles,  one  of  them  by  tliree  triangles  the  common  vertex 
of  which  is  the  point  G,  and  their  bafes  the  ftraight  lines  AB,  6C> 
CA;  and  by  three  other  triangles  the  common  vertex  of  which  is 
the  point  E,  and  their  bafes  the  fame  lines  AB,  BC,  C  A.  the  other 
folid  is  contained  by  the  fame  three  triangles  the  common  vertex 
of  which  is  G,  and  their  bafes  AB,  BC,  C  A ;  and  by  three  other 
triangles  of  which  the  common  vertex  is  the  point  F,  and  their 
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bafes  the  fame  ftraight  lines  AB,  BC,  C  A.  now  the  three  truingles  Bdok  XL 
G AB,  GBC,  OCA  are  common  to  both  folids,  and  the  three  others 
£AB,  EBC,  EGA  of  the  firft  folid  have  been  {hewn  equal  and  fi^ 
milar  to  the  three  others  FAB,  FBC,  FCA  of  the  other  folid,  each 
to  each,  therefore  thefe  two  folids  are  contained  by  the  fame 
number  of  equal  and  fimilar  planes,  but  that  they  are  not  equal  ' 
is  manifeft,  becaufe  the  firft  of  them  is  contained  in  the  other, 
therefore  it  is  not  univerfally  true  that  folids  are  equal  which  are 
contained  by  the  fame  number  of  equal  and  fimilar  planes. 
.     CoR.  From  this  it  appears  that  two  unequal  folid  angles  may 
be  contained  by  the  fame  number  of  equal  plane  angles. 

For  the  folid  angle  at  B  which  is  contained  by  the  four  plane 
angles  EBA,  EBC,  GBA,  GBC  is  not  equal  to  the  folid  angle  at 
the  fame  point  B  which  is  contained  by  the  four  plane  angles 
FB A,  FBC,  GBA,  GBC;  for  this  laft  contains  the  other,  and  each 
of  them  is  contained  by  four  plane  angles,  which  are  equal  to  one 
another,  each  to  each,  or  are  the  fclf  fame ;  as  has  been  proved, 
and,  indeed,  there  may  be  innumerable  folid  angles  all  unequal  to 
one  another,  which  are  each  of  them  contained,  by  plane  angles 
that  are  equal  to  one  another,  each  to  each,  it  is  likewife  manifeft 
that  the  before-mentioned  folids  are  not  fimilar,  fince  their  folid 
angles  are  not  all  equal. 

And  that  there  may  be  innumerable  folid  angles  all  unequal  to 
one  another,  which  are  each  of  them  contained  by  the  fame  plane 
angles  difpofed  in  the  fame  order,  will  be  plain  from  the  three 
following  Propofitions. 

PROP.  I.    PROBLEM. 

Three  magnitudes  A,  B,  C  being  given,  to  find  a  fourth  fuch, 
that  every  three  fliall  be  greater  than  the  remaining  one. 

Let  D  be  the  fourth,  therefore  D  muft  be  lefs  than  A,  B,  C  to- 
gether, of  the  three  A,  B,  C  let  A  be  that  which  is  not  lefs  than 
either  of  the  two  B  and  C.  and  firft,  let  B  and  C  together  be  not 
lefs  than  A;  therefore  B,  C,  D  together  are  greater  than  A.  and 
becaufe  A  is  not  lefs  than  B;  A,  C,  D  together  are  greater  than  B. 
m  the  like  manner  A,  B,  D  together  are  greater  than  C.  where- 
fore in  the  cafe  in  which  B  and  C  together  are  not  lefs  than  A, 
any  magnitude  D  which  is  lefs  than  A,  B,  C  together  will  anfwer 
the  Problem. 

But  if  B  and  C  together  be  lefa  than  A,  then  bcca»fe  it  is  re- 
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Book  XL  quired  that  6,  C,  D  together  be  greater  than  A,  from  eaeh  of  tkefJs 
taking  away  B,  C,  the  remaining  one  D  muft  be  greater  than  the 
excefs  of  A  above  B  and  C«  take  therefore  any  magnitude  D  which 
is  lefs  than  A,  B,  C  together,  but  greater  than  the  excefs  of  A  above 
B  aild  C«  then  B,  C,  D  together  are  greater  than  A;  and  becaufe 
A  is  greater  than  either  B  or  C,  much  more  will  A  and  D,  to- 
gether with  either  of  the  two  B>  C  be  greater  than  the  otber« 
and,  by  the  conftruftion,  A,  B,  C  are  together  greater  than  D^ 

Cor*  If  be  fides,  it  be  required  that  A  and  B  together  fhall 
not  be  lefs  than  C  and  D  together ;  the  excefs  of  A  and  B  toge- 
ther above  C  muft  not  be  lefs  than  D,  that  is  D  muft  not  be 
greater  than  that  excefs. 

PROP.  11.    PROBLEM. 

Four  magnitudes  A,  B,  C,  D  being  given,  of  which  A  and  B 
together  are  not  lefs  than  C  and  D  together,  and  fuch  that  any 
three  of  them  whatever  are  greater  than  the  fourth)  it  is  required 
to  find  a  fifth  magnitude  £  fuch,  that  any  two  of  the  three  A,  B, 
£  fliall  be  greater  than  the  third,  and  alfo  that  any  two  of  the 
three  C,  D,  £  (hall  be  greater  than  the  third.  liCt  A  be  not  lefs 
than  B,  and  C  not  lefs  than  D. 

Firft,  Let  the  excefs  of  C  above  D  be  not  lefs  than  the  excefs 
of  A  above  B.  it  is  plain  that  a  magnitude  £  can  be  taken  which 
is  lefs  than  the  fum  of  C  and  D,  but  greater  than  the  txcefs  of  C 
above  D ;  let  it  be  taken,  then  E  is  greater  likewife  than  the  ex- 
cefs of  A  above  B ;  wherefore  E  and  B  together  are  greater  than 
A ;  and  A  is  not  lefs  than  B,  therefore  A  a^d  £  together  are 
greater  than  B.  and,  by  the  Hypothefis,  A  and  B  together  are  not 
lefs  than  C  and  D  together,  and  C^  and  D  together  are  greater 
than  E ;  therefore  likewife  A  and  B  are  greater  than  E. 

But  let  the  excefs  of  A  above  B  be  greater  than  the  excefs  of  C 
above  D.  and,  becaufe,  by  the  Hypothefis,  the  three  B,  C,  D  are 
together  greater  than  the  fourth  A ;  C  and  D  together  are  greater 
than  the  excefs  of  A  above  B.  therefore  a  magnitude  may  be  taken 
which  is  lefs  than  C  and  D  together,  but  greater  than  the  excefs  of 
A  above  B.  Let  this  magnitude  be  £,  and  becaufe  £  is  greater  than 
the  excefs  of  A  above  B,  B  together  with  E  is  greater  than  A.  and, 
as  in  the  preceding  cafe,  it  may  be  {hewn  that  A  together  with  £  is 
greater  than  B>  and  that  A  together  with  B  is  greiiter  than  £. 
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Aerrfore  m  each  of  the  cafes  it  has  been  fliewti  that  any  two  of  Book^i. 
the  three  A,  B,  E  are  greater  than  the  third. 

And  becaufe  in  each  of  the  cafes  E  is  greater  than  the  excefs  of 
C  above  D,  E  togethet  with  D  is  greater  than  C,  and,  by  the  Hy- 
pothefis,  C  is  not  left  than  D,  therefore  E  together  with  C  is 
greater  than  D  -,  and,  by  the  conftruftibn,  C  and  D  together  are 
greater  than  E.  therefore  any  two  of  the  three,  C,  D,  E  are  greater 
than  the  third. 

PROP-  in.    THEOREM* 

There  may  be  innumerable  folid  angles  all  unequal  to  one  ano- 
ther, each  of  which  is  contained  by  the  fame  four  plane  angles, 
placed  in  the  fame  order. 

Take  three  plane  angles  A,  B,  C,  of  which  A  is  not  lefs  than 
cither  of  the  other  two,  and  fuch,  that  A  and  B  together  ate  lefs 
than  two  right  angles;  and  by  Problem  i.  and  its  Corollary,  find  a 
fourth  angle  D  fuch,  that  any  three  whatever  of  the  angles  A,  B, 
C,  D  be  greater  than  the  remaining  angle,  and  fuch,  that  A  and  B 
together  be  not  lefs  than  C  and  D  together,  and  by  Problem  2.  find 
a  fifth  angle  E  fuch,  that  any  two  of  the  angles  A,  B,  E  be  greater 
than  the  third,  and  alfo  that  any  two  of  the  angles  C,  D,  E  be 


greater  than  the  third,  and  becaufe  A  and  B  together  are  lefs  than 
two  right  angles,  jhe  double  of  A  and  B  together  is  lefs  than  four 
rigbt  angles,  but  A  and  B  together  are  greater  than  the  angle  E# 
wherefore  the  double  of  A  and  B  together  is  greater  than  the  three 
Angles  A,  B,  E  together,  which  three  arc  confequently  lefs  than 
four  right  angles ;  and  every  two  of  the  fame  angles  A,  B,  E  are 
greater  than  the  third;  therefore,  by  Prop.  23.  11.  a  folid  angle 
may  be  made  contained  by  three  plane  angles  qqual  to  the  angles 
A,  R,  E,  each  to  each.  Let  this  be  the  angle  F  contained  by  the 
Arce  plane  angles  GFH,  HFK,  GFK  which  are  equal  to  the  angle3( 
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Book  XI.  A,  0,  E»  each  to  each,  and  becaufe  the  angles  C,  D  together  are 
^•'  ▼  ■  ^  not  greater  than  the  angles  A,  B together,  therefore  the  angles C, 
D^  £  are  not  greater  than  the  angles  A,  B,  E.  but  thefe  laft  three 
are  le(s  than  four  right  angles,  as  has  been  demonftrated,  where- 
lore  alfo  the  angles  C»  D,  £  are  together  lefs  than  four  right  anglesy 
md  every  two  of  them  are  greater  than  the  third;  therefore  a  Md 
tngle  may  be  made  which  fliall  be  contained  by  three  plane  angles 
ft.  23.  II.  equal  to  the  angles  C,  D,  E,  each  to  each  •.  and  by  Prop.  26. 11. 


at  the  point  F  in  the  ftraight  line  FG  a  folid  angle  may  be  made 
equal  to  that  which  is'  conuined  by  the  three  plane  angles  that 
are  equal  to  the  angles  C,  D,  E.  let  this  be  made,  and  let  the  angle 
Q¥^y  which  is  equal  to  E,  be  one  of  the  three  •»  and  let  KFL,  GFL 
be  the  other  two  which  are  equal  to  the  angles  C,  D,  each  to 
each,  thus,  there  is  a  folid  angle  conftituted  at  the  pcnnt  F  con- 
tained by  the  four  plane  angles  GFH,.  HFK,  KFL,  GFL  which 
are  equal  to  the  angles  A,  B,  C,  D,  each  to  each. 

Again,  Find  another  angle  M  fuch,  that  every  two  of  the  three 
angles  A,  B,  M  be  greater  than  the  third,  and  alfo  every  two  of 
the  three  C,  D,  M  be  greater  than  the  third,  and,  as  in  the  pre- 
ceding part,  it  may  be  demon- 
ftrated  that  the  three  A,  B,  M, 
are  lefs  than  four  right  angles,  as 
alfo  that  the  three  C,  D,  M  are 
lefs  than  four  right  angles.  Make 
therefore  »  a  folid  angle  at  N  -^ 
contained  by  the  three  phne  an^  " 
gles  ONP,  PNQ^  ONQ^  which 

are  equal  to  A,  B,  M,  each  to  each.  a»d  Jiy  Psop.  2d.  ii*  make 
at  the  point  N  in  the  ftraight  line  ON  a  fdid  angle  contained 
by  three  plane  angles  of  which  one  is  the  angle  ONQ^equal 
to  M,  and  the  other  two  are  the  angles  QNRj  C^R  which  ase 
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equal  to  the  angles  C,  D,  each  to  each,  thus  at  the  point  N  thctc  Book  XL 
is  a  foKd  angle  contained  by  the  four  plane  angles  ONP,  PNQj 
QNR,  ONR  which  are  equal  to  the  angles  A,  B,  C,  D,  each  to 
each,  and  that  the  two  folid  angles  at  the  points  F,  N,  each  of 
which  is  contained  by  the  above  named  four  plane  angles^  are  not 
equal  to  one  another,  or  that  they  cannot  coincide,  will  be  plain 
by  confidering.that  the  angles  GFK>  ONQ^  that  is,  the  angles 
£»  M  are  unequal  by  the  conftru£lion,  and  therefore  the  ftratght 
lines  GF,  FK  cannot  coincide  with  ON,  NQ^  nor  co^quentjy 
can  the  folid  angles,  which  therefore  are  unequal. 

And  becaufe  from  the  three  given  plane  angles  A,  B,  C  there 
can  be  found  innumerable  other  angles  that  will  ferve  the  fame  pur* 
pofe  with  the  angle  D,  and  again  from  D  or  any  one  of  thefe  others^ 
and  the  angles  A,  B,  C,  there  may  be  found  innumerable  angles^ 
fuch  as  £  or  M ;  it  is  plain  that  innumerable  other  folid  angles 
may  be  conftituted  which  are  each  contained  by  the  fame  four 
plane  angles^  and  all  of  them  unequal  to  another.  Q^£  D. 

And  from  this  it  appears  that  Clavius  and  other  Authors  are 
miftaken  who  jiflert  diat  diofe  folid  angles  are  equal  which  are 
contained  by  the  fame  number  of  plane  angles  that  are  equal  to  one 
another,  each  to  each,  alfo  it  is  plain  that  the  26.  Prop,  of  Book 
It.  is  by  no  means  fufficiently  demonftrated,  becanfe  the  equality 
of  two  folid  angles,  whereof  each  is  contained  by  three  plane  angles 
which  are  equal  to  one  another,  each  to  each,  is  only  afiumedt 
and  not  demonftrated. 

PROP.  1.    B.  XI. 

The  words  at  the  end  of  this,  «  for  a  ftraight  line  cannot  meet 
f*  a  ftraight  line  in  more  than  one  point,^'  are  left  out>  as  an  ad-* 
dition  by  fome  unfiLiiful  hand^  for  tliis  is  to  be  demonftrated)  not 
affumed. 

Mr.  Thomas  Simpfon,  in  his  notes  at  the  end  of  the  ad  Edition 
of  his  Elements  of  Geometry,  p.  262.  after  repeating  the  words  of 
this  note,  adds  "  Now  can  it'  poflibly  (hew  any  want  of  Ikill  in  an 
^  editor"  (he  means  Euclid  or  Theon) "  to  refer  to  an  Axiom  which 
^  Euclid  himfelf  had  laid  down  Book  1.  N®  14.  (he  means  Bar- 
row's Euclid,  for  it  is  the  loth  in  the  Greek)  "and  not  to  have 
«  demonftrated,  what  no  man  can  demwiftrate?"  But  all  that  in  this 
cafe  can  follow  from  that  Axiom  is,  Aat  if  two  ftraight  lines  could 
»ect  each  other  in  two  points,  the  parts  of  thtm  be¥wi*t  thi'fe 
points  muft  coincide^  and  {0  they  would  have  a  fegitetifbetw&^t 
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Book  XI.  thefe  points  common  to  both.  Now,  as  It  has  not  been  flicwn  in 
^  Euclid,  that  tKey  cannot  have  a  common  fegment,  this  does  not 
prove  that  they  cannot  meet  in  two  points,  from  which  their  not 
having  a  common  fegment  is  deduced  in  the  Greek  Edition,  but, 
on  the  contrary,  becaufe  they  cannot  have  a  common  fegment,  as 
is  fl\ewn  in  Cor.  of  ii.  Prop.  B.  i.  of  4tQ.  Edition,  it  follows 
plainly  that  they  cannot  meet  in  two  points,  which  the  remarkcr 
fays  no  man  can  demonftrate. 

Mr.  Simpfon  in  the  fame  notes,  p.  265.  juftly  obferves  that  in 
the  Corollary  of  Prop.  1 1.  Book  i.  4to.  Edit;  the  ftraight  lines  AB, 
BD,  BC,  are  fuppofed  to  be  all  in  the  fame  plane,  which  cannot  be 
afTumed  in  i.  Prop.  B.  11.  this,  foon  after  the  4to.  Edition 
was  publilhed,  I  obferved  and  correfted  as  it  is  now  in  this  Edition, 
he  is  miftaken  in  thinking  the  loth  Axiom  he  mentions  here,  to 
be  Euclid's;  it  is  none  of  Euclid's,  but  is  the  loth  in  Dr.  Barrow's 
Edition,  who  had  it  from  Herigon's  Curfus  Vol.  i.  and  in  place 
of  it  the  Corollary  of  11.  Prop.  Book  i.  was  added. 

PROP.  II.    B.  XI. 

This  Propofition  feems  to  have  been  changed  and  vitiated  by 
fome  Editor;  for  all  the  figures  defined  in  the  i.  Book  of. the 
Elements,  and  among  ftiem  triangles,  are,  by  the  Hypothefis,  plane 
figures  5  that  is,  fuch  as  are  defcribed  in  a  plane ;  wherefore  the 
fecond  part  of  the  Enuntiation  needs  no  Demonftration.  befides  a 
convex  fuperficies  may  be  terminated  by  three  ftraight  lines  meet- 
ing one  another,  the  thing  that  fliould  have  been  demonftrated  is, 
that  two,  or  three  ftraight  lines  that  meet  one  another,  are  in  one 
plane,  and  as  this  is  not  fufRciently  done,  the  Enuntiation  and 
Demonftration  are  changed  into  thofe  now  put  into  the  Text. 
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PROP.  III.    B;  XI. 

In  this  Propofition  the  following  words  near  to  the  end  of  it  are 
left  out,  viz.  «  therefore  DEB,  DFB  are  not  ftraight  lines,  in  the 
"  like  manner  it  may  be  demonftrated  that  there  can  be  no  other 
*'  ftraight  line  between  the  points  D,  B."  becaufe  from  this  that 
two  lines  include  a  fpace,  it  only  follows  that  one  of  them  is  not 
a  ftraight  line,  and  the  force  of  the  argument  lies  in  this,  viz.  if 
the  common  fedlion  of  the  planes  be  not  a  ftraight  line,  then  two 
ftraight  lines  could  include  a  fpace,  which  is  abfurd  \  therefore 
the  common  feftion  is  a  ftraight  line. 
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PROP.  IV.     B.  XL 

The  words  «  and  the  triangle  AED  to  the  triangle  BEC"  are 
omitted,  becaufe  the  whole  conclufion  of  the  4.  Prop,  B.  i.  has 
been  fo  often  repeated  in  the  preceding  Books,  it  was  needlefs  to 
repeat  it  here. 

PROP.  V.    B.  XI. 

In  this,  near  to  the  end,  iT/T6/»,  ought  to  be  left  out  in  the 
Greek  text,  and  the  word  "  plane''  is  rightly  left  out  in  the  Ox- 
ford Edition  of  Commandine's  Tranflation. 

PROP.  VII.     B.  XI. 

This  Propofition  has  been  put  into  this  Book  by  fome  unfkilful 
Editor,  as  is  evident  from  this,  that  ftraight  Hnes  which  are  drawn 
from  one  point  to  another  in  a  plane,  are,  in  the  preceding  Books, 
fuppofed  to  be  in  that  plane,  and  if  they  were  not,  fome  Demon- 
.ftratiohs  in  which  one  ftraight  line  is  fuppofed  to  meet  another 
would  not  be  conclufivc,  becaufe  thefe  lines  would  not  meet  one 
another,  for  tnftance,  in  Prop.  30.  Book  i.  the  ftraight  line  GK 
would  not  meet  EF,  if  GK  were  not  in  the  plane  in  which  arc  the 
parallels  AB,  CD,  and  in  which,  by  Hypothefis,  the  ftraight  line 
EF  is.  befides,  this  7.  Propofition  is  demonftrated  by  the  preced- 
ing 3.  in  which  the  very  thing  which  is  propofed  to  be  demon- 
ftrated in  the  7.  is  twice  aflumed,  viz.  that  the  ftraight  line  drawn 
from  one  point  to  another  in  a  plane,  is  in  that  plane  j  and  the 
fame  thing  is  aiTumed  in  the  preceding  6.  Prop,  in  which  the 
.ftraight  line  which  joins  the  points  B,  D  that  are  in  the  plane  to 
which  AB  and  CD  are  at  right  angles,  is  fuppofed  to  be  in  thaj: 
plane,  and  the  7.  of , which  another  Dcmonftration  is  given,  is 
kept  in  the  Book  merely  to  preferve  titie^  number  of  the  Propofition^^ 
for  it  is  evident  fr0m  the  7.  and  35.  Definitions  of  the  i.  Book^ 
tho'  it  had  not  been  in  the  Element^. 

PHOP.  VIII.    B.  XI. 

In  the  Greek,  and  in  Commandine's  and  Dr.  Gregory's  Tran^ae 
tions,  near  to  the  end  of  this  Propofition,  are  the  following  yrords, 
«  but  DC  is  in  the. plane 'thro'  BA,  AD"  inftead  of  which  in  the 
Oxford  edition  of  Commandine's  tiraoflation,  is  rightly  put  «»but 
«  DC  is  in  the  plane  thro'  BD,  DA."  hjit  all  thu  Editions  have 
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Book  XI.  the  following  words,  viz.  «  becaufe  AB,  BD  are  in  the  plane  thro* 
«<  BD,  DA,  and  DC  is  in  the  plane  in  which  are  AB,  BD,''  which 
are  manifeftly  corrupted,  or  have  been  added  to  the  Text;  for  there 
was  not  the  leaft  neceflity  to  go  fo  far  aboat  to  ihew  that  DC  is 
in  the  fame  plane  in  which  are  BD,  DA,  becaufe  it  immediately 
follows  from  Prop.  7.  preceding,  that  ^D,  DA  are  in  the  plane  in 
which  are  th^  parallels  AB,  CD.  therefore  inftead  of  tbefe  words 
there  ought -only  to  be  <f  becaufe  all  three  are  in  the  plane  in 
<«  which  arc  tfie  parallels  AB,  CD." 

PROP.  XV.    B.  XI. 

After  the  words,  <<  and  becaufe  BA  is  parallel  to  GH,''  the 
following  are  added  <<  for  each  of  them  is  parallel  to  D£,  and  ar^ 
<<  not  both  in  the  fame  plane  with  it,"  as  being  manifeftly  forgotten 
to  be  put  into  the  Text. 

PROP.  XVI.  B.  XI. 
In  this,  near  to  die  end,  inftead  of  the  words  <<  butftraight  lines 
^  which  meet  neither  way''  ought  to  be  read  **  but  ftraight  lines 
<<  in  the  fame  plane  which  produced  meet  neither  way."  becaufe 
tho'in  citing  this  Definition  in  Prop.  27.  B.  |.  it  was  not  ne^ 
ceiTary  to  mention  the  words,  ^<  in  the  fame  plane"  all  the  ftraigbt 
lines  in  the  Books  preceding  this  being  in  the  fame  plane  |  yet 
here  it  was  quite  neceiTary* 

PROP.  XX,    B.  XI. 

In  this,  near  the  beginning,  are  the  words,  ^<  but  if  not,  let  BAC 
*^  be  the  greater."  but  the  angle  BAC  may  happen  to  be  equal  to 
one  of  the  other  two.  whereiFore  this  place  Ihould  be  read  thus, 
*'  but  if  not,  let  the  angle  BAC  be  not  lefs  than  either  of  the  oth€^ 
«  two,  but  greater  than  DAB.'* 

At  the  end  of  this  Propofition  it  is  faid,  «  in  the  feme  manner 

c<  it  may  be  demonftratcd,"  tho'  there  is  no  need  of  any  Denum* 

ftration ;  becaufe  the  angle  BAC  being  not  lefs  than  either  of  the 

other  two,  it  is  evident  that  BAC  together  with  one  of  them  h 

^sztex  than  the  other. 

PROP.  xxn.  B.  XI, 

And  Hkewife  in  this,  near  the  beginnii^,  it  is  faid,  <<  but  if  not, 
<5  let  the  angles  at  B,  £|  H  be  unequsUi  md  }et  the  angle  M  B  1>Q 
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«<  greater  than  cither  of  thofe  at  E,  H.'*  which  words  manifeftly  Book  xi. 
ihew  this  place  to  be  vitiated,  becaufe  the  angle  at  B  may  be  equal  ^^— v— ^-^ 
to  one  of  the  other  two.  they  ought  therefore  to  be  read  thus,  "  but 
^  if  not}  let  the  angles  at  B,  £,  H  be  unequal,  and  let  the  angle 
«  at  B  be  not  lefs  than  either  of  the  other  two  at  E,  H.  therefore 
^  the  ftraight  line  AC  is  nc^  lefs  than  either  of  the  two  DF,  GK."* 

PROP.  XXIIL    B.  XL 

The  Demonftration  of  this  is  made  fomething  fliorter,  by  not 
tepeating  in  the  third  cafe  the  things  which  were  demonftrated  in 
die  firft}  and  by  making  ufe  of  the  conftru£l:ion  which  Campanus 
has  given;  but  he  docs  not  demonftrate  the  fecond  and  third  cafes. 
the  conftruftion  and  demonftration  of  the  third  cafe  are  made  a 
little  more  fimple  than  in  the  Greek  Text. 

PROP.  XXIV.  B.  XI. 
The  word  <<  Cmilar**  is  added  to  the  Enuntiation  of  this  Propo- 
£tion»  becaufe  the  planes  containing  the  folids  which  are  to  be  de- 
monftrated to  be  equal  to  one  another  in  the  25.  Propoiition, 
ought  to  be  iimilar  and  equal;  that  the  equality  of  the  foHds  may 
be  inferred  from  Prop.  C.  of  this  Book,  and  in  the  Oxford  Ldition 
of  Commandine*s  Tranflation,  a  Corollary  is  added  to  Prop.  24. 
to  (hevr  that  the  parallelograms  mentioned  in  this  Propofition 
are  fimilar,  that  the  equality  of  the  folids  ift  Prop.  25.  may  be 
deduced  from  the  10.  Def.  of  B.  1 1. 

PROP.  XXV.  and  XXVI.    B.  XI. 

In  the  25.  Prop,  folid  figures  which  are  contained  by  the  fame 
number  of  fimilar  and  equal  plane  figures,  are  fuppofed  to  be  equal 
to  one  another*  and  it  feems  that  Theon,  or  fomc  other  Editor, 
that  he  might  fave  himfelf  the  trouble  of  demonftrating  the  folid 
figures  mentioned  in  this  Propofition  to  be  equal  to  one  another, 
has  inferted  the  10.  Def.  of  this  Book,  to  fcrve  inftead  of  a  De- 
monftration ;  which  was  very  ignorantly  done. 

Likewife  in  the  26.  Prop,  two  folid  angles  ^re  fuppofed  to  be 
equal,  if  each  of  them  be  contained  by  three  plane  angles  which 
are  equal  to  one  another,  each  to  each,  and  it  is  ftrange  enough, 
that  none  of  the  Commentators  on  Euclid  have,  as  far  as  I  know, 
|>erceived  that  fomething  is  wanting  in  the  demonftrations  of  thefe 
two  Propofitions«    Clavius,  indeed,  in  a  note  upon  the  i  x.  Def. 

Y4 
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Book  XI.  p{  this  Book,  affirms,  that  it  is  evident  that  thofe  folid  angles  arc 
equal  which  are  contained  by  the  fame  number  of  plane  angles^ 
equal  to  one  another,  each  to  each,  becaufe  they  will  cpincide,  if 
they  be  cpnceiyed  to  be  placed  within  one  another;  but  this  is  faid 
without  any  proof,  nor  is  it  always  true,  except  when  the  folid 
angles  are  contained  by  three  plane  aqgl^s  only,  which  arc  equal 
to  one  another,  each  to  each,  and  in  this  cafe  the  propofition  is  the 
fame  with  this,  that  two  fpherical  triangles  ttiajt  are  equilateral  to 
one  another,  are  alfo  equiangular  to  one  another,  and  can  coin- 
cide;  which  ought  not  to  be  granted  without  a  demonftration, 
Euclid  does  not  aflume  this  in  the  cafe  of  reftilineal  triangles,  but 
demonftrates  in  Prop.  8.  B.  i.  that  triangles  which  are  equibter- 
al  to  one  another  are  alfo  equiangular  to  one  another;  and  from 
this  their  total  equality  appears  by  Prop.  4.  B.  i.  and  Mene- 
laus,  in  the  4.  Prop,  of  his  i.  Book  of  Spherics,  explicitly  de- 
monftrates that  fpherical  triangles  which  arc  mutually  equilateral, 
are  alfo  equiangular  to  one  another;  from  which  it  is  eafy.to  fbew 
that  they  muft  coincide,  providing  they  have  their  fides  difpofed 
in  the  fame  order  and  fituation. 

To. fupply  thefe  defcfts,  it  was  neceflary  to  add  the  three 
Propofitions  marked  A,  B,  C  to  this  Book,  for  the  25.  316.  and 
28.  Propofitions  of  it,  and  confequently  eight  others,  viz.  the 
^7.  31*  32.  33.  34.  36.  37.  and  40.  of  the  fame,  which 
depend  upon  them,  have  hitherto  ftood  upon  an  infirm  foun- 
dation;  as  alfo,  the  8.  12.  Cor.  of  17.  and  18.  of  the  iz, 
Bookji  which  depend  upon  the  9.  Definition,  for  it  has  been 
{hewn  in  the  Notes  on  Def.  10.,  of  this  Book,  that  folid  figures 
which  are  contained  by  the  fame  number  of  fimilar  and  ^qual 
plane  figures,  as  alfo  folid  angles  that  are  contained  by  the  fame 
number  of  equal  plane  angles  ^re  not  always  equal  to  one  another. 

It  is  to  be  obferved  that  Tacquet>  in  his  Euclid,  defines  equal 
folid  angles  to  be  fuch,  "  as  being  put  within  one  another  do  coin- 
•'  cide."  but  this  is  an  Axiom,  not  a  Definition,  for  it  is  true  of 
all  magnitudes  whatever,  he  made  this  ufelefs  Definition,  that 
by  it^he  might  demonftrat^*  the  36.  Prop,  of  this  Book  without 
the  help  of  the  35.  of  the  fame,  concerning  which  Demonftra-t 
tion,  fee  the  Note  upon  Prop.  36. 

PROP.  XXVIII.    B,  XI. 

In  this  it  ought  to  have  been  demonftrated,  not  aiTumedj  that 
tbe  diagonals  ^re  in  one  pljui^,    Cl^viu§  has  fupf  lie4  tW§  i^U&% 
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PROP.  XXIX.    B   XI. 

There  arc  three  Cafes  of  this  Propofition;  the  firft  is  when  the 
two  parallelograms  oppofite  to  the  bafe  AB  have  a  fide  common  to 
both;  the  fecond  is»  when  thefe  parallelograms  are  fepatated  from 
one  another;  and  the  third)  when  there  is  a  part  of  them  common 
to  both ;  and  to  this  laft  only  the  Demonftration  that  has  hithertp 
been  in  the  Elements  does  agree.  The  firft  Cafe  is  immediately 
deduced  from  the  preceding  28.  Propofition,  which  feems  for  this 
purpofe  to  have  been  premi&d  to  this  29.  for  it  is  neceflary  to  none 
but  to  it,  and  to  the  40.  of  this  Book,  as  we  now  have  ity  to 
which  laft  it  would,  without  doubt,  have  been  premifed,  if  Euclid 
had  not  mad^  ufe  of  it  in  the  29.  but  fome  unftilful  Editor  has 
taken  it  away  from  the  Elements,  and  has  mutilated  Euclid's' 
Demonftration  of  the  other  two  Cafes,  which  is  now  reftored> 
and  ferves  for  both  at  opce. 

PROP.  XXX    B.  XI. 

In  the  Demonftration  of  this,  the  oppofite  planes  of  the  folid 
CP,  in  the  figure  in  this  Edition ;  that  is,  of  the  folid  CO  in 
Commandine's  figure,  are  not  proved  to  be  parallel ;  which  it  is 
proper  to  do  for  the  fake  of  learners. 

PROP.  XXXI.    B.  XI. 

There  are  two  Cafes  of  tliis  Propofition  5  the  firft  is  when  the 
infifting  fliraight  lines  are  at  right  angles  to  the  bafes;  the  other 
when,  they  ate  not.  the  firft  Cafe  is  divided  again  into  two  others, 
one  of  which  is  when  the  bafes  are  equiangular  parallelograms;  the 
other  when  they  are  not  equiangular,  the  Greek  Editor  makes  no 
mention  of  the  firft  of  thefe  two  laft  Cafes,  but  has  inferted  the  De- 
monftration of  it  as  a  part  of  that  of  the  other,  and  therefore  ftiould 
have  taken  notice  of  it  in  a  Corollary ;  but  we  thought  it  better  to 
give  thefe  two  cafes  feparately.  the  Demonftration  alfo  is  made 
fomething  (horter  by  following  the  way  Euclid  has  made  ufe  of  in 
Prop.  14.  B.  6.  befides,  in  the  Demonftration  of  the  cafe  in  which 
the  infifting  ftraight  lines  are  not  at  right  angles  to  the  bafes,  the 
Editor  does  not  prove  that  the  folids  defcribed  in  the  conftruftion 
are  parallelepipeds,  which  it  is  not  to  be  thought  that  Euclid  ne- 
gka^d.  ^9  th^  words,  "  pf  wWcb  the  infifting  ftraight  Uo^  are 
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Book  XI.  <^  not  in  the  fame  ftrsught  lines/*  have  been  added  by  fome  unflciU 
fill  hand ;  for  they  may  be  ia  the  fame  ftraight  lines. 

PROP.  XXXIL    B.  XI. 

The  Editor  has  forgot  to  order  the  parallelogram  FH  to  be 
applied  in  the  angle  FGH  equal  to  the  angle  LCG,  which  is 
neceflary.    Clavius  has  fupplied  this. 

Alfo»  in  the  conftrufbon,  it  is  required  to  complete  the  folid  of 
iRrhich  the  bafe  is  FH,  and  altitude  the  fame  with  that  of  the  folid 
C!D;  but  this  does  not  determine  the  folid  to  be  completed,  fince 
there  may  be  innumerable  folids  upon  the  fame  bafe,  and  of  die 
fame  altitude,  it  ought  therefore  to  be  faid  <<  complete  the  folid  of 
<<  which  the  bafe  is  FH,  and  one  of  its  infifting  fttaight  lines  is 
'^'FD.**  the  fame  correftion  muft  be  made  in  the  following  Pro- 
pofition  33. 

PROP.  D.    B.  XI. 

It  is  very  probable  that  Euclid  gave  diis  Propofition  a  place  in 
the  Elements,  fince  he  gave  die  like  Pr<^fition  concerning  equi- 
juigular  parallelograms  in  the  23:.  B.  6. 

PROP.  XXXIV.    B.  XI. 

In  this  the  words,  &  ai  Ipi^theu  iK  M9  vri  tSv  airw  tiXem, 
<<  of  which  the  infifting  ftraight  lines  are  not  in  the  fame  ftraight 
« lines''  are  thrice  repeated ;  but  thefe  words  ought  either  to  be 
left  out,  as  they  are  by  Clavius,  or  in  place  of  them  ought  to  be  piit 
<<  whether  the  infifting  ftraight  lines  be,  or  be  not,  in  the  fame 
<<  ftraight  lines."  for  the  other  Cafe  is  without  any  reaibn  excluded, 
alfo  the  words,  Sf  rd  ilk^  «  of  which  the  altitudes"  are  twice  put 
for  Att'  aei  ipt^SffcUf  «  of  which  the  infifting  ftraight  lines;"  which  is 
a  plain  miftake.  for  the  altitude  is  always  at  right  angles  to  the  bafe. 

PROP.  XXSV.    B.  XI. 

The  angles  ABH,  DEM  are  demonftrated  to  be  right  angles  in 
a  fhorter  way  than  in  the  Greek;  and  in  the  fame  way  ACH,  DFM 
may  be  demonftrated  to  be  right  angles,  alfo  the  repetition  of  the 
fame  Demonftration,  which  begins  with  <<  in  the  fame  manner,"  is 
left  out,  as  it  was  probably  added  to  the  Text  by  fome  Editor;  for 
the  wordsy  <<in  like  manner  we  may  demonftrate*'  are  not  inferted 
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excq>t  When  the  Demonftratioii  h  i^ot  gtfea,  or  when  it  is  femie*  ^ook  xi» 
thing  diiorent  from  Ac  other,  if  it  be  given,  as  in  Prop*  26^  of  ^"^VX/ 
tbi»  Book.    Cannpanus  has  not  this  repetition^ 

We  liave  given  another  Demonftr»tion  of  the  Corollary,  bdides 
the  one  in  the  Original,  by  help  of  which  the  foUovring  y6* 
Propofition  may  be  4emonftrated  without  the  35* 

PROP.  JUCXVl.    B.  XI. 

Tacquet  in  his  Euclid  demonftrates  this  Propofition  without  the 
help  of  the  35.  but  it  is  plain  that  the  folids  mentioned  in  the 
Greek  Text  in  the  Enuntiatbn  of  the  Propofition  as  equiangulary 
are  fuch  that  their  ibiid  angles  are  contained  by  three  plane  angles 
equal  to  one  another,  eaph  to  each ;  as  is  evident  from  the  con;» 
ftrudion.  Now  Tacquet  does  not  demonftrate,  but  aflumes  theie 
folid  angles  to  be  equal  to  one  another}  for  he  fuppofes  the  folids 
to  be  already  made,  and  does  not  give  the  conftru£tion  by  which 
they  are  made,  but,  by  the  feeond  Demonftration  of  the  preced* 
ing  Corollary,  his  Demonftration  is  rendered  legitimate  likewife  in  '^ 

the  Cafe  where  the  foHds  are  conftrudied  as  in  the  Text* 

PROP.    XXXV il.    B.  XI. 

In  this  it  is  afiumed  that  the  ratios  which  are  triplicate  of  thofe 
ratios  which  are  the  fame  with  one  anodiet,  are  likewife  the  fame 
Mrith  one  another,  and  that  thofe  ratios  are  the  fame  with  one  ano- 
ther, of  which  the  triplicate  ratios  are  the  fame  with  one  another; 
but  this  ought  not  to  be  granted  without  a  Demonftration,  nor  did 
Euclid  aflume  the  firft  and  eaiieft  of  thefe  two  Proportions,  but  de- 
snonftr^ted  it  in  the  cafe  of  duplicate  ratios,  in  the  aa.  Prop.  B.  6.  oft 
thb  account  another  Demonftration  is  given  of  this  Propofition  like 
to  that  which  Euclid  givesin  Prop.  i%»  B.  6.  a$  Qavius  has  done, 

PROP.  XXXVm.    B.  XL 

When  it  is  required  to  draw  a  perpendicular  from  a  point  in  one 
l^ane  which  is  atright  angles  to  another  plane,  unto  this  laft  planet 
it  is  done  by  drawing  a  perpendicular  from  the  point  to  the  common 
ibd:ion  of  the  planes  ^  for  this  perpendicular  will  be  perpendicular 
to  the  |>kne,  by  Def.  4,  of  this  Book,  and  it  would  be  fooliih  in 
this  cafe  to  do  it  by  the  n.  Propofition  of  the  fame,  but  Euclid  •,  «•  ^*  *^-^ 
ApoQonius,  and  other  Geometers,  when  they  have  occafion  for  this  ^^^^ 
Prpble^i)  4ir<^  a  perpendicular  to  be  drawnirom  the  point  to  the 
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Book  Xf.  phne>*and  conclude  thsit  it  will  fall  upon  die  common  fe£i:ipn  of 
die  planesi  becaufe  this  is  the  very  fame  thing  as  if  they  had  made 
ufe  of  the  conftruftion  above-mentioned,  and  then  concluded  that 
die  ftraight  line  miift  be  perpendicular  to  the  plane ;  but  is  ex- 
prefled  in  fewer  words,  fome  Editor  not  peroeiving  this,  thought 
it  was  neceffary  to  add  this  Prppofition,  which  can  never  be  of  any 
tife,  to  the  1 1.  Book,  and  its  being  near  to  the  end  among  Pro- 
poiitions  with  which  it  has  no  connexion,  is  a  mark  of  its  having 
been  added  to  the  Text. 

PROP.  XXXIX.    B.  XI. 

In  this  it  is  fuppofed  that  the  ftraight  lines  which  bifcS  the 
(ides  of  the  oppofite  planes,  are  in  one  plane,  which  ought  to  have 
been  demonftrated ;  as  is  now  done. 


Bookxn.  B.    XJI. 

THE  learned  Mr.  Moor,  Profeflbr  of  Greek  in  the  Univerfity 
of  Glafgow,  obferved  to  me  that  it  plainly  appears  from 
Archimedes  Epiftle  to  Dofitheus  prefixed  to  his  Books  of  th^  Sphere 
and  Cylinder,  which  Epiftle  he  has  reftored  from  antient  Manu- 
fcripts,  that  Eudoxus  was  the  Author  of  the  chief  Propofidons  in 
this  twelfth  Book. 

PROP.  II.    B.  XII. 

At  the  beginning  of  this  it  is  faid,  "  if  it  be  not  fo,  the  fquare  of 
«  BD  (hall  be  to  the  fquare  of  FH,  as  the  circle  ABCD  is  to  fome 
«  fpace  either  lefs  than  the  circle  EFGH,  or  greater  than  it.**  and 
the  like  is  to  be  found  near  to  the  end  of. this  Propofition,  as  alfo  in 
Prop.  5.  II.  12.  18.  of  this  Book,  concerning  which  it  is  to  be  ob- 
ferved, that  in  the  Demonftration  of  Theorems,  it  is  fufficient,  in 
diis  and  the  like  cafes,  that  a  thing  made  ufe  of  in  the  reafoning  can 
poilibly  exift,  providing  this  be  evident,  tho'  it  cannot  be  exhibited 
pr  found  by  a  Geometrical  conftru£tion.  fo  in  this  place  it  is  af* 
fumed  that  there  may  be  a  fourth  propordonal  to  thefe  three  magni- 
tudes, viz.  the  fquares  of  BD,  FH«  and  the  circle  ABCD;  becaufe 
it  is  evident  that  there  is  fome  fquare  equal  to  the  circle  ^ABCD, 
tho'  it  cannot  be  found  geometrically;  and  to  the  three  reftilineal 
figures^  viz.  the  fquares  of  BD,  FH,  and  the  fquare  which  }s  equal 
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to  the  circle  ABCD,  there  is  a  fourth  fquare  proportional;  becaufe  Bo^  XH. 


to  the  three  ftraight  lines  which  are  their  fides  there  is  a  fourth 
ftraight  line  proportional  *,  and  this  fourth  fquare,  or  a  fpace  equal  »•  *»•  ^• 
to  it,  is  the  fpace  which  in  this  Propofition  is  denoted  by  the  letter 
S.  and  the  like  is  to  be  underftpod  in  the  other  places  above  cited, 
and  it  is  probable  that  this  has  been  (hewn  by  Euclid,  but  left  out 
by  fome  Editor ;  for  the  Lemma  which  fome  unlkilful  hand  has 
added  to  this  Propofition  explains  nothing  of  it. 

PROP.  III.    B.  XIL 

In  the  Grieek  Text  and  the  Tranflations,  it  is  faid,  **  and  be- 
<«  caufe  the  two  ftraight  lines  B  A,  AC  which  meet  one  another**  &c« 
here  the  angles  B AC,  KHL  stre  demonftrated  to  be  equal  to  one 
another  by  i  o.  Prop.  B.  1 1 .  which  had  been  done  before,  becauie 
the  triangle  EAG  was  proved  to  be  fimilar  to  the  triangle  KHL. 
this  repetition  is  left  out,  and  the  triangles  B  AC,  KHL  are  proved 
to  be  fimilar  in  a  (hbrter  way  by  Prop.  ai.'B.  6* 

PROP.  IV.    B.  XIL 

A  few  things  in  this  are  more  fully  explained  than  in  the  Greek 
Text. 

PROP.  V.    B.  XIL 

In  this,  near  to  the  end,  are  the  words  ek  liJLTfo&Sf  iJ'^X^  *'  ^* 
*<  was  before  fhewn,"  and  the  fame  are  found  again  in  the  end  of 
Prop.  1 8.  of  this  Book;  but  the .Demonftration  referred  to,  ex- 
cept it  be  the  ufelefs  Lemma  annexed  to  the  2.  Prop,  is  no  where 
in  thefe  Elements,  and  has  been  perhaps  left  out  by  fome  Editor 
who  has  forgot  to  cancel  thofe  words  alfo. 

PROP.  VL    B.  XIL 

A  fhorter  Demonftration  is  given  of  this ;  and  that  which  is 
in  the  Greek  Text  may  be  made  ihorter  by  a  ftep  thari  it  is.  for 
the  Author  of  it  makes  ufe  of  the  22.  Prop,  of  B.  5.  twice,  where- 
as once  would  have  ferved  his  purpofe ;  becaufe  that  Propofition 
extends  to  any  number  of  magnitudes  which  arc  proportioriab 
taken  two  and  two,  as  well  as  to  three  which  are  Jxroportional  t9 
other  three. 
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lookXIL      ' 

^-""^^"^  COR.    PRCH?.  VIIL    B.  XIL 

The  Demonftration  of  this  is  impetfeft,  becauie  it  is  not  fhevra 

Aat  the  triangular  pyramids  into  which  thofc  upon  multangular 

bafcs  are  divided,  are  (imilar  to  one  another,  as  ought  neceflarily  to 

have  been  done,  and  is  done  in  the  like  cafe  in  Prop.  12.  of  this 

'   Book,  the  full  Demonftration  of  the  Corollary  is  as  follows. 

Upon  the  polygonal  bafes  ABCDE,  FGHKL,  let  there  be  fimi- 
lar  and  (imilarly  (ituated  pyramids  which  have  the  points  M,  N 
for  their  vertices,  the  pyramid  ABCDEM  has  to  the  pyramid 
FGHKLN  the  triplicate  ratio  of  that  which  the  fide  AB  has  to 
the  homologous  fide  FG. 

Let  the  polygons  be  divided  into  the  triangles  ABE,  EBC,  ECD; 

a.  JO.  6.    pQL^  LQjj^  Ljj j^^  ^jjj^jj  ^^  gjj^jj^j. ,  ^^1^  ^^  ^^^j^  ^^^  becaufc 

b.  II.  Def.  ^jjg  pyramids  are  fin^ilar,  therefore  ^  the  triangle  EAM  is  fimilar  to 

c.  ^Le.      ^  triangle  LFN,  and  the  triangle  ABM  to  FGN.  wherefore  «=  ME 

is  to  £  A>  as  NL  to  LP*,  and  as  A£  to  £B,  fo  is  FL  t6  LG,  becaufe 


the  triangles  EAB,  LFG  are  fimilar;  therefore,  ex  aequali,  as  ME 
to  £B,  fo  is  NL  to  LG.  in  like  manner  it  may  be  (hewn  that  EB 
is  to  BM^  as  LG  to  GN*,  therefore,  again,  ex  aequali,  as  EM  to 
MB^  fo  is  LN  to  NG.  wherefore  the  triangles  EMB,  LNG  having 

d.  5. 6.  xhidix  fides  proportionals  are  ^  equiangular,  and  fimilar  to  one  aiu>- 
ther.  therefore  the  pyramids  which  have  the  triangles  EAB,  LFG 
fyr  their  bafeSf  and  the  points  M,  N  for  their  vertices  are  fimilar'' 

<•  B.  IX.  fQ  QD^  another,  for  their  folid  angles  are  '  equal,  and  the  folids 
tbemfelves  are  contained  by  the  fame  number  of  fimilar  planes,  ia 
the  fame  manner  the  pyramid  EBCM  may  be  (hewn  to  be  fimilar 
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ta  the  pyramid  LGHN,  and  the  pyramid  ECDM  to  LHKN.  and  Bo6k  XBL 
becaufe  the  pyramids  EABM,  LFGN  are  fimilar,  and  have  trian-  ^•^'^^'^^ 
gular  bafes,  the  pyramid  £  ABM  has  ^  to  LFGN  the  triplicate  ratio  ^  s*  '^ 
of  that  which  £B  tias  to  the  homologous  fide  LG.  and,  in  the  fame 
Qsanner,  the  pyramid  EBCM  has  to  the  pyramid  LGHN  the  tri- 
plicate ratio  of  that  which  EB  has  to  LG.  therefore  as  the  pyramid  - 
EABM  is  to  the  pyramid  LFGN,  fo  is  the  pyramid  EBCM  to  the 
pyramid  LGHN.  in  like  manner,  as  the  pyramid  EBCM  is  to 
LGHN,  fo  is  the  pyramid  ECDM  to  the  pyramid  LHKN.  and 
aa  one  of  the  antecedents  is  to  one  of  the  confequents,  fo  are  all 
the  antecedents  to  all  the  confequents.  therefore  as  the  pyramid 
EABM  to  the  pyramid  LFGN,  fo  is  the  whole  pyramid  ABCDEM 
to  the  whole  pyramid  FGHKLN.  and  the  pyramid  EABM  has 
to  the  pyramid  LFGN  the  triplicate  ratio  of  that  which  AB  has 
to  FG,  dierefore  the  whole  pyramid  has  to  the  whole  pyramid  the 
triplicate  ratio  of  that  which  AB  has  to  the  homologous  fide  FG. 
(^E.  D. 

PROP.  XL  and  XIL    B.  XIL 

The  order  of  the  letters  of  the  Alphabet  is  not  obfenred  In 
thefe  two  Propofitions,  according  to  Euclid's  manner,  and  is  now 
reftor^d.  by  which  means  the  firft  part  of  Prop.  12.  may  be 
demonftrated  in  the  fame  words  with  the  firft  part  of  Prop.  11. 
on  this  account  the  Demonftration  of  that  firft  part  is  left  out,  and 
aflii,med  from  Prop-  1 1« 

PROP.  XIIL    B.  XIL 

In  this  Propofition  the  common  fe£Hon  of  a  plane  parallel  to  the 
bafes  of  a  cylinder,  with  the  cylinder  itfelf  is  fuppofed  to  be  a 
circle,  and  it  was  thought  proper  briefly  to  demonftrate  it ;  from 
whence  it  is  fufficiently  manifeft  that  this  plane  divides  the  cylin« 
dcr  into  two  others,  and  the  fame  thing  is  underftood  to  be  fup« 
plied  in  Prop.  14. 

PROP.  XV.  s.  xir. 

;  <«  And  complete  the  cylinders  AX,  £0."  both  the  Enundatioo 
9nd  Expofition  of  the  Propofition  reprefent  the  cylinders  as  well  as 
the  COOTS  as  already  defcribed.  wiicrefore  tdie  fading  QQ|^t  sathcf 
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Book  xn.  to  be  ««  and  let  the  cones  be  ALC,  ENG;  and  the  cylinders  AX, 
'  EO-" 

The  firft  Cafe  in  the  fecond  part  of  the  Demonftration  is  want- 
ing; and  fomething  alfo  in  the  fecond  Cafe  of  that  part,  before  the 
repetition  of  the  cbnftru£lion  is  mentioned;  which  are  now  added. 

PROP.  XVII.    B.  XII. 
In  the  Enuntiation  of  this  Propofition  the  Qreek  words,  ^  rnif 

^ipajfOjgitArd  rw  vn^^tdof^  are  thus  tranflated  by  Commandine  and 
others,  "  in  majori^folidum  polyhedrum  defcribere  quod  minoris 
«<  fphaerae  fuperficiem  non  tangat ;"  that  is,  <<  to  dcfcribe  in  the 
**  greater  fphere  a  foUd  polyhedron  which  (hall  not  meet  the  fuper- 
•<  ficies  of  the  leffer  fphere/'  whereby  they  refer  the  words  tutri 
rw  vjn^eutv  to  thefe  next  to  them  t%  ihiimm  d'^ee^.  but  they 
ought  by  no  means  to  be  thus  tranflated,  for  the  folid  polyhedron 
doth  not  only  meet  the  fuperficiesof  the  leffer  fphere,  but  pervades 
the  whole  of  that  fphere.  therefore  the  forefaid  words  are  to  be 
referred  to  rl  rspew  ^roXviS^y  and  ought  thus  to  be  tranflated,  viz. 
to  defcribe  in  the  greater  fphere  a  folid  polyhedron  whofe  fuper- 
ficies  ftiall  not  meet  the  leffer  fphere ;  as  the  meaning  of  the 
Propofition  neceffarily  requires. 

The  Demonftration  of  the  Propofition  is  fpoiled  and  mutilated, 
for  fome  eafy  things  are  very  explicitly  demonftrated,  while  others 
not  fo. obvious  are  not  fufliciently  explained;  for  example,  when  it 
is  affirmed  that  the  fquare  of  KB  is  greater  than  the  double  of  the 
fquare  of  BZ,  in  the  firft  Demonftration;  and  that  the  angle  BZK 
is  obtufe,  in  the  fecond.  both  which  ought  to  have  been  demon- 
ftrated. befides,  in  the  firft  Demonftration  it  is  faid  «  draw  KiJ 
<«  from  the  point  K  perpendicular  to  BD  ;"  whereas  it  ought  to 
have  been  {aid,  "  join  KV,"  and  it  ftiould  have  beenr demonftrated 
that  KV  is  perpendicular  to  BD.  for  it  is  evident  frbm  the  figure 
in  Hervagius's  and  Gregory's  Editions,  and  from  the  words  of  the 
Demonftration,  that  the  Greek  Editor  did  not  perceive  that  the  per- 
pendicular drawn  from  the  point  K  to  the  ftraight  line  BD  muft  ne- 
ceffarily fall  upon  the  point  V,  for  in  the  figure  it  is  made  to  fall  upon 
the  point  O  a  different  point  from  V,  which  is  likewife  fuppofed  in 
the  Demonftration.  Commandine  feems  to  have  been  aware  of  this} 
for  inhis^fignre  be  marks  one  and  the  fame  point  with  the  two  let« 
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tew  V,  ft;  and  befdfe  Commandite,  the  learned  John  t)ec  in  the  ^°^  ^^^• 
Commentary  he  annexes  to  thi$  Propofition  in  Henry  BtUingfle/s 
'Tranflation  of  the  Elements  printed  at  London  Ann.  15709  et«^ 
fteMj  takes  notice  of  this  error,  and  gives  a  Demonftration  fuited 
to  the  Conftru£lion  in  tha  Greek  Text,  by  which  he  {hews  that 
the  perpendicular  dnlwn  from  the  point  K  to  BD,  muft  nedfiTarily 
fail  upon  the  point  V. 

Likewife  it  is  not  demohftrated  that  the  quadrilateral  figures 
SOFT,  TPRY,  and  the  triangle  tRX  do  not  meet  the  leffet 
fphere,  as  was  neceflary  to  have  been  doiie.  only  Clavius,  as  far  as 
I  know,  has  obferved  this,  and  demohftrated  it  by  a  Lemma,  which 
is  now  premifed  to  this  Propofition,  foniething  altered  and  more 
briefly  demonftrated. 

In  the  Corollary  of  this  Propofitionit  is  fuppofed  that  a  folid  po^ 
lyhedron  is  defcribed  in  the  other  fphere  fimilar  to  that  which  is  de- 
fcribed  in  the  fphere  BCDE.  but  as  the  Conftru£lion  by  which  this 
tnay  be  done  is  not  given,  it  was  thought  proper  to  give  it,  and  to 
demonftrate  that  the  pyramids  in  it  are  fimilar  to  thofe  of  the  fame 
order  in  the  folid  polyhedron  defcribed  in  the  fphere  BCDE. 

From  the  preceding  Notes  it  is  fufficiently  evident  how  much 
the  Elements  of  Euclid,  who  was  a  moft  accurate  Geometer,  have 
been  vitiated  and  mutilated  by  ignorant  Editors.  The  opinion  which 
the  greateft  part  of  learned  men  have  entertained  concerning  the 
prefent  Greek  edition,  viz.  that  it  is  very  little  or  nothing  different 
from  the  genuine  work  of  Euclid,  has,  without  doubt  deceived 
them,  and  made  them  lefs  attentive  and  accurate  in  examining  tliat 
Edition;  whereby  feveral  errors,  fome  of  thenigrofsvcnough,  have 
efcaped  their  notice  from  the  age  in  which  llicon  lived  to  this 
time.  Upon  which  account  there  is  fome  ground  to  hope  that 
the  pains  we  have  taken  in  corre£ling  thofe  errors,  and  freeing 
the  Elements  as  far  as  we  could  from  blemiihes,  will  not  be  un- 
acceptable to  good  Judges  who  can  difcetn  when  De|nonftrations 
are  legitimate,  and  when  they  are  not. 

The  objeflions  which,  fince  the  firft  Edition,  have  been  made 
againft  fome  things  in  the  Notes,  efpecially  againft  the  do£lrine  of 
Proportionals,  have  either  been  fully  anfwered  in  Dr.  Barrow's 
Led.  Mathemat.  and  in  thefe  Notes;  or  are  fuch,  except  one  which 
has  been  taken  notice  of  in  the  Note  on  Prop.  i.  Book  1 1.  as  fliew 
that  the  peribn  who  made  them  has  not  fufficiently  confidered  the 
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Book  XII.  things  againft  whkk  they  afe  brought  -»  fo  that  it  i$  not  neceflary 
^^  'to  make  any  further  anfwer  to  thefe  ehjed^ions  and  others  like 
them  againft  Euclid's  Definition  of  Proportionals^  of  which  Defi- 
flition  Dr.  Barrow  juftly  fays  in  page  297  of  the  above-named 
book,  that  <<  Nifi  machinis  impuUa  validioribus  aeternum  perfiftet 
^*  ingonctt0k«" 
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PREFACE. 

EUCLID'S  DATA  is  the  firft  in  order  of  the  books  written 
by  the  antient  Geometers  to  facilitate  and  promote  the  me* 
thod  of  Refolution  or  AnalyGs.  In  the  geoeral,  a  thing  is  faid  to 
be  given  which  is  either  actually  exhibited^  or  can  be  found  out^ 
that  is,  which  is  either  known  by  Hypothefis^  or /that  can  be 
demonftrated  to  be  known }  and  the  Propofitions  in  the  Book  of 
Euclid's  Data  fliew  what  things  can  be  found  out  or  known  from 
Jthofe  that  by  Hypothefis  are  already  known ;  fo  that  in  the  Ana* 
lyfis  or  Inveftigation  of  a  Problem,  from  the  things  that  are  laid 
down  to  be  known  or  given,  by  the  help  of  thefe  Propofitions  other 
things  are  demonftrated  to  be  given,  and,  from  thefe,  other  things 
are  again  (hewn  to  be  given,  and  fo  on,  until  that  which  was  pro- 
pofed  to  be  found  out  in  the  Problem  is  demonftrated  to  be  given^ 
and  when  this  is  done  the  Problem  is  folved,  and  its  Compofitioii 
is  made  and  derived  from  the  Compofitions  of  the  Data  which  were 
made  ufe  of  in  the  Analyfis.  And  thus  the  Data  of  Euclid  are 
of  the  moft  general  and  neceflary  ufe  in  the  folution  of  Problems 
of  every  kind. 

Euclid  is  reckoned  to  be  the  Author  of  the  Book  of  the  Data 
both  by  the  antient  and  modem  Geometers ;  and  there  feems  to 
be  no  doubt  of  his  having  written  a  Book  on  this  fubje£l,  but 
which  in  the  courfe  of  fo  many  ages  Jias  been  much  vitiated  by 
unfkilful  Editors  in  feveral  places,  both  in  the  order  of  the  Pro* 
pofitions,  and  in  the  Definitions  and  Demonftrations  themfelves. 
To  corre£l  the  errors  which  are  how  found  in  it,  and  bring  it 
nearer  to  the  accuracy  with  which  it  was,  no  doubt,  at  firft 
written  by  Euclid,  is  the  defign  of  this  Edition,  that  fo  it  may  be 
rendered  more  ufeful  to  Geometers,  at  leaft  to  beginners  who 
defire  to  learn  the  invcftigatory  method  of  the  antients.  And  for 
their  fakes  the  Compofition  of  moft  of  the  Data  are  fubjoined  to 
their  Demonftrations,  that  the  Compofitions  of  Problems  folved 
by  help  of  the  Data  may  he  the  more  eafily  made. 

Marinus  the  Philofopher'a  preface,  which  in  the  Greek  Edition 
is  prefixed  to  the  Data,  is  here  left  out,  as  being  of  no  ufe  to  un- 
derftand  them,  at  the  end  of  it  he  fays  that  Euclid  has  not  ufcd 
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the  f^thetilc^ly  but  the  analytical  method  in  delivering  them ;  in 
which  he  is  quite  miftaken  \  for  in  the  Analyfis  of  a  Theorem  the 
thing  to  be  demonftrated  is  affumed  in  the  AnalyCs ;  but  in  the 
Demonftrations  of  the  Data,  the  thing  to  be  demonftrated,  which 
is  that  fomething  or  other  is  given,  is  never  once  afiumed  in  the 
Demonftration,  from  which  it  is  manifeft  that  every  one  of  them 
is  demonftrated  fynthetically ;  tho'  indeed  if  a  Propofition  of  the 
Pata  be  turned  into  a  Problem,  for  example  the  84th  or  85th 
in  the  former  Editions,  which  here  are  the  85th  and  ^th,  the 
Demonftration  of  the  Propofition  becomes  the  Analyfis  of  the 
Problem. 

Wherein  this  Edition  diiFers  from  the  Greek,  and  the  reafon« 
of  the  alterations  from  i^  will  be  ihewn  in  the  Notes  at  the  en4 
of  the  Data. 
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DEFINITIONS. 

Mm  -,     , 

SPACES,  lines  and  angles  are  faid  to  be  given  In  magnitude, 
when  equals  to  them  can  be  found.  -^ 

II. 
A  ratio  is  faid  to  be  given,  when  a  ratio  of  a  given  ms^nitude  to  a 
given  magnitude  which  is  the  (ame  ratio  with  it  can  be  found* 

III. 
Reflilineal  figUres  are  faid  to  be  given  in  fpecies,  i^ch  have  each 
of  their  angjies  giv^n,  and  the  ratioa  erf  their  fides  given* 

IV. 
Points,  lilies  and  fpaces  are  faid  to  be  given  in  pofition,  which 
^  have  always  the  fame  fituation,  and  which  are  either  a£lually 
exhibited,  or  can  be  found. 

A. 
An  angle  is  faid  to  be  given  in  pofition,  which  is  contained  by 
ftraight  lines  given  in  pofition. 

V. 
A  circle  is  faid  to  be  given  in  magnitude,  when  a  ftraight  line  from 
its  center  to  the  circumference  is  given  in  magnitude. 

VL 
A  circle  is  faid  to  be  given  in  pofition  and  magnitude,  the  center 
of  which  is  given  in  pofition,  and  a  ftraight  line  from  it  to  the 
circumference  i$  given  in  magnitude. 

VII. 
Segn^nts  of  circles  are  faid  to  be  given  in  magnitude,  when  the  . 
angles  in  Uiem,  and  their  bafes  are  given  in  magnitude. 

VIII. 
Segments  of  circles  are  faid  to  be  given  in  pofition  and  magnitude, 
when  the  angles  in  them  are  given  in  magnitude,  and  their 
bafes  are  given  both  in  pofition  and  magnitude. 

IX. 
A  magnitude  is  .faid  to  be  greater  than  another  by  a  given  nmg- 
nitude,  when  this  given  magnitude  being  taken  from  it,  the 
remsdnder  is  equal  to  the  other  magnitude* 
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X. 

A  magnitude  is  faid  to  be  lefs  than  another  by  a  given  magnitude, 
when  this  given  magnitude  being  addc4  to  it,  the  whole  is  ec^ual 
to  the  other  magnitude. 

•1.  PROPOSITION    I, 

5ec  N.      fTTi  H  E  ratio  of  given  magnitudes  to  one  another  is 
X     given* 

/  Let  A,  B  be  two  given  magnitudes,  the  ratio  of  A  to  B  is  given, 

f .  t.  Dc^  Becauie  A  is  a  given  magnitude,  there  may  *  be  found  one  equal 
to  it;  let  this  be  C.  and  becaufe  B  is  given,  one 
equal  to  it  may  be  found;  let  it  be  D.  and  fince 
A  is  equal  to  G,  and  B  to  D;  therefore  ^  A  Is  to 
B|  as  C  to  D ;  and  confequently  the  ratio  of  A 
to  B  is  given,  becaufe  the  ratio  of  the  given  mag- 
nitudes C,  D  whidi  is  the  fame  with  it  has  been 
found. 


Pat. 
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PROP.    II. 
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IF  a  given  magnitude  has  a  given  ratio  to  another 
magnitude,  ^^  and  if  unco  the  two  magnitude^  by 
^'  which  the  given  ratio  is  exhibited,  and  the  giveii 
"  magnitude,  a  fourth  proportional  can  be  found  j'* 
the  other  magnitude  is  given. 

Let  the  given  magnitude  A  have  a  given  ratio  to  the  magnitude 
B  i  if  a  fourth  proportional  can  be  found  to  the  three  magnitudes 
above-named,  B  is  given  in  magnitude. 

Becaufe  A  is  given,  a  magnitude  may  be  found 
.  Def.  equal  to  it  *;  let  this  be  C.  and  becaufe  the  rat  jo 

of  A  to  B  is  given,  a  ratio  whicli  is  the  fame  with    A  B   C   D 
it  may  be  found;  let  this  be  the  ratio  of  the  given  £    p 

magnitude  E  to  the  given  magnitude  F.  untp  the 
msjgnitudes  E,  F,  C  find  a  fourth  proportional  D, 
which,  by  the  Hypothefis,  can  be  done,  where- 
fore becaufe  A  is  to  B,  as  £  to  F;  and  as  £  to  F, 
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*  The  figures  in  the  margin  Jhew  the  number  of  the  PropoCtions  in  the  othey 
£!dition$»  .  . 
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fo  is  C  to  D )  A  is  ^^  to  B,  as  C  to  D.  but  A  is  equal  to  C,  there-  !>•  "•  5* 
fore  ^  B  is  equal  to  D.  the  magnitude  B  is  therefore  given  ^1  be-  c  14.  5. 
caufie  a  magnitude  D  equal  to  it  has  been  found. 

The  limitation  within  the  inverted  commas  is  not  in  the  Gredc 
text,  but  is  now  neceflarily  added ;  and  the  fame  muft  be  under- 
Ilood  in  all  the  Propofitions  of  the  Book  which  depend  upon  this 
fecond  Propoiition,  where  it  is  not  e^^prefsly  mentioned.  See  the 
Note  upon  it» 
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PROP.  in.  3, 

F  any  given  magnitudeg  be  added  together,  their 
fujQi  (hall  be  given. 


Let  any  given  magnitudes  AB>  BC  be  added  together^  their    . 
fum  AC  is  given* 

Becaufe  AB  is  given,  a  magnitude  equal  to  it  may  be  found  * ;  ^  <•  Def. 
let  this  be  D£«  and  becaufe  BC  is  given,  n        n 

one  equal  to  it  may  be  found;  let  this  be  1 

£F.  wherefore  becaufe  AB  is  equal  to 

Dj;,  and  BC  equal  to  EF;  the  whole  AC  D E        F 

is  equal  to  the  whole  DF.  AC  is  there-  *  " 

fore  given>  becaufe  DF  has  been  found,  which  is  equal  to  it* 


I 


PROP.    IV.  4, 

F  a  given  magnitude  be  taken  from  a  given  magni- 
tude ;  the  remaining  magnitude  fhall  be  given. 

From  the  given  magnitude  AB  let  the  given  magnitude  AC  be 
taken  j  the  remaining  magnitude  CB  is  given. 

Becaufe  AB  is  given,  a  magnitude  equal  to  it  may  *  be  found ;  t.  i.  Dcf. 
let  this  be  i5E,  and  becaufe  AC  is  given,  .  r»        u 

one  equal  to  it  may  be  found;  let  this  be \        ^ 

DF.  wherefore  becaufe  AB  is  equal  to 

DE,  and  AC  to  DF  -,  the  remainder  CB  £ F        E 

is  equal  to  the  remainderFE.  CB  is  there-  1— — — 

fotc  jgiven  *,  becaufe  FE  which  is  equal  to  it  has  been  found. 
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la.  PROP.    V. 

See  N.  ^p  Qf  jIjj.^^  magnitudes,  the  firft  together  with  die  fe- 
JL  cond  be  given,  and  alfo  the  fecond  together  with 
the  third ;  either  the  firft  is  equal  to  the  third,  or  one 

of  them  is  greater  than  the  other  by  a  given  magnitude. 

^^  < 

Let  AB,  BC,  CD  be  three  magnitudes,  of  which  AB  together 
with  BC,  that  is  AC,  is  given  j  and  alfo  BC  together  with  CD, 
that  is  BD,  is  given,  either  AB  is  equal  to  CD,  or  one  of  them  is 
greater  than  the  other  by  a  given  magnitude. 

Becaufe  AC,  BD  are  each  of  them  given,  they  are  either  equal  to 
one  another,  or  not  equal,  firft,  letthem 

be  equal,  and  becaufe  AC  is  equal  to  ^         " y        P 

BD,  take  away  the  conmion  part  BC; 

therefore  the  remainder  AB  is  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  and  make 
C£  equal  to  BD.  therefore  CE  i^  given,  becaufe  BD  is  given,  and 
the  whole  AC  is  given,  therefore    ' 
«.  4*  Dftt.  m  AE  the  remainder  is  given,  and  A     E         B  C        D 

becaufe  EC  is  equal  to  BD,  by 

taking  BC  from  both,  the  remainder  EB  is  equal  to  the  remainder 
CD.  and  A£  is  given,  wherefore  AB  exceeds  £B,  that  is  CD  by 
the  given  magnitude  AE, 

5.  PROP.    VI. 

5€c  N,  T  F  a  magnitude  has  a  given  ratio  to  a  part  of  it ;  it  ihall 
jL  alfo  have  a  given  ratio  to  the  remaining  part  of  it. 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a  part  of  it  ^ 
it  has  alfo  a  given  ratio  to  the  remainder  BC. 
».  2.  Dcf.       Becaufe  the  ratio  of  AB  to  AC  is  given,  a  ratio  may  be  found  • 
which  is  the  fame  to  it.  let  this  be  the  ratio  of  DE  a  given  magni- 
tu(Je  to  the  given  magnitude  DF.  and    -,                      P  "R 

becaufe  DE,  DF  are  given,  the  remain-  ^  ^ ^ 

b.  4.  Dat.   der  FE  is  ^  given,  and  becaufe  AB  is  to 

c.  E.  5.      AC,  as  DE  to  DF,  by  converfion  ^  AB  ]D F         E 

is  to  BC,  as  DE  to  EF.  therefore  the  ' 

ratio  of  AB  to  BC  is  given,  becaufe  the  ratio  of  the  given  magni- 

tudes  DEi  EF  which  is  the  fame  with  it  has  been  found. 
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Cqb..  Trom  this  it  follows,  that  the  ftvts  AC>  CB  hrrt  t  given 
r9tio  to  one  another,  becaufe  as  AE  to  BC»  (b  js  D£  to  EFt  by  dir 
vifion  ^,  AC  is  to  CB,  as  DF  to  FE;  aad  DF,  FE  are  given  i  d-  17-  s- 
therefore  *  the  ratio  of  AC  to  CB  is  given.  «•  «•  Dcf. 

PROP.    VIL  6. 

IF  two  magnitudes  which  have  a  given  ratio  to  one  see  n. 
another,  be  added  together;  the  whole  magnitude 
fliali  have  to  each  of  them  a  given  ratio» 

Let  the  magnitudes  AB,  BC  wjhich  have  a  given  ratio  to  one 
another,  be  added  together  ^  the  whole  AC  has  to  each  of  the 
magi\itudes  AB,  BC  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  BC  is  given,  a  ratio  mav  be  found  *  »•  *.  De^ 
which  is  the  fame  with  it ;  let  this  be  the  ratio  of  the  given  mag** 
nitudcs  DE,  EF.  and  becaufe  DE,  EF    -  R        P 

are  given,  the  whole  DF  is  given  *».     ■  \  ^'  3*  Dat. 

and  becaufe  as  AB  to  BC,  fo  is  DE  to 

EF}  by  compofition  S  AC  is  to  CB,  P  ,  E F        \c.  18.  5, 

as  DF  to  F£ }  and  by  converfion  *>,  '  d.  5.  3. 

AC  is  to  AB,  as  DF  to  DE.  wherefore  becaufe  AC  is  to  egch  of 
the  magnitudes  AB,  BC,  as  DF  to  each  of  the  others  DE,  EF5  the 
y^tio  of  AC  to  each  of  the  magnitudes  AB,  BC  is  given  *. 

PROP.    VIII.  7. 

IF  a  given  magnitude  be  divided  into  two  parts  which  5ec  n. 
have  a  given  ratio  to  one  another,  and  if  a  fourth 
proportional  can  be  found  to  the  fum  of  the  two  magni^ 
tudes  by  which  the  given  ratio  is  e^chibited,  one  of  them,^ 
and  the  given  magnitude  j  each  of  the  parts  is  given, 

Iiet  the  given  magnitude  AB  be  dlyided  into 'the  parts  AC,  CB 
which  have  a  given  ratio  to  one  ano-    *                         n  P 

ther;  If  a  fourth  proportional  can  be                               ^  '^ 

found  to  the  above-named  magnitudes; 
AC  and  CB  are  each  of  them  given.     -D  F E 

Becaufe  the  ratio  of  AC  to  CB  is 
giv^n^  the  ratip  of  AB  to  BC  is  given  "^  therefore  a  ratio  ^hich  i§  »•  7-  ^^U 
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b.  %.  Def.  the  (kme  with  it  can  be  found  \  let  this  be  the  ratio  of  the  given 

magnitudes  DE|  £F«  and  becaufe  Ae  gi-  ^^  P       n 

vcn  magnitude  AB  has  to  BC  the  given  , 

ratio  of  DE  to  £F,  if  unto  DE,  EF,  AB 
a  fourth  proportional  can  be  found,  this  ^ 

c.  1.  Dau  which  is  BC  is  given  «;  and  becaufe  AB 

d.  4.  Pat.  is  given,  the  other  part  AC  is  given  ^. 

In  the  fame  manner,  and  with  the  like  limitation,  If  the  diffef- 
ence  AC  of  two  magnitudes  AB,  BC  which  have  a  giv^  ratio  be 
given  i  each  of  the  magnitudes  AB,  BC  is  given. 


F 


8.  PROP.    IX. 

« 

MAGNITUDES  which  hare  given  Tatios  to  th6 
fame  magnitude^  have  alfo  a  given  ratio  to  one 
anothen 

Let  A,  C  have  each  of  them  a  given  ratio  to  B  ^  A  has  a  given 
ratio  to  C. 

Becaufe  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  the  fame 
«/  ».  Def.  to  it  may  be  found  *  5  let  this  be  the  ratio  of  the  given  magnitudes 
D,  E/  and  becaufe  the  ratio  of  B  to  C  is  given,  a  ratio  which  i^ 
.  the  fame  with  it  may  be  found  *;  let  this  be  the  ratio  of  the  given 
magnitudes  F,  G.  to  ^,  G,  E  find  a 
fourth  proportional  H,  if  it  can  be 
done ;  and  becaufe  as  A  is  to  B,  fo  is 
D  to  E;  and  as  B  to  C,  fo  is  (F  to  G, 
and  fo  is)  £  to  H;  ex  aequali,  as  A  to 
C,  fo  is  D  to  H.  therefore  the  ratio  of 
A  to  C  is  given  *,  becaufe  the  ratio  of 
the  given  magnitudes  D  and  H,  which 
is  the  fame  with  it,  has  been  found, 
but  if  a  fourth  proportional  to  F,  G, 
£  cannot  be  found,  then  it  can  only  be  faid  that  the  ratio  of  A 
to  C  is  compoiltnded  of  the  ratios  of  A  to  B,  and  B  to  C^  that  i8' 
of  tlie  given  ratios  of  D  to  E,  and  F  to  G,  ' 


A  B   C  D 


E  H 
F  G 
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PROP.    X. 


f 

IF  two  or  more  magnitudes  have  given  ratios  to  one 
another,  ^nd  if  ihey  have  given  ratios,  tho*  they 
be  not  the  fame,  to  fopie  other  magnitudes ;  thefe  othet 
magnitudes  fliall  alfo  liave  given  ratios  to  one  another. 

Let  two  or  more  magnitudes  A,  B,  C  have  given  ratios  to  one 
another ;  and  let  them  have  given  ratios,  tho'  they  be  not  the 
fame,  to  fome  other  magnitudes  D,  E,  F.  the  magnitudes  D,  E,  F 
have  given  ratios  to  one  another. 

Becaufe  the  ratio  of  A  to  B  is  given,  and  likewife  the  ratio  of  A 
to  D ;  therefore  the  ratio  of  D 

to  B  is  given  ^  but  the  ratio  of  A ■ D •.  ^.  Dat. 

B  to  E  is  given,  therefore  •  the  B— — •  E      • 

ratio  of  D  to  £  is  given,  and  be-  C     ■  F 

caufe  the  ratio  of  B  to  C  is  given, 

and  alfo  th^  ratio  of  B  to  E ;  the  ratio  of  E  to  C  is  given  ■.  and 

the  ratio  of  C  to  F  is  given ;  wherefore  the  ratio  of  £  to  F  is 

given.  D,  E,  F  have  therefore  given  ratios  to  one  another. 

> 

PROP.    XI.  aa. 

IF  two  magnitudes  have  each  of  them  ^  given  ratio 
to  another  magnitude ;  both  of  them  together  fhali 
have  a  given  ratio  to  that  other. 

s 

Let  the  magnitudes  AB,  BC  have  a  given  ratio  to  the  magnitude 
^  Pi  AC  has  a  given  ratio  to  the  fame  D.    *  "R        P 

Becaufe  AB,  BC  have  each  of  them  ___, i  . 

a  given  ratio  to  D,  the  ratio  of  AB  to 

BC  is  given  ■•  and  by  compoiition,  the  ^^  *•  ^'  ^*** 

r^tio  of  AC  to  CB  is  given  ^  but  the  .  *>•  7-  J>»^ 

ratio  of  BC  to  D  is  given  5  therefore  •  the  ratio  of  AC  to  D  is 

given. 


.  *• ' 
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23.  PROP.    XII. 

SeeN.  -wf  the  wholc  have  to  the  whole  a  given  ratio,  an4 
X  the  parts  have  to  the  parts  given,  but  not  the  fame» 
ratios,  every  one  of  them,  whole  or  part,  fhall  have  to 
every  one  a  given  ratio* 

Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD,  and 
the  parts  A£,  £B  have  given,  but  not  the  fame,  ratios  to  the  parts 
CF,  FD ;  every  one  {hall  have  to  every  one,  whole  or  part,  a 
given  ratio. 

Becaufe  the  ratio  of  A£  to  CF  is  given,  as  AE  to  CF,  fo  make 

AB  to  CG;  the  ratio  therefore  of  AB  to  CG  is  given;  wherefore 

the-  ratio  of  the  remainder  £B  to  the  remainder  FG  is  given,  be- 

*•  «9-  5-    caufe  it  is  the  fame » with  thejratid  of  AB  to  CG.  and  the  ratio  of  EB 

to  FD  is  given,  wherefore  the  ratio  of  y^  £  g 

b.  p.  Dat.  FD  t^j  pQ  jg  gj^gjj  b.  and  by  conver • 

c.  6.  Dat.  fiQu,  the  ratio  of  FD  to  DG  is  given  *=.  C       F  G       D 

andbecaufeABhastoeachof  themag-  '  i 

nitudes  CD,  CG  a  given  ratio,  the  ratio  of  CD  to  CG  is  given  ^\ 
and  therefore  ^  the  ratio  of  CD  to  DG  is  given,  but  the  ratio  of  CD 
to  DF  is  given,  wherefore  ^  the  ratio. of  CD  to  DF  is  given,  and 

d.  Cor.  6.  confequently  **  the  ratio  of  CF  to  FD  is  given;  but  the  ratio  of  CF 

e  ^r  Dat  ^^  ^^  ^®  gi^«"i  as  alfo  the  ratio  of  FD  to  £B  j  wherefore  « the- 
ratio  of  AE  to  EB  is  given ;  as  alfo  the  ratio  of  AB  to  each  of 
f.  7.  Dat.   them  f.  the  ratio  therefore  of  every  one  to  every  one  is  given. 


24.  PROP.  xm. 

SceN.      yp  the  firft  of  three  proportional  ftraight  lines  has  a 
X   given  ratio  to  the  third,  the  firft  ihali  alfo  have  a 
,given  ratio  to  the  fecond. 

'  Let  A,  B,  C  be  diree  proportional  ftraight  lines,  that  is  as  A 
to  B,  fo  is  B  to  C ;  if  A  has  to  C  a  given  ratio,  A  (hall  alfo  have 
to  B  a  given  ratio. 

Becaufe  the  ratio  of  A  to  C  is  given,  a  ratio  which  is  the  fame 

a.  a.  Def.  with  it  may  be  found  • ;  let  this  be  the  ratio  of  the  given  ftraight 

b.  13. 6.    lines  D,  Ej  and  between  D  and  S  find  a  ^  meaq  proportional  F » 


DAT  A* 

therefore  the-  re£l$ngle  conUmcd  by.  D  and  £  h  equal  t6  the 

fquare  of  F,  and  the  reiS^iangle  D,  E  is  given  be- 

caufe  its  fides  D,  E  arc  given ;  wherefore  the 

fquare  of  F,  and  the  ftri^ight  line  F  ta.given«  and 

becaufe  as  A  is  to  C,  fo  is  D  to  E ;  but  as  A  to 

C,  fo  is  ^  the  fquare  of  A  to  the  iquare  of  B;  and 

as  D  to  E|  fo  is  ^  the  fquare  of  D  to  the  fquare 

of  F;  therefore  the  fquare  <^  of  A  is  to  the  fquare  A      B    .  C 

of  Bf  as  the  fquare  of  D  to  the  fquare  of  F«    r^     'r<      v 

as  therefore  ^  the  ftraight  line  A  to  the  ftraight 

line  B,  fo  is  the  ftraight  line  D  to  the  ftraight 

line  F.  therefore  the  ratio  of  A  to  B  is  given  *, 

becaufe  the  ratio  of.  the  given  ftraight  lines  D^ 

F  which  is  the  iame  with  it  has  been  found. 


3«T 


c«    3.   Cor* 
20.  6. 

d.  II.  5» 


e*  12.  4* 


a.  2.Def« 


PROP.    XIV. 


A. 


IF  a  magnitude  together  with  a  given  magnitude  has  a  s«^  ^* 
given  ratio  to  another  magnitude ;  the  excefs  of  this 
other  magnitude  above  a  given  magnitude  has  a  given  ra- 
tio to  the  firft  magnitude,  and  if  the  excefs  of  a  magni- 
tude above  a  given  nvagnitude  has  a  given  ratio  to  another 
magnitude ;  this  other  magnitude  together  vitii  a  givea 
magnitude  has  a  given  ratio  to  the  firft  magnitude. 

Let  the  magnitude  AB  together  with  the  given  magnitude  BE, 
that  is  AE,  have  a  given  ratio  to  the  magnitude  CD;  the  excefs  of  ^ 
CD  above  a  given  magnitude  has  a  given  ratio  to  AB. 

Becaufe  the  ratio  of  AE  to  CD  is  given,  as  AE  to  CD,  fo  make 
Be  to  FD ;  therefore  the  ratio  of  J3E  to  FD  is  given,  and  BE  IS 
given,  wherefore  FD  is  given  *.  and     A  B  E  *•  *•  ^*** 

becaufe  as  AE  to  CD,  fo  is  BE  to     ' »,     ■ '    ■■ 

FD,  the  remainder  AB  is  ^-  to  the     Q  F  J)  b.  ip.  5. 

remainder  CF,  as  AE  to  CD.  but  .  ' 

the  ratio  of  AE  to  CD  is  given,  therefore  the  ratio  of  AB  to  CF. 
is  given ;  that  is,  CF  the  excefs  of  CD  above  the  given  magni- 
tude FD  has  a  given  ratio  to  AB. 

Next,  Let  the  excefs  of  the  magnitude  AB  ^bove  the  given 
"magnitude  BE,  that  is,  Idt  AE  have  A  given  ratio  to  the  magai- 
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tude  CD  \  CD  together  with  a  given  magnitude  has  a  given  ratitf 
to  AB. 

Becaufe  the  ratio  of  AE  to  CD  is  given,  as  AE  to  CD,  (b  thike 
BE  to  FD;  therefore  the  ratio  of  BE  to  ^  ^         ^ 

FD  is  given,  and  BE  is  given,  wherefore  f_ ^ 

ft.  a.  Dat.  j?j)  13  giyen  ».  and  hecaufc  as  AE  to  CD, 

c-  "•  5-     fo  is  BE  to  FD,  AB  is  to  CF,  as  «  AE  to  C  D       F 

CD»  but  the  ratio  of  AE  to  CD  is  given,  - 

therefore  the  ratio  of  AB  to  CF  is  given;  that  is  CF  which  is  equal 
to  CD  together  with  the  given  magnitude  DFhas  a  given  ratio  to  AB, 

B.  PROP.    XV. 

SeeN.  TF  a  magnitude  together  with  that  to  which  another 
X  magnitude  has  a  given  ratio,  be  given;  this  other 
is  given  together  with  that  to  which  the  firft  magnitude 
has  a  given  ratio. 

Let  AB,  CD  be  two  magnitudes  of  which  AB  together  with 
BE  to  which  CD  has  a  given  ratio,  is  given;  CD  is  given  together 
with  that  magnitude  to  which  AB  has  a  given  ratio. 

Becaufe  the  ratio  of  CD  to  BE  is  given,  as  BE  to  CD,  fo  make 
AE  to  FD ;  therefore  the  ratio  of  AE  to  FD  is  given,  and  AE  is 

«•  a.  Dat.  given,  wherefore  *  FD  is  given,  and  be-  ^  BE 
caufe  a^  BE  to  CD,  fo  is  AE  to  FD ;  —— = 1 

b.Cor.ip.s.  AB  is  b  to  FC,  as  BE  to  CD.  and  the  p  CD 

ratio  of  BE  to  CD  is  given,  wherefore  i 

the  ratio  of  AB  to  FC  is  given,  and  FD  is  given,  that  is  CD  to- 
gether with  FC  to  which  AB  has  a  given  ratio  is  given. 

10.  PROP.    XVI. 

SecN.  yp  the  excefs  of  a  magnitude  above  a  given  magni- 
X  tude,  has  a  given  ratio  to  another  magnitude ;  the 
excefs  of  both  together  above  a  given  magnitude  (halt 
^  have  to  that  other  a  given  ratio,  and  if  the  ezcefs  of 
two  magnitudes  together  above  a  given  magnitude, 
has  to  pne  of  them  a  given  ratio ;  either  the  excefs  of 
the  other  above  a  given  magnitude  has  to  that  one  a 
given  ratio;  or  the  other  is  given  together  with  the 
magnitude  to  which  that  one  hag  a  givea  ratio. 


h 
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Let  the  excefs  of  the  magnitude  AB  above  a  given  magnitude, 
have  a  given  ratio  to  the  magnitude  BC;  the  excefs  of  AC,  both  of 
them  together,  above  a  given  magnitude,  has  a  given  ratio  to  BC. 

Let  AD  be  the  given  magnitude  the  excefs  of  AB  above  which, 
viz.  DB,  has  a  given  ratio  to  BC.    a  -|^    TS  O 

and  becaufe  DB  has  a  given  ratio  *^        -^^   r^ — ,,_»^ 
to  BC,  the  ratio  of  DC  to  CB  ii 

given  S  and  AD  is  givfen;  therefore  DC,  the  excefs  of  AC  above  *•  7-  i^at. 
the  given  magnitude  AD,  has  a  given  ratio  to  BC* 

Next,  let  the  excefs  of  two  magnitudes  AB,  BC  together  abovi 
a  given  magnitude  have  to  one  of    il  -n    -jm    -|^    ^ 

them  BC  a  given  ratio  5  either  the  "^^         "    -^^       ^ 
excefs  of  the  other  of  them  AB  a- 

hove  a  given  magnitude  fliall  have  to  BC  a  given  ratio  5  or  A6 
is  given  together  with  the  magnitude  to  whigh  BC  has  a  given 

ratio.  .  . 

Let  AD  be  the  given  magnitude,  and  firfi  let  it  be  lefa  than 
AB  J  and^  becaufe  DC  the  excefs  of  AC  above  AD  has  a  given 
tatio  to  BC>  DB  had  ^  a  given  ratio  to  BC;  that  is  DB,  the  excefs    '^^^'    ' 
of  AB  above  the  given  magnitude  AD,  has  a  given  ratio  to  BC. 

But  let  the  given  magnitude  be  greater  than  AB,  and  make 
AE  equal  to  it  i  and  becaufe  EC,  the  excefs  of  AC  above  AE, 
has  to  BC  a  given  ratio,  BC  has  «  a  given  ratio  to  BE ;  and  be-  ^-  ^'  ^«** 
caufe  AE  is  given,  AB  together  with  BE  to  which  BC  has  a  given 
ratio,  is  given« 

PROP.    XViL  II. 

IF  the  exdefs  of  a  magnitude  above  a  given  magnitude  Sce  n. 
has  a  given  ratio  to  another  magnitude }  the  excefs 
of  the  fame  firrt:  magnitude  above  a  given  magnitude* 
ihall  have  a  given  ratio  to  both  the  magnitudes  together, 
and  if  the  excefs  of  either  of  two  magnitudes  aboVe  a 
given  magnitude  has  a  given  ratio  to  both  magnitudes 
together  ^  the  excefs  of  the  fame  above  a  given  magiii* 
tude  ihall  have  a  given  ratio  to  the  other. 

Let  the  excefs  of  the  magnitude  AB  above  a  given  magnitude 
have  a  given  ratio  to  the  magnitude  BC  y  the  excefs  of  AB  above 
a  given  magnitude  has  a  given  ratio  to  AC. 

A  a 
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Let  AD  be  the  given  magnitude;  and  becaufe  DB,  the  excefs  of 
AB  above  AD,  has  a  given  ratio  to  EC;  the  ratio  of  DC  to  DB  is 

a.  7.  Dat.  given  ».  make  the  ratio  of  AD  to  DE  the  fame  with  this  ratio ; 

therefore  the  ratio  of  AD  to  DE  is 

given,  and  AD  is  given,  wherefore  A-        Jii  JP  1>         C 

b.  «.  Dat.  b  DE^  and  the  remainder  AE  are  *      ^ 

c.  la.  5.     given,  and  becaufe  as  DC  to  DB,  fo  is  AD  to  DE,  AC  is  «  to  EB, 

as  DC  to  DB;  and  the  ratio  of  DC  to  DB  is  given,  wherefore  the 
ratio  of  AC  to  EB  is  given,  and  becaufe  the  ratio  of  EB  to  AC 
is  given,  and  that  AE  is  given,  therefore  EB  the  excefs  of  AB 
above  the  given  magnitude  AE,  has  a  given  ratio  to  AC. 

Next,  let  the  excefs  of  AB  above  a  given  magnitude  have  a 
given  ratio  to  AB  and  BC  together,  that  is  to  AC;  the  excefs  of 
AB  above  a  given  magnitude  has  a  given  ratio  to  BC. 

Let  AE  be  the  given  magnitude ;  and  becaufe  EB  the  excefs 
of  AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to  EB,  fo  make 

d.  6,  Dat.   A£)  to  DE ;  therefore  the  ratio  of  AD  to  DE  is  given,  as  alfo  ^ 

the  ratio  of  AD  to  AE.  and  AE  is  given,  wherefore  *»  AD  is  gi- 
ven, and  becaufe  as  the  whole,  AC,  to  the  whole,  EB,  fo  is  AD 

c-  >9-  s-  to  DE;  the  remainder  DC  is « to  the  remainder  DB,  as  AC  to  EB; 
and  the  ratio  of  AC  to  EB  is  given,  wherefore  the  ratio  of  DC 

f.  Cot.  6.  to  DB  IS  given,  as  alfo  ^  the  ratio  of  QB  to  BC.  and  AD  is  gi- 
ven, therefore  DB,  the  excefs  of  AB  above  the  given  magnitude 
AD,  has  a  given  ratio  to  BC. 


Dat. 


a.'  I.  Dat. 


14-  PROP.    XVIIL 

IF  to  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  added ) 
the  wholes  fliall  either  have  a  given  ratio  to  one  another, 
or  the  excefs  of  one  of  them  above  a  given  magnitude 
ihall  have  a  given  ratio  to  the  other. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
the  given  magnitude  DF  to  CD.  the  wholes  AE,  CF  either  have  a 
given  ratio  to  one  another,  or  the  excefs  of  one  of  them  above  a 
given  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  BE,  DF  are  each  of  them  given,  their  ratio  is  given  K 
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and  if  this  4ratio  •  be  the  fame  with  jl     -v*  igl 

the  ratio  of  AB  to  CD,  the  ratio  of    f « . 

AE  to  CF,  which  is  the  fame  ^  with  C    J)  IF  ^*  '*•  5- 


AB      Or    :e 


•«• 


the  given  ratio  of  AB  to  CD,  fliall  be  * 

given. 

But  if  the  ratio  of  BE  to  DF  be  not  the  fame  with  the  ratio  of 
AB  to  CD5  either  it  is  greater  than  the  ratio  of  AB  to  CD,  or,  by 
inverfion,  the  ratio  of  DF  to  BE  is  greater  than  the  ratio  of  CD  to 
AB.  firft,  let  the  ratio  of  BE  to  DF 
be  greater  than  the  ratio  of  AB  t<r  C  D j  ^  ^ 

and  as  AB  to  CD,  fo  make  BG  to  w        -j^  -rr^ 

DF;  therefore  the  ratio  of  BG  to  DF  ^f ^-f! = T 

is  given;  and  DF  is  given,  therefore  ^  *^'  *•  ^^^* 

BG  is  given,  and  becaufe  BE  has  a  greater  ratio  to  DF  than  ( AB 

to  CD,  that  is  than)  BG  to  DF,  BE  is  greater  <»  than  BG.  and  ^-  *«•  S» 

becaufe  as  AB  to  CD,  fo  is  BG  to  DF,  therefore  AG  is  ^  to  CF, 

as  AB  to  CD.  but  the  ratio  of  AB  to  CD  is  given,  wherefore 

die  ratio  of  AG  to  CF  is  given;  and  becaufe^BE,  BG  are  each  of 

them  given,  GE  is  given,  therefore  AG,  the  excefs  of  AE  above 

the  given  magnitude  GE  has  a  given  ratio  to  CF.  the  other  cafcJ      . 

is  demonftrated  in  the  fame  manner* 

PROP.    XIX-  '  15; 

IF  from  each  of  two  magnitudes,  which  have  a  given  - 
ratio  to  one  another,  a  given  magnitude  be  taken ; 
the  remainders  (hall  either  have  a  given  ratio  to  one 
another,  or  the  excefs  of  one  of  them  above  a  given 
magnitude,  fhall  have  a  given  ratio  to  the  othen 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  one  another^ 
and  from  AB  let  the  given  magnitude  AE  be  taken,  and  from  CD,    - 
the  given  magnitude  CF.  the  remainders  EB,  FD  fliall  either  have 
a  given  ratio  to  one  another,  or  the  excefs  of  one  of  them  above 
a  given  magnitude  fliall  have  a  gi-    . 
ven  ratio  to  the  other.  A  JL  JB 

Becaufe   AE,  CF   are   each   of  ^.     -m  -^ 

them  given,  their  ratio  is  given  •  5  .^>    .  "Tr  a.  t.  Bat. 

and  if  this  ratio  be  the  fame  with 

the  ratio  of  AB  to  CD,  the  ratio  of  the  remainder  EB  to  the  re- 
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*>•  »5>*  5«     mainder  FD,  which  is  the  fame  ^  with  the  given  ratio  of  AB  to 
CD,  fhall  be  given. 

But  if  the  ratio  of  AB  to  CD  be  not  the  fame  with  the  ratio  of 
AE  to  CF,  either  it  is  greater  than  the  ratio  of  A  E  to  CF,  or,  by 
inverfion,  the  ratio  of  CD  to  AB  is  greater  than  the  ratio  of  CF  to 
AE.  firft,  let  the  ratio  of  AB  to  CD  be  greater  than  the  ratio  of 
AE  to  CF,  and  as  AB  to  CD,  fo  make  AG  to  CF  -,  therefore  the 
ratio  of  AG  to  CF  is  given,  and  CF  a  -jp    ^  —^ 

is  given,  wherefore  ^  AG  is  given.  ""  -^    ^         -"^ 


c.  %•  Oat. 


■♦■ 


and  becaufe  the  ratio  of  AB  to  CD,  £<  -p       -r^ 

that  is  the  ratio  of  AG  to  CF,  is   \ 

greater  than  the  ratio  of  AE  to  CF; 
4.  lo.  5.  ^Q  jg  greater  <*  than  AE.  and  AG,  AE  are  given,  therefore  the 
remainder  EG  is  given,  and  as  AB  to  CD,  fo  is  AG  to  CF,  and 
fo  is  ^  the  remainder  GB  to  the  remainder  FD  ;  and  the  ratio  of 
AB  to  CD  is  given,  wherefore  the  ratio  of  GB  to  FD  is  given ; 
therefore  GB,  the  excefs  of  EB  above  the  given  magnitude  EG, 
has  a  given  ratio  to  FD.  in  the  fame  manner  the  other  cafe  is 
demonftrated. 

16.  PROP.    XX. 

IF  to  one  of  two  magnitudes  which  have  a  given  ratio 
to  one  another,  a  given  magnitude  be  added,  and 
from  the  other  a  given  magnitude  be  taken ;  the  excefs 
of  the  fum  above  a  given  magnitude  fhall  have  a  given 
ratio  to  the  remainder. 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one  ano- 
ther, and  to  AB  let  the  given  magnitude  EA  be  added,  and  from 
CD  let  the  given  magnitude  CF  be  taken ;  the  excefs  of  the  fum 
EB  above  a  given  magnitude  has  a  given  ratio  to  the  ren^ainder  FD. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD,  fo 
AG  to  CF.  therefore  the  ratio  of  AG  to  CF  is  given,  and  CF  is 
given,  wherefore  *  AG  is  given  iTj^        yv  #^       -w^ 

and   EA  is   given,   therefore    the  |  I 

whole  EG  is  given,    and  becaufe  |n  -|ji  -|^ 

as  AB  to  CD,  fo  is  AG  to  CF,^:^ 1=5 =^ 

^'  ip-  £•     and  fo  is  ^  the  remainder  GH  to  the 

remainder  FD;  the  ratio  of  GB  to  FD  is  given,  and  EG  is  given, . 


».  2.  Bat. 


DATA.  s^i 

therefore  GB,  the  cxcefs  of  the  fum  ER  above  the  given  magni- 
tude EGf  has  a  given  ratio  to  the  remainder  FD.  • 


I 


PROP.    XXI.  C. 

t  k 

F  two  magnitudes  have  a  given  ratio  to  one  another,  if  sec  n. 
a  given  Hiagnitude  be  added  to  one  of  them,  and  the 
other  be  taken  from  a  given  magnitude ;  the  fum  toge- 
ther with  the  magnitude  to  which  the  remainder  has  a 
given  ratio,  is  givtn.  and  the  remainder  is  given  together 
with  the  magnitude  to  which  the  fum  has  a  given  ratio* 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another ;  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
let  CD  be  taken  from  the  given  magnitude  FD.  the  fum  A£  is 
given  together  with  the  magnitude  to  which  the  remainder  FC 
has  a  given  ratio. 

Becaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CP> 
jTo  GB  to  FD.  therefore  the  ratio  of  GB  to  FD  is  given,  and  FD 
is  given,  wherefore  GB  is  given  *  5  |J.         A  "g      IC'      *•  *•  ^^^ 

and  BE  is  given,  the  whole  GE  is  < »  ■    t        ■* 

therefore  given,  and  becaufe  as  AB  .^  ^ 

to  CD,  fo  is  GB  to  FD,  and  fo  \^^  \       ^  ^ 

^  GA  to  FC ;  the  ratio  of  GA  to  ^*  ^9-  S* 

FC  is  given,  and  A£  together  with  G  A  is  given,  becaufe  GE  is 

given  -,  therefore  the  fum  AE  together  with  G  A  to  which  the    " 

remainder  FC  has  a  given  ratio,  is  given,  the  fecond  part  ia 

mauifeft  from  Prop.  15, 

PROP.    XXII.  D- 

TF  two  magnitudes  have  a  given  ratio  to  one  another^seeK. 
^   if  from  one  of  them  a  given  magnitude  be  taken, 
and  the  other  be  taken  from  a  given  magnitude^  each  of 
the  remainders  is  given  together  with  the  magnitude  to 
which  the  other  remainder  has  a  given  ratio* 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one  aaa— 
&er|  and  frooii  AB  let  the  given  magnitude  A£  be  taken,  and  let: 
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CD  be  taken  from  the  given  magnitude  CF  \  the  remainder  EB  i$ 
given  together  with  the  magnitude  to  which  the  other  remainder 
DF  has  a  given  ratio. 

fiecaufe  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD,  fo 
AG  to  CF.  the  ratio  of  AG  to  CF  is  therefore  given,  and  CF  is 

%,  a. i)at.  given,  wherefore  *  AG  is  given; 

and  AE  is  given,  and  therefore  the  A, IE  IB  Ct 

remainder   EG   is  given,    and  be-  ' 

caufe  as  AB  to  CD,  fo  is  AG  to  C  J)       !F 

fe.  15.  !•    CF,  and  fo  is  b  the  remainder  BG 

to  the  remaiiuier  DFj  tjie  ratio  of  BG  to  DF  is  given,  and  EB  to« 
getber  with  BG  is  given,  becaufe  EG  is  given,  therefore  the  re- 
mainder  EB  together  with  BG  to  which  DF  the  other  remainder 
has  a  given  ratio  is  given,  the  fecond  part  is  plain  ftom  Prop.  15, 

20.  V  PROP.    XXIII. 

S«?  ^'  T  F  from  two  given  magnitudes  there  be  taken  magnU 
J-  tudes  which  have  a  given  ratio  to  one  another,  the 
remainders  (hall  either  have  a  given  ratio  to  one  another, 
or  the  ex:cefs  of  one  of  them  above  a  given  magnitude 
fliall  have  a  given  ratio  to  the  other. 

Let  AB,  CD  be  two  given  magnitudes,  and  from  them  let  the 
magnitudes  AE,  CF  which  have  a  given  ratio  to  one  another  be 
^aken ;  the  remainders  EB,  FD  either  have  a  given  ratio  to  one 
^mother,  or  the  excefs  of  one  of  then^  above  a  given  magnitude 
has  a  given  ratio  ^o  the  other. 

Becaufe    AB,  CD  are   each   of  J!^  J^    '        J^ 

them  given,   the  ratio   of  A B  to  "7  *        ""^       * 

CD  is  given,   and  if  this  ratio  be  i(p  ^       "JJ 

the  fame  with  the  ratio  of  AE  to   '         * "^ 

^'  ?9-  5-     CF,  then  the  remainder  EB  has  »  the  fame  givex^  ratio  to  the 
reitiainder  FDw 

But  if  the  ratio  of  AB  to  CD  be  not  the  fanie  with  the  ratio  of 
^E  to  CF,  it  is  either  greater  than  it,  or,  by  inverfion,  the  ratio  of 
CD  to  AB  is  greater  than  the  ratio  CF  to  AE.  firft,  let  the  ratio  of 
AB  to  CD  be  greater  than  the  ratio  of  AE  to  C¥\  and  as  AE  to 
CF,  fo  make  AG  to  CD,  therefore  the  ratio  of  AG  to  CD  is  given, 
becaufe  the  ratio  of  AE  to  CF  is  given  j  and  CD  is  given,  wher?? 
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fore  *»  AG  is  given;  and  becaufe  the  ratio  of  AB  to  CD  is  greater  b.  2.  Dat» 
than  the  ratio  of  (AE  to  CF,  that  A 
is,  than  the  ratio  of)  AG  to  CD ;  — — 


3F   :d 


c.  10.  5. 


AB  is  greater  ^  than  AG.  and  AB,r< 

AG  are  given,  therefore  the  re- ■ 

mainder  BG  is  given,  and  becaufe 

as  AE  to  CF,  fo  is  AG  to  CD,  and  fo  is  «  EG  to  FD ;  the  ratio  »•  ip-  5' 
of  EG  to  FD  is  given,  and  GB  is  given,  therefore  EG  the  ex- 
cefe  of  EB  above  the  given  magnitude  GB,  has  a  given  ratio  to 
FD,  the  other  cafe  is  fhewn  in  the  fame  way.  j 


PROP.    XXIV. 


13 


IF  there  b€  three  magnitudes,  the  firft  of  whii^h  has  aSeeN, 
given  ratio  to  the  fecond,  and  the  excefs  of  the  fe- 
cond  above  a  given  magnitude  has  a  given  ratio  to  the 
third ;  the  excefs  of  the  firft  above  a  given  magnitude 
(hall  alfo  have  a  given  ratio  to  the  third. 

Let  AB,  CD,  E  be  three  magnitudes,  o£  which  AB  has  a  given 
ratio  to  CD  ^  and  the  excefs  of  CD  above  a  given  magnitude  has  . 
a  given  ratio  to  E.  the  excefs  of  AB  above  a  given  magnitude  haj 
a  given  ratio  to  E. 

Let  CF  be  the  given  magnitude  the  excefs  of  CD  above  which, 
viz.  FD  has  a  given  ratio  to  E.  and  becaufe  the  ratio  of  A B  to  CD 
is  given,  as  AB  to^CD  fo  make  AG  to  CF-,  there-  J^ 
fore  the  ratio  of  AG  to  CF  is  given  -,  and  CF  is 
given,  wherefore  *  AG  is  given,  and  becaufe  as 
AB  to  CD,  fo  is  AG  to  CF,  and  fo  is  «>  GB  to  It . 
FD;  the  ratio  of  GB  to  FD  is  given,  and  the 
ratio  of  FD  to  E  is  given,  wherefore  ^  the  ratio 
of  GB  to  E  is  given,  and  AG  is  given,  therefore 
GB  the  excefs  of  AB  above  the  given  magnitude  . 
AG  has  a  given  ratio  to  E.  JB 

CoR.  I.  And  if  the  firft  has  a  given  ratio  to  the  fecond,  and 
the  excefs  of  the  firft  above  a  given  magnitude  has  a  given  ratio 
to  the  third ;  the  excefs  of  the  fecond  above  a  given  magnitude 
ftall  have  a  given  ratio  to  the  third;  for  if  the  fecond  be  called 
the  firft,  and  the  firft  the  fecond,  this  Corollary  will  be  the  fame 
with  the  Propofition. 

A  a  4 
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a.  3.  Dat. 

b.  19.  5. 

c.  9.  Bat* 
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Cor.  a.  Alfo  if  the  firft  has  a  given  ratio  ta  the  fecond,  and 
the  excefs  of  the  third  above  a  given  magnitude  has  alfo  a  given 
ratio  to  the  fecond,  the  fame  ejfccfs  (hall  have  a  given  ratio  ta  the 
firft ;  as  is  evident  from  the  pth  Dat. 

17-  PROP.    XXV. 

TF  there  be  three  magnitudes,  the  excefs  of  the  firft 
-*•  whefeof  above  a  given  magnitude  has  a  given  ratio 
to  the  fecond ;  and  the  excefs  of  the  third  above  a  given 
magnitude  has  a  given  ratio  to  the  fame  fecond.  the  firft 
fhall  either  have  a  given  ratio  to  the  third,  or  the  excefs 
of  one  of  them  ^bove  a  given  magnitude  fhall  h^vcf  a 
given  ratio  to  the  other, 

.  Let  AB,  C,  DE,  be  three  magnitudes,  and  let  the  excefles  of 
iiach  of  the  two  AB,  DE  above  given  magnitudes  have  given  ratios 
to  C ;  AB,  DE  either  have  a  given  ratio  to  one  another,  or  the 
excefs  of  qne  pf  them  above  a  given  magnitude  h^s  a  given  rs^tio 
to  the  other. 

Let  J?B  the  excefs  of  AB  above  the  given  magnitude  AF  have  a 
given  ratio  to  Cj  and  let  GE  the  excefs  of  a 
DE  above  the  given  magnitude  DG  have  a  gi-  ^^• 
'    '         yen  ratio  to  C ;  and  becaufe  FB,  GE  have  each  jp , , 
of  them  a  given  ratio  to  C,  tbey  have  a  given 
ratio  *~to  onf  another,  but  to  FB,  GE  the  given 
%.  P*Dat,  magnitudes  AF,  DG  are  sodded;  therefore  b  the 
b-  ^8.  Dat.  whole  magnrt^ides  AB,  DE  have  either  a  given  .-^ 
r^tio  to  one  another,  or  the  excefs  of  one  of-B 


C 


E' 


them  above  a  jgiven  magnitude  has  a  given  ratio  to  the  other, 

l§.  PRQP.    XXVI, 

TF  there  be  three  magnitudes  the  exceffes  of  one  of 
-*•  which  above  given  magnitudes  have  giyen  ratios  to 
the  other  two  magnitudes  \  thefe  two  fhall  either  have  a 
given  ratio  to  oue  another,  or  the  excefs  of  one  of  then^ 
above  a  given  magnitude  IJiaU  hay?  a  given  ratio  tp  tbe> 
Pther* 


r 


c.  9.  Datf 
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Let  AB,  CD,  EF  be  three  magnitudes,  and  let  CD  the  cxccfs 
of  one  of  them  CD  above  the  giyen  magnitude  CG  have  a  given 
ratio  to  AB ;  and  alfo  let  KD  the  excefs  of  the  fame'  CD  above 
the  given  magnitude  CK  have  a  given  ratio  to  EF,  either  AB  has 
a  given  ratio  to  EF,  or  the  excefs  of  one  of  them  above  a  given 
magnitude  has  a  given  ratio  to  the  other. 

Becaufe  GD  has  a  given  ratio  to  AB,  as  GD  to  AB,  fo  make  CG 
to  H  A^  therefore  the  ratio  of  CG  to  HA  is  given;  and  CG  is  gi- 
ven, wherefore  *  HA  is  given,  and  becaufe  as  GD  to  AB,  fo  is  CG  *•  ••  ^*^ 
to  HA,  and  fo  is  b  CD  to  HB;  the  ratio  of  CD  to  HB  is  given.  ^-  "•  S- 
alfo  becaufe  KD  has  a  given  ratio  to  EF,  as  KD  v. 
to  EF,  fo  make  Civ  to  LE  \  therefore  the  ratio 
of  CK  to  LE  is  given ;  and  CK  is  given,  where-  £J    .^ 

fore  •  LE  is  given,  and  becaufe  as  KD  to  EF,  A.' '  "^ 

fo  is  CK  to  LE,  and  fo  «>  is  CD  to  LF  j  thq  ratio  (i-  - 

pf  CD  to  LF  is  given,  but  the  ratio  of  CD  to  Jv.' jEi' • 

HB  is  given,  wherefore  ^  the  ratio  of  HB  to  LF 
is  given,  and  from  HB,  LF  the  given  niagnitudes  S  JD  c 
HA,  LE  being  taken,  the  remainders  AB,  £F  ihall  either  have  a 
given  ratio  to  one  another,  or  the  excefs  of  one  of  them  above  a 
given  magnitude  has  a  given  ratio  to  the  other  ^.  ^  'P«  D»t, 

^<  Another  Demonftration. 

1  Let  AB,  C,  DE  be  three  magnitudes,  and  l^t  the  excefles  of  one 

of  them  C  above  given  magnitudes  have  given  ratios  to  A  B  and  DE. 

either  AB,  DE  have  a  given  ratio  to  one  another,  or  the  excefs  of 

one  of  them  above  a  given  magnitude  has  a  given  ratio  to  the  other. 

Becaufe  the  excefs  of  C  above  a  given  magnitude  has  a  given 
ratio  to  AB,  therefore  ■  AB  together  with  a  given  magnitude  has  a  *•  '4'  D«t. 
given  ratio  to  C.  let  this  given  magnitude  be 
AF,  wherefore  FB  has  a  given  ratio  to  C.  alfo,  •* 
becaufe  the  excefs  of  C  above  a  given  magni-  A  ^ 
tude  has  a  g^iven  ratio  to  DE,  therefore  *  DE 
together  with  a  given  magnitude  has  a  given 
ratio  to  C.  let  this  given  magnitude  be  DG, 
wherefore  GE  has  a  given  ratio  to  C.  and  FB  ]^  C/ 
has  a  given  rati^  tQ  C,  therefore  ^  the  ratio  of 
FB  to  GE  is  given,  and  from  FB,  GE  the  given  magnitudes  AF, 
DO  being  taken,  the  remainders  AB,  DE  either  have  a  given  ratio 
to  one  another,  or  the  excefs  of  jone  of  them  above  a  given  mag- 
Rltude  has  a  givea  ratio  to  the  other «/'  «•  *^'  ^5**' 


D 


E 


b.  p.  Dat. 


37« 


E  U  C  L  I  D'S 


«. 


19.  PROP.    XXVII. 

IF  there  be  three  magnitudes  the  excefs  of  the  firll  of 
which  above  a  given  magnitude  has  a  given  ratio 
to  the  fecond:  and  the  excefs  of  the  fecond  above  a 
given  magnitude  has  alfo  a  given  ratio  to  the  third,  the 
excefs  of  the  firit  above  a  given  magnitude  fhall  have  a 
given  ratio  to  the  third. 

Let  AB,  CD,  E  be  three  magnitudes  the  excefs  of  the  firft  of 
which  AB  above  the  given  magnitude  AG,  viz.  GB  has  a  given 
ratio  to  CD ;  and  FD  the  excefs  of  CD  above  the  given  magni- 
tude CF,  has  a  given  ratio  to  E.  the  excefa  of  AB  above  a  given 
magnitude  has  a  given  ratio  to  E. 

Becaufe  the  ratio  of  GB  to  CD  is  given,  as  GB  to  CD,  fo  make 
GH  to  CF ;  therefore  die  ratio  of  GH  to  CF  is   a 
a.  Dat.  given  j.  and  CF  is  given,  wherefore  *  GH  is  gi-  -^ 

ven;  and  AG  is  given,  wherefore  the  whole  {i.-  ^ 
AH  is  given,  and  becaufe  as  GB  to  CD,  fo  is  ^ 

ip-  5*     GH  to  CF,  and  fo  is  ^  the  remainder  HB  to  the  jg.  -  -IjI  . . 
remainder  FD;  the  ratio  of  HB  to  FD  is  given.  ' 

c.  9.  Dat.   and  the  ratio  of  FD  to  E  is  given,  wherefore  « 

the  ratio  of  HB  to  E  is  given,  and  AH  is  given;  'Tt  I  T\  I   TD 
therefore  HB  the  excefs  of  AB  above  the  given 
magnitude  AH  has  a  given  ratio  to  E. 

«  Otherwife. 

Let  AB,  C,  D  be  three  magnitudes,  the  excefs  EB  of  the 
firft  of  which  AB  above  the  given  magnitude  AE  has  a  given 
ratio  to  C,  and  the  excefs  of  C  above  a  given  magnitude  has  a 
given  ratio  to  D.  the  excefs  of  AB  above  a  gi*  a 
ven  magnitude  has  a  given  ratio  to  D.  -"■ 

Becaufe  EB  has  a  given  ratio  to  C,  and  the^l 
excefs  of  C  above  a  given  magnitude  has  a  given 
^.  24.  Dat.  ratio  to  D;  therefore  ^  the  excefs  of  EB  above  a  jjf'- . 
given  magnitude  has  a  given  ratio  to  D.  let  this 
given  magnitude  be  EF,  therefore  FB  the  ex- 
cefs of  EB  above  EF  has  a  given  ratio  to  D.  *«' 
and  AF  is  given,  becaufe  AEj  EF  are  given. 


b* 


C  I> 
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therefore  FB  the  exccfs  of  AB  above  the  given  magnitude  AF  has 
a  given  ratio  to  D." 


PROP.    XXVIIL 

TF  two  lines  given  in  pofitipn  cut  one  another,  the  See  n. 
^   point  or  points  in  which  they  cut  one  another  are 
given. 

Let  two  lines  AB,  CD  given  in  pofition  qut  one  another  in  the 
point  £  'y  the  point  £  is  given. 

Becaufe  the  lines  AB,  CD  are         C* 
given  in  pofition,  tbey  have  always     . 
the  fame  fituation  *,  and  therefore   xv 
the  point,  or  points,  in  which  they 
cut  one    another  have  always  the 
fame  fituation,  and  becaufe  the  lines     -      jgj 
AB,  CD  can  be  found  »,  the  point,  J^ — y 


or  points,   in  which  they  cut  onp 
another,   are  likewife   found  j   and        C 
therefore  are  given  in  pofition  ■. 


PROP-    XXIX.  26. 

IF  the  extremities  of  a  ftraight  line  be  given  ia 
pofition }  the  ftraight  line  is  given  in  pofition  and 
magnitude* 

Becaufe  the  extremities  of  the  ftraight  line  are  given,  they  can 
be  found  •;  let  thefe  be  the  points  A,  B,  between  which  a  ftraight  *•  4*  Dcf. 
4ine  AB  can  be  drawn  *> ;  this  has  an  !>•  *•  ^^^^* 

invariable    pofition,    becaufe    between  j^  ^        *^^" 

two  given  points  there  can  be  drawn 

but  one  ftraight  line,  and  when  the  ftraight  line  AB  is  drawn,  its 
magnitude  is  at.  the  fame  time  exhibited,  or  given,  therefore  the 
ftraigl^t  liqe  AB  is  given  in  pofition  and  magnitude. 
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27.  .  PROP.    XXX. 

TF  one*  of  the  extremities  of  a  ftraight  line  given  in 
•*■  pofition  and  magnitude  be  given  j  the  other  extrem- 
ity fliall  alfo  be  given.  ^ 

Let  the  point  A  be  given,  to  wit,  one  of  the  extremities  of  a 
ftraight  line  given  in  magnitude,  and  which  lies  in  the  ftraight 
line  AC  given  in  pofition ;  the  other  extremity  is  alfo  given. 

Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equal  to  it 

a.  I.  Dcf.  can  be  found  ■ ;  let  this  be  the  ftraight  line  D.  from  the  greater 

ftraight  line  AC  cut  off  AB  equal  to  the   i  -p^         w 

leffer  D.  therefore  the  6ther  extrehiity  ■"■•  -^         ^ 

B  of  the  ftraight  line  AB  is  found,  and^i^ 

the  point  B  has  always  the  fame  riMia-*-*^ 

tion',  becaufe  any  other  point  in  AC, 

upon  the  fame  fide  of  A,  cuts  off  between  it  and  the  point  A  a 

greater  or  lefs  ftraight  line  than  AB,  that  is  than  p.  therefore  the 

b.  4*  Pcfi  point  B  is  given  b.  and  it  is  plain  another  fuch  point  can  be  found 

in  AC  produced  upon  the  other  fide  of  the  point  A^ 

%%,  PROP.    XXXI. 

TF  a  flraight  line  be  drawn  through  a  given  point 
•^  parallel  to  a  ftraight  line  given  in  pofttion)  that 
flraight  line  is  given  in  pofition. 

Let  A  be  a  given  point,  and  BC  a  ftraight  line  given  in  pofition  ^ 
the  ftraight  line  drawn  thro'  A  parallel  to  BC  is  given  in  pofition, 

«.  31*  It         Thro'  A  draw » the  ftraight  line  i^AE-^  AT? 

parallel  to  BCj  the  ftraight  line  DAEJ^^^ -^        -^ 

has  always  the  fame  pofition,  becaufe>p  ^ 

no'  other   ftraight  line   can  be   *^r!:^wn•P  V 

through  A  parallel  to  BC.  therefore  the 

*•  4'  ^«f-  ftraight  Jine  DAE  N^^hich  has  been  found  is  given  «>  ui  pofition* 
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PROP.    XXXIL  29. 

TF  a  {traight  line  be  drawn  to  a  given  point  in  a  given 
'''  ftraight  line,  and  makes  a  given  angle  wiffi  it.  that 
ftraight  line  is  given  in  pofition. 

Let  AB  be  a  ftraight  line  given  in  pofition>  and  G  a  given  point 
in  it,  the  ftraight  line  drawn  to  C 
which  makes  a  given  angle  with  CB, 
is  given  in  pofition. 

Becaufe  the  angle  is  given^  one 
equal  to  it  can  be  found  ' ;  let  this 
be  the  angle  at  D.  at  the  given  point  jy 
C  in  the  given  ftraight  line  AB  "^ 
make  ^  the  angle  ECB  equal  to  the 
angle  at  D.  therefore  the  ftraight 
line  EC  has  always  the  fame  (itua- 
tion,  becaufe  any  other  ftraight  line 

FC  drawn  to  the  point  C  makes  >)iath  CB  a  greater  or  lefs  angle 
than  the  angle  ECB  or  the  angle  at  D.  therefore  the  ftraight  line 
EC  which  has  been  found  is  given  in  pofition. 

It  is  to  be  obferved  that  there  are  two  ftraight  lines  EC,  GC 
upon  one  fide  of  AB  that  make  equal  angles  with  it,  and  which 
make  equal  angles  with  it  when  produced  to  the  other  fide. 

PROP.    XXXIII.  30. 

TF  a  ftraight  line  be  drawn  from  a  given  point,  to  a 
•*"  ftraight  line  given  in  pofition,  and  makes  a  given 
angle  with  it ;  that  ftraight  line  is  given  in  pofition. 

From  the  given  point  A  let  the  ftraight  line  AD  be  drawn  to 
the  ftraight  line  BC  given  in  pofition,  and  make  with  it  a  given 
angle  ADC ;  AD  is  given  in  pofition. 

Thro'  the  point  A  draw  »  the  ftraight  E  A  T  *•  3*'  *• 

line  EAF  parallel  to  BC;   and  becaufe  \ 

thro*  the  given  point  A  the  ftrriight  line  \ 

EAF  is  drawn  parallel  to  BC  which  is  gi-  t*  t^        (n 

vert  in  pofition,  EAF  is  therefore  given  in 

pofition ''.  and  becaufe  the  ftraight  lin^  AD  meets  the  parallels  BC,  ^*  3*«  ^^ 
EF,  the  angle  EAD  is  equal  ^  to  the  angle  ADC;  and  ADC  isc  «^.  1. 
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given^  Dirhcrefore  alfo  the  angle  EAD  is  given,  therefore  becatife 
the  ftraight  line  DA  is  drawn  to  the  given  point  A  in  the  ftraight 
line  £F  given  in  pofition^  and  makes  with  it  a  given  angle  £AD; 
d.  3^.  Dat,  ^D  15  giy^  d  in  pofition. 

31-  PROP.    XXXIV. 

SecN.  yp  f^^jj^  ^  given  poiHt  to  a  ftraight  line  given  in  pofi- 
^  tion,  a  ftraight  line  be  drawn  which  is  given  in 
magnitude ;  the  fame  is  alfo  given  in  pofition. 

Let  A  be  a  given  point,  and  BC  a  ftraight  line  given  in  pofi« 
tion ;  a  ftraight  line  given  in  magnitude  drawn  from  the  point  A 
to  BC  is  given  in  pofition. 

Becaufe  the  ftraight  line  is  given  in  magnitude,  one  equal  to  it 
a.  1,  Def.  can  be  found  ■ ;  let  this  be  the  ftraight  line  D.  from  the  point  A 
draw  A£  perpendicular  to  BC ;  and  becaufe  j^ 

AE  is  the  fliorteft  of^all  the  ftraight  lines  ^ 

which  can  be  drawn  from  the  point  A  to  BC, 
the  ftraight  line  D,  to  which  one  equal  is  to 


be  drawn  from  the  point  A  to  BC,  cannot  be  IB       IE  C 

lefs  than  AE.  If  therefore  D  be  equal  to  A^f       — — — 

AE  is  the  ftraight  line  given  in  magnitude  drawn  from  the  given 

b.  33.  Dat.  point  A  to  BC.  and  it  is  evident  that  AE  is  given  in  pofition  b  be- 

caufe it  is  drawn  from  the  given  point  A  to  BC  which  is  given 
in  pofition,  and  makes  with  BC  the  given  angle  AEC. 

But  if  the  ftraight  line  D  be  not  equal  to  AE,  it  muft  be  greater 
than  it.  produce  AE,  and  make  AF  equal  to  D;  and  from  the  cen- 
ter A,  at  the  diftance  AF  defcribe  the  circle  GFH,  and  join  AG, 

c.  6,  Def.    ^jj^  becaufe  the  circle  GFH  is  given  in  pofition  «,  and  the  ftraight 

line  BC  is  alfo  given  in  pofition;  jV 

therefore  their  interfeftion  G  is  gi- 

d.  «8,  Dat.  ygn  d  .   ^nd  the  point  A  is  given  5  -g     |n 

e.  ap.  Dat.  wherefore  AG  is  given  in  pofition  *, 

that  is,  the  ftraight  line  AG  given  in  "1%— 3il_ 

magnitude  (for  it  is  equal  to  D)  and. 

drawn  from  the  given  point  A  to  the  Jlraight  line  BC  given  in  po- 
fition, is  alfo  given  in  pofition.  and  in  like  manner  AH  is  given  in 
pofition.  therefore^  in  this  cafe  there  are  two  ftraight  lines  AG, 
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AH  of  the  faine  given  magnitude  which  can  be  drawn  from  a 
given  point  A  to  a  ftraight  line  BC  given  in  pofition. 

PROP.    XXXV.  /32. 

TF  a  ftraight  line  be  drawn  between  two  parallel  ftraight 
lines  given  in  pofition,  and  makes  given  angles  with 
them }  the  ftraight  line  is  given  iii  magnitude. 

Let  the  ftraight  line  EF  be  drawn  between  the- parallels  AB, 
CD  which  are  given  in  pofition,  and  make  the  given  angles  BEF, 
EFD ;  EF  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  thro*  G  draw  •  GH  paral-  »•  S'-  »• 
lei  to  EF-  and  becaufc  CD  meets  the  parallels  GH,  EF,  the  angle 

EFD  is  equal  »>  to  the  angle  HGD.  and     .  TT?  XT    T>  ^*  *^'  '* 

EFD  is  a  given  angle,  wherefore  the  angle  -^         Jii  tL    jS 
HGD  is  given,  and  becaufe  HG  is  drawn 
'  to  the  given  point  G  in  the  ftraight  line 
CD  given  in  pofition,  and  makes  a  given    ^        X^  r«         t^ 
angle  HGD  •,  the  ftraight  line  HG  is  gi-    i'        -C    «        -^ 
ven  in  pofition  «.  and  AB  is  given  in  pofition,  therefore  the  point  ^'  ^^'  ^*'* 
H  is  given  <*;  and  the  point  G  is  alfo  given,  wherefore  GH  is  given  ^'  **•  ^**' 
in  magnitude  J.  and  EF  is  equal  to  it  j  therefore  EF  is  given  in  *^-  ^9'  ^*** 
magnitude. 

PROP.    XXXVI.  33. 

TF  a  ftraight  line  given  in  magnitude  be  drawn  between  s«e  n. 

two  parallel  ftraight  lines  given  in  pofition  j  it  (hall 
make  given  angles  with  the  parallels. 

Let  the  ftraight  line  EF  given  in  magnitude  be  drawn  between 
the  parallel  ftraight  lines  AB,  CD  which  are  *  ,--,  -_.  --^ 
given  in  pofition;  the  angles  AEF,  EFC  fhall  ;A-  Jid  tL  M 
be  given. 

Becaufe  EF   is   given   in   magnitude,   a 


TIC  3> 
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.  DeC 


ftraight  line  equal  to  it  can  be  found  * ;  let  "p 

this  be  G.  in  AB  take  a  given  point  H,  and      ^«> 

from  it  draw  ^  HK  perpendicular  to  CD.  !>•  "•  ^• 

therefor^  the  ftraight  line  G,  that  is  EF,  cannot  be  lefs  than  HK. 
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and  if  G  be  equal  to  HK,  EF  alfo  is  equal  to  it ;  wherefore  EFi& 
at  right  angles  to  CD,  for  if  it  be  not,  EF  would  be  greater  than 
HK,  which  is  abfurd.  therefore  the  angle  EFD  is  a  right  and 
confcqucntly  a  given  angle* 

But  if  the  ftraight  line  G  be  not  equal  to  HK,  it  muft  be  greater 
than  it.  produce  HK,.  and  take  HL  equal  to  G ;  and  from  the 
center  H,  at  the  diftance  HL  defcribe  the  circle  MLN,  and  joiii 

c.  6.  Def.  HM,  HN.  and  becaufe  the  circle  «  MLN,  and  the  ftraight  line  CD 

d.  aS.  Dat.  are  given  in  pofition,  the  points  M,  N  are  **  given;  and  the  point  H 

is  given,  wherefore  the  ftraight 
lines  HM,  HN  are  given  in  pofi-J^ 

€•  ap.  Dat.  tion  «.  and  CD  is  given  in  pofi- 
tion, therefore  the  angles  HMN, 

£  A.  Def.  HNM  are  given  in  pofition  '.    .^^^     ^^      ^  ,  ^t^t  t\ 

of  the  ftraight  lines  HM,  HN  C    T  OK  X     ^*^ 

let  HN  be  that  which  is  not  pa-  CL  ^ 

rallel  to  EF,  for  EF  cannot  be 

parallel  to  both  of  them  j  and  draw  EO  parallel  to  HN*   EO 

g.  34-  !•  therefore  is  equal  »  to  HN,  that  is  to  G ;  and  EF  is  equal  to  G, 
wherefore  EO  is  equal  to  EF,  and  the  angle  EFO  to  the  angle. 

h.  ap.  1.  EOF,  that  is  ^  to  the  given  angle  HNM.  and  becaufe  the  angle 
HJSTM  which  is  equal  to  the  angle  EFO  or  EFD  has  been  found, 
therefore  the  angle  EFD,  that  is  the  angle  AEF,  is  given  in  mag« 

k.  I.  Def.  jjj^^^^  k^  ^j^j  confequently  the  angle  EFC. 


SeeN. 


E-  PROP.    XXXVIL 

TF  a  ftraight  line  given  in  magnitude  be  drawn  from  a 

.    point  to  a  ftraight  line  given  in  pofition,  in  a  giten 

angle ;  the  ftraight  line  drawn  thro*  that  point  parallel 

to  the  ftraight  line  given  in  pofition,. is  given  in  pofition. 

Let  the  ftraight  line  AD  given  in  magnitude  be  drawn  from 
the  point  A  to  the  ftraight  line  BC  given  in 
pofition,  in  the  given  angle  ADC;  the  ftraight  E         AH!F 
line  EAF  drawn  through  A  parallel  to  BC  is  /     / 

given  in  pofition.  /     / 

In  BC  take  a  given  point  G,  and  draw  GH  ^5     -rl   Q     f^ 
parallel  to  AD.  and  becaufe  HG  is  drawn  to  a 
given  point  G  in  the  ftraight  line  BC  given  in  pofition,  in  a  given 
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Iflgle  MGC,  tor  it  is  equal  •  to  the  given  angle  ADC;  HG  is  »•  ^9-  x- 
given  in  pofition  ^5  but  it  is  given  alfo  in  magnitude,  b^caiife  it  is  b-  3»- 1>*^* 
equal  to  AD  which  is  given  in  magnitude,  therefore  becaufe  G  one 
of  the  extremities  of  the  ftraight  line  OH  given  in  pofition  and 
magnitude  is  given,  the  other  extremity  H  19  given  ^.  and  the  ^'  i°»  ^'•• 
ftraight  line  EAF  which  is  drawn  through  the  given,  point  H 
parallel  to  BC  given  in  pofition,  is  therefore  given  ^  in  p^fitiohi    ^'  3»«  ft?*- 

PROP.    XXXVIIl.  34* 

IF  a  ftraight  tine  be  drawn  from  a  given  point  to  two 
parallel  ftraight  lines  given  in  pofition ;  the  ratio  of 
the  fegments  betw,een  the  given  point  and  the  parallels 
fliall  be  given. 

Let  the  ftraight  line  EFG  be  drawn  from  the  giv^n  point  E 
to  the  parallels  AB,  CD;  the  ratio  of  £F  to  EG  is  given. 

From  the  p6int  £  draw  EHK  perpendicular  to  CD.  ^nd  becaufe 
itom  a  given  point  £  the  ftraight  line  EK  is  drawn  to  CD  which 
h  given  in  pofitioni  in  a  given  angle  EKC ;  £K  is  given  in  pofi- 


^    t:a     :r 
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X— .  ^     III  *» 
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tiott  •.  and  AB,  CD  are  given  in  pofition  j  therefore  ^  the  points  »•  33-  I5at. 
H,  K  are  given,  and  the  point  E  is  given,  wherefore  «  EH,  EK  J'  ^^-  J*J] 
are  given  in  magnitude,  and  the  ratio  ^  of  them  is  therefore  given.  ^^  ^  -^^^ 
but  as  EH  to  EK,  fo  is  EF  to  EG,  becaufe  AB,  CD  are  parallels. 

therefore  the  r^tio  of  EF  to  EG  is  given. 

» 

PROP.    XXXIX.  ^  35- 3^* 

IF  the  ratio  of  the  fegments  of  a  ftraight  line  between  Scc  n. 
a  given  point  in  it  and  two  parallel  ftraight  Imes  , 

\ft  given ;  if  one  of  the  parallels  be  given  in  pofition^ 
the  other  is  alfo  given  in.  pofition* 

B  b 
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From  the  given  point  A  let  the  ftraight  line  AED  be  drawn  t^ 
the  two  parallel  ftraight  lines  FG,  BC»  and  let  the  ratio  of  the 
fegments  AE,  AD  be  given ;  if  one  of  the  parallels  BC  be  given 
in  pofidony  the  other  FG  is  ^Ifo  given  in  pofition. 

From  the  point  A  draw  AH  perpendicular  to  BQ,  and  let  it 
meet  FG  in  K.  and  becaufe  AH  is  drawn  from  the  given  point  A 
to  the  ftraight  line  BC  given  in  poiition^  and  makes  a  given  angle 
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a.  ^^.  Dat,  AHD ;  AH  is  given  »  in  pofition.  and 

BC  is  likewife  given  in  poiitioni  there^ 

b.  a8.  Dat.  for^  the  point  H  is  given  ^.  the  point  A 

is  alfo  given,  wherefore  AH  is  given  in 

c.  ap.  Dat.  magnitude  ^.  and,  becaufe  FG,  BC  are 

parallels,  as  AE  to  AD^  fo  is  AK  to-  ..^ 

AH ;  and  the  patio  of  AE  to  AD  is  gi-    T    E        'S^    Cc 
ven,  wherefore  the  ratio  of  AK  to  AH  is  given;  but  AH  is  given 

d.  a.  Dat.  in  magnitude,  therefore  ^  AK  is  given  in  magnitude;  and  it  is  alfo 
c.  30.  Dat.  given  in  pofition,  and  the  point  A  h  given;  wherefore  *  the  point 

K  is  given,  and  becaufe  the  ftraight  Kne  FG  is  drawn  thro'  the 
f.  31.  Dat.  given  point  K  parallel  to  BC  which  is  given  in  pofition,  therefore  ^ 
FG  is  given  in  pofition. 
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PROP.    XL. 

IF  the  ratio  of  the  fegments  of  a  ftraight  line  into 
which  it  is  cut.  by  three  parallel  ftraight  lines,  be 
given ;  If  two  of  the  parallels  are  given  in  pofition,  the 
rhird  alfo  is  given  in  pofitioii. 

Let  AB,  CD,  HK  be  three  parallel  ftraight  Knes,  of  which  AB, 
CD  are  given  in  pofition ;  and  let  the  ratio  of  the  fegments  GE, 
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GP  into  which  the  ftraight  line  G£F  is  cut  by  the  thre^  parallels^ 
be  given ;  the  third  parallel  HK  is  given  in  poiition* 

In  AB  take  a  given  point  L,  and  draw  LM  perpendicular  to 
CD,  meeting  HK  in  N.  becaufe  LM  is  drawn  from  ^e  given 
point  L  to  CD  which  is  given  in  pofition,  and  makes  a  given  angle 
LMD }  LM  is  given  in  pofition  **  and  CD  is  given  in  pofition,  *♦  33«  !>**• 
wherefore  the  point  M  is  given  ^ ;  and  the  point  L  is  given,  LM  **•  *^-  ^*** 
is  therefore  given  in  magnitude  *=.  and  becaufe  the  ratio  of  GE  to  ^'  ^9-  ^at* 

H       G  IT  K 
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OF  is  given,  and  as  GE  to  GF,  fo  is  NL  to  NM  5  the  ratio  of     j-cor.  6. 

NL  to  NM  is  givea;  and  therefore  <*  the  ratb  of  ML  to  LN  is  ^  \    ^ 

given,  but  LM  is  given  in  magnitude,  wherefore  *  LN  is  given  in  ^  ^  q^^ 

magnitude ;  and  it  is  alfo  given  in  pofition,  and  the  point  L  is 

given ;  wherefore  '  the  point  N  ts  given,  and  becaufe  the  ftraight  ^-  3'5-  ^^^* 

line  HK  is  drawn  thro^  the  given  point  N  parallel  to  CD  which  is 

given  in  pofition,  therefore  HK  is  given  in  pofition  «•  g*  3i-  Da^ 


PROP.    XLL 


F. 


IF  a  ftraight  line  meets  three  parallel  ftraight  lines  See  N- 
which  are  given   in  pofition ;    the  fegments  into 
iwhich  they  cut  it,  have  a  given  ratio. 

•  ^ 

Let  the  parallel  ftraight  lines  AB,  CD,  EF  given  in  pofition  be 
cut  by  ihc  ftraight  line  GHK;  the  ratio  of  GH  to  HK  is  given. 

In  AB  take  a  given  point  L,  and  draw 
LM  perpendicular  to  CD,  meeting  EF  in  "»  Gc  li        J5 

N }  therefore  *  LM  is  given  in  pofition  t 
and  CD,  EF  are  given  in  pofition,  where-  ^     •«/     -M 
foire  the  points  M,  N  are  given,  .^d  the 
point  L  is  given,  therefore  ^  the  ftraight 


lines  LM,  MN  are  given  in  magnitude  ;£   ]Ku 
and  the  ratio  of  LM  to  MN  is  therefore 

B  h  2 
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c.  1.  Dat.  given  c.  but  as  LM  to  MN,  fo  vis  GH  to  HK;v  wherefore  tbc 
ratio  of  GH  to  HK  is  given* 


39- 


PROP.    XLIL 


SceN. 


a*  2U  I. 


b.  1. 1. 


c. 


I 


d. 

e. 


Let  each^f  the  fides  of  the  triangle  ABC  be  given  in  magni- 
tude ;  the  triangle  ABC  is  given  in  fpecies. 

Make  a  triangle  ■  DEF  the  fides  of  which  arc  equal,  each  to 
each,  to  the  given  (Iraight  lines  AB,  BC,  CA;  which  can  be  done, 
becaufe  any  two  of  them  muft  be  greater  than  the  third  \  and  let 
DE  be  equal  to  AB,  EF  to 

BC,   and  FD  to  CA.   and  A  IP 

becaufe  the  two  Odes  ED, 
DF  arc  equal  to   the  two 
BA,  AC,  each  to  cadi,  and 
the  bafe  EF  equal   to  thcg 
b^e  BC )  the  angle  EDF  is 

equal  ^  to  the  angle  B  AC.  therefore  becaufe  the  angle  EDF,  which 

18  equal  to  the  angle  BAC,  has  been  found,  the  angle  BAG  is  gi- 

I.  Bef.  ven  <:,  in  like  manner  the  angles  at  B,  C  are  given,  and  becaufe  the 

I.  Dat.  fides  AB,  BC,  C  A  are  given,  their  ratios  to  one  another  are  given<*. 

3.  Dcf.  therefore  the  triangle  ABC  is  given  *  in  fpecies. 


40-  PROP.  x^ra. 

F  each  of  the  angles  of  a  triangle  be  given  in  magni* 
tude ;  the  triangle  is  given  in  fpecies. 


I 


Let  each  of  the  angles  of  the  triangle  ABC  be  given  in  magni- 
tude I  the  triangle  ABC  is  given  in  fpecies. 

Take  a  flraight  line  DE  given  tn 
pofition  and  magnitude,  and  at  the 
a.  «3.  I.  points  D,  E  make  •  the  angle  EDF  e- 
qual  to  the  angle  BAC,  and  the.angle 
DEF  equal  to  ABC  5  therefore  the 
other  angles  EFD,  BCA  are  equal, 
and  each  of  the  angles  at  the  points  A,  B,  C  is  given,  wherefore 


3) 


D  ^  T  A.  389 

each  of  thofe  at  the  points  D,  E,  F  is  given,  and  becaufe  the  ftraight 

line  FD  is  drawn  to  the  given  point  D  in  DE  which  is  given  in 

pofition,  making  the  given  angle  EDF ;  therefore  DF  is  given  in 

pofition  b.  in  like  manner  EF  alfo  is  given  in  pofition;  wherefore  ^'  3^*  ^^^. 

the  point  F  is  gi^en.  and  the  points  D,  E  are  given;  therefore  each 

of  the  ftraight  lines  DE,  EF,  FD  is  given  «  in  magnitude,  where-  c.  ap-  ^at. 

fore  the  triangle  DEF  is  given  in  fpecies  **  j  and  it  is  fimilar  « to  die  ^*  4«*  !>«*• 

triangle  ABC ;  which  therefore  is  given  in  fpecies.  ^  Xt  Dcf 

PROP.    XLIV.  41. 

IF  one  of  the  angles  of  a  triangle  be  given,  and  if  the 
fides  about  it  have  a  given  ratio  to  one  another ;  the 
triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  BAG  given»  and 
let  the  fides  B A,  AC  about  it  have  a  given  ratio  to  one  another  ^ 
the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  hne  DE  given  in  pofition  and  magnitude,  and 
at  the  point  D  in  the  given  ftraight  line  DE  made  the  angte  EDF 
equal  to  the  given  angle  BAC;  wherefore  the  angle  EDF  is  given* 
and  becaufe  the  ftraight  line  FD  is  drawn  to  the  given  point  D  ia 
ED  which  is  given  in  pofition,  making  the  given  angle  EDF;  there- 
fore FD  is  given  in  pofition  ».  and  be-  a  *•  3*«  Da** 
caufe  the  ratio  of  BA  to  AC  is  given, 
make  the  ratio  of  ED  to  DF  the  fame 
with  it,  and  join  EF.  and  becaufe  the 
ratio  of  ED  tp  DF  is  given,  and  ED  is  --^'          g^    — , 
given,  therefore  b  DF  is  given  in  mag-  -^            ^    -^        ^    b.  %.  Dat. 
nitude  j  and  it  is  given  alfo  in  pofition,  and  the  point  D  is  given^ 
wherefore  the  point  F  is  given  «.  and  the  points  D,  E  are  given,  c  30.  Dat» 
wherefore  DE,  EF,  FD  are  given  ^  in  magnitude;  and  the  triangle  d.  ap.  Dar. 
DEF  is  therefore  given  *  in  fpecies.  and  becaufe  the  triangles  ABC,  e.  4a.  Dat. 
DEF  have  one  angle  BAC  equal  to  one  angle  EDF,  and  the  fides 
about  tbefe  angles  proportionals;  the  triangles  are  ^  fimilar.  but  f«  <J«  ^ 
the  triangle  DEF  is  given  in  fpecies,  and  therefore  alfo  the  tri* 
angle  ABC. 
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42. 


PROP.    XLV. 


SeeN. 


TF  the  fides  of  a  triangfe  have  to  one  anothet  giveti 
"*•  ratios ;  the  triangfe  is  given  in  fpecies^ 


C.  20.  Z. 

d.  A.  5. 


Let  the  fides  of  the  triangle  ABC  have  given  ratios  to  one 
another,  the  triangle  ABC  is  given  in  ^ccics. 

Take  a  ftraight  line  D  given  in  magnitude  \  aod  becaufe  the 

ratio  of  AB  to  BC  is  given,  make  the  ratio  of  D  to  £  the  fame 

%,  2.  Dat.  ^j^  j^ .  j^j^j  J)  jg  given,  therefore  ■  E  is  given,  and  becaufe  the 

ratio  of  BC  to  CA  is  given,  to  this  make  the  ratio  of  £  to  F  the 
fame;  and  £  is  given^  and  therefore  *  F.  and  becaufe  as  AB  to 
BC,  fo  is  D  to  E,^  by  compofition  AB  and  BC  together  arc  to  BC* 
as  D  and  £  to  £;'  but  as  BC  to 
C A,  fo  is  E  to  F  J  therefore,  ex 
aequali  b,  as  AB  and  BC  are  to 
CA,  fo  are  D  and  E  to  F.  and  AB 
and  BC  are  greater  ^  than  CA, 
therefore  D  and  E  are  greater  <* 
than  F.  in  the  fame  manner  any 
two  of  the  three  D,  E,  F  are 
greater  than  the  third,  make  *  the 
triangle  GHK  whofc  fides  are  equal  to  D,  E,  F,  fo  that  GH  be. 
equal  to  D,  HK  to  E,  and  KG  to  F.  and  becaufe  D,  E,  F  are, 
each  of  them,  given,  therefore  GH,  HK,  KG  are  each  of  them 
f,.4?.  Dat.  given  in  magnitude  j  therefore  the  triangle  GHK  is  giv^n  '^  in 
fpecies.  but  as  AB  to  BC,  fo  is  (D  to  E,  that  is)  GH  to  HK;  and 
as  BC  to  CA,  fo  is  (E  to  F,  that  is)  HK  to  KG  j  therefore,  tx 
aequali,  as  AB.  to  AC>  fo  is  GH  to  GK.  wherefore  «  the  triangle 
ABC  is  equiangular  and  fimilar  to  the  triangle  GHK.  and  the 
triangle  GHK  is  given  in  fpecies;   therefore  alfo  the  triangle 
ABC  is  given  in  fpecies. 

CoR,  If  a  triangle  is  required  to  be  made  the  fides  of  wliich 
(Iiall  have  tbQ  fame  ratios  which  three  given  ftraight  lines.  D,  E, 
F  have  to  one  another ;  it  is  neceffary  that  every  two  of  then\ 
be  greater  than  the  third. 


e«  92.  ?• 


g«  5-  ^' 


D  A  T  A»  jpjt 

PROP.    XLVI.  43. 

IF  the  fides  of  a  right  angled  triangle  about  one  of  tbe 
acute  angles  have  a  given  ratio  to  one  another;  the 
triangle  is  given  in  fpecies. 

Let  the  fides  AB^  BC  about  the  acute  angle  ABC  of  the  tri- 
angle ABC  which  has  a  right  angle  at  A,  have  a  given  ratio  to 
one  another;  the  triangle  ABC  is  given  in  fpecies. 

Take  a  ftraight  line  D£,  given  in  pofition  and  magnitude  j  and 
becaufe  the  ratio  of  AB  to  6C  is  giveni  make  as  AB  to  BC,  fo 
DE  to  EF ;  and  becaufe  DE  has  a  given  ratio  to  EF,  and  D£  ia 
given,  therefore  *  EF  is  given,  and  becaufe  as  AB  to  BC,  lb  is  ••  *•  ^**- 
DE  to  EP,  and  AB  is  lefs  ^  than  BC,  therefore  DE  is  lefs  <^  than  ^-  '9- 1. 
EF.  from  the  point  D  draw  DG  at  right  angles  to  DE,  and  from/^'  ^'  ^' 
the  center  E  at  the  diftance  EF  defcribe  a  circle  which  fliall  meet 
DG  in  two  points,  let  G  be  .  ^ 

either  of  them,  and  join  EG ;  -jV  ivv 

therefore  the  circumference  of  ^  .^^^"^'^^  \  ^        .^-^"aV^ 
the  circle  is  given  ^  in  pofition.  ^^^0^"*^"^      \\       ^'  ^'  ^*^ 

and  the  ftraight   line  DG  is  j^^.rf^^7    .        ..        .  M  /j^ 

given  ^  in  poGtion,  becaufe  it  e*  52.  D^t. 

is  drawn  to  the  given  point  D  in  DE  given  in  pofition,  in  a  given 
angle,  therefore  ^  the  point  G  is  given,  and  the.  points  D,  E  arc  f*  aS.  Dat. 
given,  wherefore  DE,  EG,  GD  are  given  ff  in  magnitude,  and  the  g-  ap-  Dat, 
triangle  DEG  in  fpecies  K  and  becaufe  the  triangles  ABC,  D£G  ^  4«^-  D*t- 
have  the  angle  B  AC  equal  to  the  angle  EDG,  and  the  fides  about 
the  angles  ABC,  DEG  proportionals,  and  each  of  the  other 
angles  BC  A,  EGD  lefs  than  a  right  angle  \  the  triangle  ABC  is 
equiangular  *  and  fimilar  to  the  triangle  DEG.  but  DEG  is  given  *•  7*  ^* 
in'i^ecies,  therefore  the  triangle  ABC  is  given  in  fpecies.  and  in 
the  fame  manner,  the  triangle  made  by  drawing  a  ftraight  line 
from  E  tb  the  other  point  in  which  the  circle  meets  DG  is  given 
in  fpecies. 
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PROP.    XLVIL 


41.  3a     U 

b«  43*  Dat. 


S^.Nt  TF  ^  triangle  has  one  of  its  angl^  which  is  not  a  right 
X  angle  given,  and  if  the  fides  about  another  angle 
have  a  given  ratio  to  one  another}  the  triangle  is  given 
in  fpecies. 

Let  the  triangle  ABC  have  one  of  its  angles  ABC  a  given,  but 
not  a  right  angle,  and  let  the  fides  BA,  AC  about  another  angle 
B  AC  h^ve  a  giyen  ratio  to  one  another  ^  the  triangle  ABC  is  gi* 
yen  in  ijpecies. 

Firft,  Let  the  given  ratio  be  the  ratio  of  equa^ 
Jity,  that  is,  let  the  fides  BA,  AC  a,nd  confe- 
quently  the  angles  ABC,  ACB  be  equal,  and  be^ 
caufe  the  angle  ABC  is  given,  the  angle  ACB, 
and  ajfo  the  remaining  »  angle  B  AC  is  given, 
therefore  the  triangle  ABC  is  given  b  in  fpeciest 
and  it  is  ^ident  that  in  this  cafe  the  given  angle 
ABC  mud;  be  acute. 

Next,  Let  the  given  ratio  be  the  ratio  of  a  lefs  to  a  greater,  tha^ 
is,  let  the  fide  AB  adjacent  to  the  given  angle  be  lefs  than  the  fide 
AC.  take  a  ftratght  line  DE  given  in  pofition  and  magnitude,  and 
make  the  angle  DEF  equal  to  the  given  angle  ABC5  therefore  EP 
is  given  ^  in  pofition.  and  becaufe 
the  ratio  of  BA  to  AC  is  given,  as 
B  A  to  AC,  fo  make  ED  to  DG;  and 
becaufe  the  ratio  of  ED  to  DG  1$ 
given,  and  ED  is  given,  the  ftraight 
line  DG  is  given  **.  and  BA  is  lefs 
than  ACjj  therefore  ED  is  lefs  *  than 
DG.  from  the  center  D,  at  the  dif- 
tance  DG  defcribe  the  circle  GP 
meeting  EF  in  F,  and  join  DF.  and 
becaufe  the  circle  is  given  ^  in  pofi-» 
tion,  as  alfo  the  ftraight  line  EF,  the  Ct 

point  F  is  given  f .  and  the  points  D,  E  are  given,  wherefore  the 
ftraight  lines  DE,  EF,  FD  arc  giyen  ^  in  magnitude^  and  the  tri^ 
angle  DEF  in  fpecies  ^.  and  becaufe  B A  is  lefs  ^han  AC,  the  anglQ 
ACB  is  lefs  "  than  t^  ^ngle  ABC»  aqd  therefore  \CB  is  1^|| 


c.  3t.  Bat. 


d.  2>  Biit. 

e.  A.  5. 


f.  ^.  Def. 

g.  28.  Dat. 
h.  39.  Pat. 
i.  42.  Dat. 

k- 18. 1. 
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>  than  a  right  angle,  in  the  fame  manner,  becaufc  ED  is  lefs  than  !•  «7«  »• 
DG  or  DF,  the  angle  DFE  is  lefs  than  a  right  angle,  and  bccaufe 
the  triangles  ABC,  DEF  have  the  wgle  ABC  equal  to  the  angle 
DEF,  and  the  fides  about  the  angka  BAC,  EDF  proportionals, 
and  each  of  the  other  angles  ACB,  DFE  lefs  tlian  a  right  angle  ( 
the  triangles  ABC,  DEF  are  »  fimilar.  and  DEF  is  given  in  fpe^^  »•  ?•  ^ 
cies,  wherefore  the  triangle  ABC  is  alfo  given  in  fpectes. 

Thirdly,  Let  the  given  ratio  be  the  ratio  of  a  greater  to  a  lefs,. 
that  is,  let  the  fide  AB  adjacent  to  the  giveii  anglQ  be  greater  than 
AC.  and,  as  in  the  laft  caf^,  take  a  ftraight 
line  D£  given  in  pofition  and  magnitude^ 
and  make  the  angle  DEF  equal  to  the  given 
angle  ABC  $  therefore  £F  is  given  ^  in  fOn 
fition.  klfo  draw  DG  perpendicular  to  EF ; 
therefore  if  the  ratio  of  BA  to  AG  be  the 
(ame  with  the  ratio  of  £D  to  the  perpen-  B 
dicular  DG,  the  triangles  ABC,  DEG  are 
fimilar  ^,  becaufe  the  angles  ABC,  DEG  are 
equal,  and  DGE  is  a  rfght  angle,  therefore 
the  angle  ACB  is  a  right  angle,  and  the  tri-  _  r«     *I7 

aagte  ABC  b  given  ^  in  fpc^ics.  ■*•  vr     *  b.  43.  Dat, 

But  ify-in  this^  laft  cafe,  the  giveii  ratio  of  B A  to  AC  be  not  the 

fame  with  theratio  of  ED  to  DG,  that  is,  with  the  ratio  of  BA  to 

the  perpendicular  AM  drawn'  from  A  to  BC;  the  ratio  of  BA  to 

AC  mvft  be  kfs  *  than  the  ratio  of  B  A  to  AM,  becaufe  AC  is  ©•  8.  ^ 

greater  than  AM.  make  as  BA.to  AC,  fo 

ED  to  DH ;  therefore  the  ratio  of  ED  to  A. 

DH  is  lefs  than  the  ratio  of  (BA  to  AM, 

that  is  than  the  ratio  of)  ED  to  DQ ;  and 

confequently  DH  is  greater  p  than  DG;  and 

becaufe  BA  is  greater  than  AC,  ED  is  S 

greater  *  than  DH.  from  the  center,  D,  at 

the  diftance  DH,  defcribc  the  circle  KHF 

which  neceffarily  meets  th$  ftraight  Ijne  EF 

in  two  points,  becaufe  DH  is  greater  than   ]g 

DG,  and  lefs  than  Di%  let  the  circle  meet 

EF  in  the  points  F,  K  which  are  given,  as  was  (hewn  in  the  pre-« 

ceding  cafe-,  and,  DF,  DK being  joined,  the  triangles  DEF,  DEK 

are  given  in  fpecies,  as  was  there  (hewn,  from  the  center  A,  at  the 

4i^an(;^  AQ  defcr^b^  a  circle  x^e^ting  BC  a^ain  ^i  li.  ap4  if  tb^ 
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angle  ACB  be  left  than  a  right  angle>.  ALB  muft  be  greater  than  a 
right  angle;  and  on  the  contrary*  in  the  fame  manner,  if  the  angle 
DFE  be  lefs  than  a  right  angle,  DKE  muft  be  greater  than  one^ 
and  on  the  contrary,  let  each  of  the  angles 
ACB,  DFE  be  either  lefs  or  greater  than  a  A. 

right  angle;  and  becaufe  in  the  triangles 
ABC,  DEF  the  angles  ABC,  DtF  are  c- 
qual,  and  the  fides  BA,  AC,  and  ED,  DF   ---—^—-^^-^  ^ 
about  two  of  the  other  angles  iproportionals,^  Yi         ^ 

"*•  7-  ^-     the  triangle  ABC  is  fimilar  *  to  the  triangle 
DEF.   in   the   fame   manner,   the  triangle 
ABL  is  fimilar  to  DEK.  and  the  triangles  _ 
DEF,  DEK  are  given  in  fpecies,  therefore  JJ    ^^ 
alfo  the  triangles  ABC,  ABL  are  given  in  ■" 

fpecies.  and  from  this  it  is  evident,  that,  in  this- third  cafe,  there 
are  always  two  triangles  of  a  different  fpecies  to  which  the  thing? 
mentioned  as  given  in  the  Propofition  ean  agree, 

45.  PROP.    XLvra. 

IF  a  triangle  has  one  angle  given,  and  if  bodi  the  fides 
together  about  that  angle  have  a  given  ratio  to  the 
remaining  fide ;  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  hs^ve  the  angle  BAC  given,  and  let  the 
fides  B A,  AC  together  about  that  angle  have  a  given  ratio  to  BC; 
the.  triangle  ABC  is  given  in  fpecies. 

a.  p.  I.  Bifed  *  the  angle  BAC  by  the  ftraight  line  AD ;  therefore  the 

b.  3.  6.      angle  BAD  is  given,  and  becaufe  as  BA  to  AC,  fo  is  ^  BD  to  DCi 

by  permutation,  as  AB  to  BD,  fo  is  AC  to 

CD;  and  as  BA  and  AC  together  to  BC,  fo         J^ 

c.  la.  5.     is  c  AB  to  BD.  but  the  ratio  of  BA  and  AC 

together  to  BC  is  given,  wherefore  the  ratio 

of  AB  to  BD  is  given ;  and  the  angle  BAD      —  ^ 

a.  47-  l>at'  is  given,  therefore  « the  triangle  ABD  is  gi-™       •*'  ^ 

ven  in  fpecies.  and  the  angle  ABD  is  therefore  given  5  tKe  angle 

«.  43.  Dat.  BAG  is  alfo  given,  wherefore  the  triangle  ABC  is  given  in  fpecies  *. 

A  triangle  which  (hall  have  the  things  that  are  mentioned  in  the 

Propofition  to  be  given,  can  be  found  in  the  following  manner. 

l«t  EFG  be  the  given  angle,  and  let  the  ratio  of  H  to  K  be  Ae 
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given  ratio  which  the  two  fides  about  the  angle  EFG  muft  have 
to  the  third  fide  of  the  triangle,  therefore  becaufe  two  fides  of  a 
triangle  are  greater  than  the  third  fide,  the  ratio  of  H  to  K  muft 
be  the  ratio  of  a  greater  to  a  lefs.  bifeft  » the  angle  EFG  by  the  *•  5'  '• 
ftraight  line  FL,  and  by  the  47  th  Pifopofition  find  a  triangle  of 
which  EFL  is  one  of  the  angles,  and  in  which  the  ratio  of  the       ' 
fides  about  the  angle  oppofite  to  FL  is  the  fame  widi  the  ratio  of 
H  to  K ;  to  do  which,  taVe  FE  given  in  pofition  and  ma^itude, 
and  draw  EL  perpendicular  to  FL«  then,  if  the  ratio  of  H  to  K 
be  the  fame  with  the  ratio  of  FE  to  EL,  produce  EL  and  let  it 
meet  FG  in  F ;  the  triangle  FEP  is  that  whieh  was  to  be  founds 
for  it  has  the  giveii  angle  £FG> 
and  becaufe  tins  angle  is  bife£led 
by  FL,  the  fides  EF,  FF  together 

arc  to  EP,  as  ^  FE  to  EL»  that  is  A^v^  «i  ""  '^*  ^*  ^* 

as  H  toK. 

But  if  the  ratio  of  H  to  K  be 
not  thfc  fame  with  the  ratio  of  F££ 
to  ELj  it  muft  be  lefs  than  it,  as 

was  fliewn  in  Prop.  47.  and  in  this  cafe  there  arc  two  triangles 
each  of  which  has  the  given  angle  EFL,  and  the  ratio  of  the  fides 
about  the  angle  oppofite  to  FL  the  fame  with  the  ratio  of  H  to* 
K.  by  Prop.  47.  find  thefe  triangles  EFM,  EFN  cach'of  which  has 
the  angle  EFL  for  one  of  its  angles,  and  the  ratio  of  the  fide  FE 
to  EM  or  EN  the  fame  with  the  ratio  of  H  to  ]^ ;  and  let  the 
angle  >£MF  be  greater,  and  £NF  le&  than  a  right  angle,  and  be« 
caufe  H  is  greater  than  K,  EF  is  greater  than  EN,  and  therefore 
the  angle  EFN,  that  is  the  angle  NFG,  is  lefs  '  than  the  angle  f-  »8«  « 
ENF.  to  each  of  thefe  add  the  angles  NEF,  EFN  5  therefore  the 
angles  NEF,  EFG  are  Icfe  than  the  angles  NEF,  EFN,  FNE,  that 
is  than  two  right  angles ;  therefore  the  ftraight  lixies  EN,  FQ 
muft  meet  together  when  produced;  let  them  meet  in  O,  and  pro*? 
duee  EM  to  G.  each  of  tie  triangles  EFG,  EFO  has  the  things 
mentloflted  to  be  given  in  the  Propofition.  for  each  of  them  has  the 
given  angle  EFG,  and  becaufe  this  angle  is  bifeQed  by  the  ftraight 
line  FMN,  the  fides  EF,  FG  together  have  to  EG  the  third  fide 
the  ratio  of  FE  to  EM,  that  is  of  H  to  K.  in  like  manner,  the 
inks  iT,  FO  to^^tbcr  have  to  £0  the  ratio  which  H  has  to  K, 
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46.  PROP.    XLtX. 

IF  a  triangle  has  one  angle  given^  and  If  the  fides  about" 
another  angle,  both  together,  have  a  given  ratio  to 
the  third  fide  i  the  triangle  is  given  in  fpecies. 

Let  the  triangle  ABC  hare  one  angle  ABC  given,  and  let  the 
two  fides  B  A,  AC  about  another  angle  BAC  have  a  given  ratio  to 
BC ;  the  triangle  ABC  is  given  in  fpecies. 

Suppofe  the  angle  BAG  to  be  bife&ed  by  the  ftraight  line  ADy 
BA  and  AC  together  are  to  BC,  as  AB  to  BD,  as  was  fhewn  in 
the  preceding  Propofition.  but  the  ratio  of  BA  and  AC  together 
to  BC  is  given,  therefore  alfo  the  ratio  of  AB  to  BD  is  given,  and 

«•  44«  Btt.  the  angle  ABD  is  given,  wherefore » the  triangle  ABD  is  given  in 
fpecies;  and  confequently  the  angle  BAD,  ' 
and  its  double  the  angle  BAC  are  giyeh; 
and  the  angle  ABC  is  given,  therefore 

b.  43.  Dat.  iijg  triangle  ABC  is  given  in  fpecics  \ 

A  triangle  which  {hall  have  the  things 
mentioned  in  the  Propofition  to  be  given, 
may  be  thus  found.  Let  EFG  be  the  gi- 
ven angle,  and  the  ratio  of  H  to  K  the  "* 
given  ratio ;  and  by  Pro{>.  44.  find  the  J^ 
triangle  EFL  which  has  the  angle  EFG 
for  one  of  its  angles,  and  the  ratio  of  the  '^ 
fides  £Fy  FL  about  this  angle  the  fame 
with  the  ratio  of  H  to  K  ^  and  make  the  angle  LEM  equal  ta  the 
angle  FEL.  und  becaufe  the  ratio  of  H  to  K  is  the  ratio  which 
two  fides  of  a  triangle  have  to  the  third,  H  muft  be  greater  than 
K ;  and  becaufe  EF  is  to  FL,  as  H  to  K,  therefore  EF  is  greater 
than  FL,  and  the  angle  FEL^  that  is  LEM  is  therefore  lefs  than 
the  angle  ELF.  wherefore  the  angles  LFE,  FEM  are  lefs  than  two 
right  angles,  as  was  (hewn  in  the  foregoing  Propofition,  and  the 
ftraight  lines  FL,  EM  muft  meet  if  produced ;  let  them  meet  in 
G.  EFG  is  the  triangle  which  was  to  be  found  5  for  EFG  is  one 
of  its  angles,  and  becaufe  the  angle  FEG  is  bife£ted  by  ]^j,  the 
two  fides  FE,  EG  together  have  to  the  third  fide  FG  the  ratio  of 
EF  tp  FL,  that  is  the  given  ratio  of  H  to  K. 


D  AT  A. 
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PROP.    L. 


16. 


TF  from  the  vertex  of  a  triangle  given  in  fpeties,  ^ 
^  ftraight  line  be  drawn  to  the  bafe  in  a  given  angle ; 
it  fliall  have  a  given  ratio  to  the  bafe. 

From  the  vertex  A  of  the  triangle  ABC  which  is  given  in  fpc- 
cies,  let  AD  be  drawn  t^  the  bafe  BC  in  a  giren  angle  ADB;  the 
ratio  of  AD  to  BC  is  given. 

Becaufe  the  triangle  ABC  is  given  in  a 

fpecies/tHe  angle  ABD  is  given^  and  the  "^ 

angle  ADB  is  givenj  therefore  the  triangle 

ABD  is  given  •  in  fpecies;  wherefore  the        .^         I       \    *•  43*  Dat. 
ratio  of  AD  to  A  B  is  given,  and  the  ratio  35  ID         C 

of  AB  to  BC  is  given  j  and  therefore  ^  the  ratio  of  AD  to  BC  ^'  ^'  ^*'' 
is  given. 


PROP.    LI. 


47- 


a.  3*  Bef. 


b.  44*  DtU. 


RECTILINEAL  figures  gi\^3n  in  fpecies,  are  divided 
into  triangles  which  are  given  in  fpecies. 

Let  the  rectilineal  figure  ABCDE  be  given  in  fpecies;  ABGDE 
nay  be  divided  into  triangles  given  in  fpecies. 

Join  B£>  BDy  and  becaufe  ABCDE  is  given  in  fpecies,  the 
angle  BAE  is  given  ^^  and  the  ratio  of  BA 
to  AE  is  given  • ;  wherefore  the  triangle, 
BAE  is  given  in  fpecies^,  and  the  angle 
AEB  is  therefore  given  *.  but  the  whole  -|^ 
angle  A  ED  is  given,  and  therefore  the 

■ 

remaining  angle  BED  is  given,  and  the        ^. 

ratio  of  AE  to  EB  is  given,  as  alfo  the        ^ 

ratio  of  AE.to  ED  \  therefore  the  ratio  of  BE  to  ED  is  given  «,*•  ^  ^>** 

and  the  angle  BED  is  given,  wherefore  the  triangle  BED  is  given 

^  in  fpecies.  in  the  fame  manner  the  triangle  BDC  is  g^ven  in 

fpecies.  therefore  reftilineal  figures  which  are  given  in  fpecies  are 

divided  into  triangles  given  in  fpecies. 


z'* 
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48.  PROP.    LH. 

IF  two  triangles  given  in  fpecies  be  dcfcribed  upon 
the  ftme  ftraight  line  j  they  (hall  have  a  giv^n  f ttio 
'  to  one  another. 

« 

Let  the  triangles  ABC,  ABD  given  In  fpecies  be  defcribed  upon 
the  fame  ftraight  line  AB  j  the  ratio  of  tlie  triangle  ABC  to  the 
triangle  ABD  is  given. 

Thro'  the  point  C  draw  CE  parallel  to  AB,  and  let  it  meet  DA 
produced  in  E,  and  join  BE.  becaufe  the  triangle  ABC  is  given  in 
fpecies,  the  angle  BAC,  that  is  the  angle  ACE,  is  given;  and  be- 
caufe the  triangle  ABD  is  given  in  fpecies,  the  ailgle  DAB,  that  is 
the  angle  AEC  is  gi-    -»  ^ 

ven.   therefore  the  tri-   *^t;^- -^  J^  JT 

angle  ACE  is  given  in 
fpecies;  wherefore  the 
ratio  of  EA  to  AC  is 

a.  3.  Dcf.  given  *,  and  the  ratio 

of  CA  to  AB  is  given, 
as  alfo  the  ratio  of  BA 

b.  p.  Dat.  to  AD ;  therefore  *»  the  ratio  #  f  EA  to  AD  is  given,  and  the  tri- 

c.  37-  «•     angle  ACB  is  equal  «  to  the  triangle  AEB^  and  as  the  tiiangle 

d.  X.  6.      AEB,  or  ACB,  is  to  the  triangle  ADB,  fo  is  *  the  ftraight  line 

EA  to  AD.  but  the  ratio  of  EA  to  AD  is  giveh,  therefore  the 
ratio  of  the  triangle  ACB  to  the  triangle  ADB  is  given* 

PROBLEM. 

To  find  the  ratio  of  two  triangles  ABC,  ABD  given  in  fpecies, 
and  which  are  defcribed  upon  the  fame  ftraight  line  AB. 

Take  a  ftraight  line  FG  given  in  pofition  andf  magnitude,  and 
becaiife  the  angles  of  the  triangles  ABC,  ABD  are  given,  at  the 
f .  as-  !•  points  F,  G  of  the  ftraight  line  FG  make  « the  angles  GFH,  GFK 
equal  to  the  angles  BAC,  BAD  j  and  the  Angles  FGH,  FGK  equal 
to  the  angles  ABC^  ABD,  each  to  each,  dicrefore  the  triangles 
ABC,  ABD  are  equiangular  to  the  triangles  FGH,  FGK,  each  to 
each,  through  the  point  H  draw  HL  parallel  to  FG  meeting  KF 
j^dttced  in  L.  and  becaufe  the  angles  BAC,  BAD  ar ^ '  equal  to 
dM  angles  G^FH,  GFK,  each  to  each ;  therefore  the  angles  ACE, 
AEC  are  equal  to  FHL,  FLH,  each  to  each,  and  the  triangle 
AEC  equiangular  to  the  triangle  FLH.  therefore  as  £A  to  AC, 


DATA.  199 

IblsLFtoFH;  and  as  CA  to  AB,  fo  HF  to  FG ;  and  as  BA  to 
AD,  fo  GF  to  FK  i  wherefore,  ex  aequali,  as  £  A  to  AD,  fo  is 
LF  to  FK.  but,  as  was  fhewn,  the  triangle  ABC  is  to  the  triangle 
ABD,  as  the  ftraight  line  EA  to  AD,  that  is  as  LF  to  FJ^.  the 
ratio  therefore  of  LF  to  FK  has  been  found  which  is  the  fame 
with  the  ratio  of  the  triangle  ABC  to  the  triangle  ABD'. 

PROP.    LIIL  49- 

IF  two  redilineal  figures  given  in  fpecies  be  defcribcd  ^^^  ^* 
upon  the  fame  ftraight  line  j  they  (hall  have  a  given 
ratio  to  one  another* 

Let  any  two  rcflilincal  figuries  ABCDE,  ABFG  which  are 
given  in  fpecies,  be  defcribed  upon  the  fame  ftraight  line  AB;  the 
ratio  of  them  to  one  another  is  given. 

Join  AC,  AD,  AF;  each  of  the  triangles  AED,  ADC,  ACB, 
ACy,  ABF  is  given  » in  fpecies.  and  becaufe  the  triangles  ADE,  «•  S'-  Dat. 
AiDG  given  in  fpecies  are  defcribed 
upon  the  fame  ftraight  line  AD,  the 
ratio  of  E  AD  to  DAC  is  given  b;  and, 
by  compofition,  the  ratio  of  EACD  to 
DAC  is  given  «.  and  the  ratio  of  DAC 
to  CAB  is  given  ^,  becaufe  they  are  de- 
fcribed upon   the  fame  ftraight  line 
AC;  therefore  the  ratio  of  EACD  to 
ACB  is  given**;  and,  by  compofition,  Hr 
the  ratio  of  ABCDE  to  ABC  is  given. 

in  the  fame  manner,  the  ratio  of  ABFG  to  ABF  is  given,  but  the 
ratio  of  the  triangle  ABC  to  the  triangle  ABF  is  given  ^ ;  where*- 
fore  becaufe  the  ratio  of  ABCDE  to  ABC  is  given,  as  alfo  the 
ratio  of  ABC  to  ABF,  and  the  ratio  of  ABF  to  ABFG ;  the  ratio 
of  the  reailineal  ABCDE  to  the  reailineal  ABFG  is  given  <«. 

PROBI4EM.  . 

To  find  the  ratio  of  two  redtiiineal  figures  given  in  fpeciesi 
and  defcribed  upon  the  fame. ftraight  line* 

Let  ABCDE,  ABFG  be  two  reailineal  figures  given  in  fpecies» 
and  defcribed  upon  the  fame  ftraight  line  AB>  and  join  AC,  AD> 
AF.  take  a  ftraight  line  HK  given  in  pofition  and  magnkude,  and 
by  the  52.  Dat.  find  the  ratio  of  the  triangle  ADE  to  the  triangk 
ADC,  and  make  the  ratio  of  HK  to  KL  the  fame  with  it«  find  alfo 
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the  ratio  of  the  triangle  ACD  to  the  triangle  ACB,  and  make  th^ 
ratio  of  KL  to  LM  the  fame,  alfo,  find  the  ratio  of  the  triangle 
ABC  to  the  triangle  ABF,  and  m&ke  the  ratio  of  LM  to  MN  the 
fame,  and  laftly,  find  the  ratio  of  the  tria&gle  AFB  to  the  triangle 
AFC,  ftnd  make  the  ratio  of  MN  to 
NO  the  fame«  then  the  ratio  of  ABCDE 
to  ABFG  is  the  fame  with  the  ratio 
of  HM  to  MO. 

Becaufe  the  triangle  E  AD  ie  to  the 

triangle  D  AC,  as  the  itraight  line  HK      A)"^ {  ^ 

to  KL;  and  as  triangle  D AC  to  CAB,    ^  /         ^ — Ay 
fo  is  the  ftraight  line  KL  to  LM  \   ^     jjr  jj  '^ff 
therefore  by  ufing  compofition  as  of-  H.   "  ■"'■*' — "r-t —  Q 
ten  as  the  number  of  triangles  requires, 

the  rediilineal  ABCDE  is  to  the  triangle  ABC,  as  the  ftraight  line 
HM  to  ML.  in  like  manner,  becaufe  triangle  G  AF  is  to  FA^,  as 
ON  to  NM,  by  compofition,  the  reftilineal  ABFG  is  to  the  tri- 
angle ABF,  as  MO  to  MN;  and,  by  inverfion,  as  ABF  to  ABFG, 
fo  is  NM  to  MO.  and  the  triangle  ABC  is  to  ABF,  as  LM  to 
MN.  wherefore  becaufe  as  ABCDE  to  ABC,  fo  is  HM  to  ML; 
and  as  ABC  to  A^F,  fo  is  LM  to  MN ;  and  as  ABF  to  ABFG> 
fo  is  MN  to  MO;  ex  aequali,  as  the  reftilineal  ABCDE  to  ABFG, 
fo  is  the  ftraight  line  HM  to  MO. 

SO-  PROP.    LIV. 

IF  two  ftraight  lines  have  a  given  ratio  to  otie  another; 
the  (imilar  reftilineai  figures  defcribed  upon  them 
(imilarly,  fhall  have  a  given  ratio  to  one  another* 

Let  the  ftraight  lines  AB,  CD  have  a  given  ratio  to  one  ano- 
ther, and  let  the  fimilar  and  fimilariy  placed  reftilineal  figures  E, 
F  be  defcribed  upon  them ;  the  ratio  of  £  to  F  is  given. 

To  AB,  CD  let  G  be  a  third  pro- 
portional ;  therefore  as  AB  to  CD,  fo         /  \     ^ 
is  CD  to  G.  and  the  ratio  of  AB  to        /M  \         /^ 
CD  is  given,  wherefore  the  ratio  of     h 
CD  to  G  is'given ;  and  confequentljr 
s.  ^  Dat.  the  ratio  of  AB  to  G  is  alfo  given  •. 

b.  a.  Cor.  ^^^  ^  ^^  ^^  G>  ^  is  ^^  figure  £  to 
Mi  6.     the  figure  ^  F.  therefore  the  ratio  of  £  to  F  is  ^vea. 
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PROBLEM. 

To  find  the  ratio  of  two  fimilair  reftilin^al  figures  E,  F  fimilarly 
defcribed  upon  ftraight  lines  AB,  CD  which  have  a  given  ratio 
to  one  another*  let  G  be  a  third  proportional  to  AB,  CD. 

Take  a  ftraight^  line  H  given  in  magnitude ;  and  becaufe  the 
ratio  of  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the  fame 
with  it;  and  becaufe  H  is  given,  K  is  given,  as  H  is  to  K,  fo  mate 
K  to  L;  then  the  ratio  of  E  to  f  is  the  fame  with  the  ratio  of  H 
to  L.  for  AB  IS  to  CD,  as  H  to  K,  wherefore  CD  is  to  G,  as  K 
to  L;  and,  e5c  aequali,  as  AB  to  G,  fo  is  II  to  L.  but  the  figure 
E  is  to  *»  the  figure  F,  as  AB  to  G,  th^t  is  as  H  to  L.  >>*  »•  ^^^* 

P  R  O  P.    LV.  .J, 

IF  two  ftraight  lines  have  a  givea  ratio  to  one  ano- 
thet;  the  reftilineal  figures  given  in  fpecies  defcribed 
upon  them,  fhall  have  to  one  another  a  given  ratio. 

Let  AB,  CD  be  two  ftraight  lines  which  have  a  given  ratio  to 
one  another;  the  reftilineal  figures  E,  F  given  in  fpecies  and 
defcribed  upon  them,  have  a  given  ratio  to  one  another. 

Upon  the  ftraight  line  AB  defcribe  the  figure  AG  fimilar  and 
fimilarly  placed  to  the  figure  F;  and  becaufe  F  is  given  in  fpecies^ 
AG  is  alfo  given  in  fpecies.  there- 
fore fince  the  figures  E,  AG  which 
are  given  in  fpecies,  are  defcribed  J^ 
upon  the  fame  ftraight  line  AB, 

the  ratio  of  E  to  AG  is  given  *.      ' ^— ^  Cr    '  »•  ^^^  Si* 

and  becaufe  the  ratio  of  AB  to  J£- 
CD  is  given,  and  upon  them  are 

defcribed  the  fimilar  and  fimilarly  placed  reft ilineal. figures  AG,  F, 
.the  ratio  of  AG  to  F  is  given  ^  and  the  ratio  of  AG  to  E  is  given  j  ^  54-  I^»V 
therefore  the  ratio  of  E  to  F  is  given  ^.  c»  9-  ^*t« 

PROBLEM. 

To  find  the  ratio  of  two.reftilineal  figures  E,  F  given  in  fpecies, 
and  defcribed  upon  the  ftraight  lines  AB,  CD  which  have  a  given 
ratio  to  one  another. 

Take  a  ftraight  line  H  given  in  magnitude;  and  becaufe  the  re£li- 
lineal  figures  E,  AG  given*  in  fpecies  are  defcribed  upon  the  fame 
ftraight  line  AB,  find  their  ratio  by  the  53.  Dat.  and  make  the  ratio 
of  H  to  K  the  fame^  K  is  therefore  given,  and  becaufe  the  fimilar 
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reailineal  figures  AG,  F  art  d^fcfibed  upoh  the  ftraight  lines  AB, 
CD  which  hate  a  gite«  Mfio,  fitld  th^lt  ratiS  by  the  $4.  Dat. 
*ftd  make  the  ratio  of  K  td  L  the  fame,  the  figute  E  had  to  F  the 

fame  ratio  which  H  has  to  L*  fof,  by  the  conftrUftioh^  aA  E  li  i6 
AG,  fo  is  H  to  K ;  and  as  AG  to  F,  fo  1$  K  to  L  j  therefore, 
ex  acqtrali,  ^s  E  to  F,  fo  is  H  to  L. 

52-  PRO  P.    LVL 

IF  a  ref^ilifteal  figure  given  in  fpecies  be  defcribed 
Upon  a  ftraight  line  given  in  magnitude  }  the  figure 
is  given  in  magnitude- 

Let  the  re£lilineal  figure  ABCDE  given  in  fpecies  be  defcribed 
upon  the  ftraight  line  A5  given  in  inagnifude;  the  figure  APCDE 
is  giveti  irt  magnitude. 

Upon  AB  let  the  fquare  AF  be  defcribed  j  therefore  AF  is  gi- 
ven in  fpecies  and  magnitude,  and  becaufe  the  re£tiUneaI  figures 
ABCDE,  AF  given  in  fpecies  are  defcribed 
upon  the  faftte  ftraight  line  A&,  the  fiiio  of 
«•  53-  Dat.  ABCDE  to  AF  Is  grven ».  but  the  fquare  AF 
b.  a.  Dat.  is  given  in  magnitude,  therefore  *  alfo  the  ^^ 
figure  ABCDE  is  given  in  fwagftitttde. 

P  ft  O  B. 

To  find  the  magnitude  >of  a  re^lilirieal   -^ 
figure  given  in  fpecies  defcribed  upon  a 
ftraight  line,  given  in  magnitiSide* 

Take  the  ftraight  line  OH  equal  to  the 
given  ftraight  line  AB,  and  by  the  53.  Dat.  #1  '- 
find  the  ratio  which  the  fqitare  AF  upon 
AB  has  to  the  figure  ABCDE-,  and  make  the  ratio  of  OH  to  HK 
the  fame  ^  and  upon  GH  defcribe  th^  iquate  0L|  aiid  complete 
the  parallelogram  LHKM  j  the  figure  ABCDE  is  equal  to  LHKM. 
becaufe  AF  is  to  ABCDE,  as  the  ftraight  line  GH  to  HK,  that 
i^  as  the  figure  GL  to  HM  ^  and  AF  is  equal  to  GL,  therefore 
ABCDE  is  equal  to  HM  ^. 

PROP.    LVir. 

IF  two  reftilineal  figures  are  given  in  fpecies^  and  if  a 
fide  of  one  oi  them  has  a  given  ratio  to  a  fids  of 
the  dther;  the  ratbs  of  the  reniakii&g  fidei  to  ike 
remaining  fides  ftfall  be  giteti. 


o.  14.  S* 


53' 
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DATA:  403 

Let  A65  DP  be  two  rec^iliheal  figures  givto  in  fpedes,  and  Irt 
the  falio  of  the  fide  AB  to  the  fide  DE  be  given  j  the  ratios  of 
the  irettislihing  fidfe§  to  the  remaitting  fides  are  alfo  given. 

Becaufe  the  ratio  of  AB  to  DE  is  given,  a&  alfo  *  the  ratios  of  »•  3-  Def. 
AB  to  BC,  and  of  DE  to  EF;  the  ratio  of  BC  to  EF  is  given  »>.  in  b.  10.  D%u 
the  fame  manner,  the  nitio^  of  the 
othet  fides  td  th^  other  fides  are     k        ..^  J). 

given.  ^ 

the  ratio  which  BC  has  l!o  £F 
tnay  be  found  thus ;  take  a  ftraight 
line  GJ  given  in  magniludei  ahd  be- 
caufe the  tatio  of  BC  tb  B  A  is  given, 
make  the  ratio  of  G  to  H  the  fame; 
apd  becaufe  the  hitio  bf  AB  to  DE 
is  given^  make  the  ratio  of  H  to  K 

the  fame;  and  make  the  ratio  of  K  to  L  the  fame  with  the  given 
ratio  of  DB  to  EFi  fince  therefore  as  BC  to  BA,  fo  is  G  to  H;  and* 
as  BA  to  DE,  fo  is  H  to  K )  and  as  DE  to  EF,  fo  is  K  to  L ;  ex 
aequalii  BC  i^  io  £F|  aft  6  to  L.  therefore  the  ratio  of  G  to  i« 
has  beeh  fdund  i/^hieh  iD  the  fame  with  the  ratio  of  BC  to  EF, 

PROP.    viWt 

IF  two  Similar  rectilineal  figures  have  a  given  rfiitid  See  K* 
to  one  sknother ;  their  homologous  fides  have  alfo  a 
given  ratio  to  one  another. 

Let  the  two  fimilar  refliiineal  figures  A,  B  have  a  given  ratio 
to  one  another ;  their  homologous  fidefe  have  alfp  a  given  tatio. 

Let  the  fide  CD  be  homologous  to  EF^  and  to  CD,  EF  let  the 
rtraight  line  O  be  a  thiH  J)ro{>drti6iial.  as  therefore  »  CD  to  C, 
fo  is  the  figure  A  to  Bj  ahcl  the  ratio 
of  A  to  B  is  given,  therefore  the  ra- 
tio of  CD  to  G  is  givferl  \  and  CD, 
£F,  G  are  j^rbpottionals,  whettfore 
*  the  tatib  of  CD  b  EF  Is  given. 

The  ratio  of  CD  to  EF  may  be 
f6und  thus )  take  a  ftraight  line  H  JHL  Xr       ]KL 

given  in  Magnitude  J  stnd  becaufe  the  ratio  of  the  figure  A  to  B  is 
givehi  hidkei  the  ratio  bf  H  tb  K  thfe  fame  with  it;  and,  as  the  13. 
£)ai.  dire£ls  tb  be  ^^t^  find  a  hiean  proportional  L  between  U 
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and  K  •,  the  ratio  of  CD  to  EF  is  the  fame  with  that  of  H  to  L. 
let  G  be  a  third  proportional  to  CD,  EF ;  therefore  as  CD  to  G, 
fo  is  (A  to  B,  and  fo  is)  H  to  K.  and  as  CD  to  EF,  fo  is  H  to 
L,  as  is.  (hewn  in  the  13.  Dat. 


54-  PRO  P.    LIX. 

Sec  N.  TTF  two  reftilineal  figures  given  in  fpccies  have  a  given 
X  ratio  to  one  another ;  their  fides  (hall  likewife  have 
given  ration  to  one  another. 

Let  the  two  reftilineal  figures  A,  B  given  in  fpecies  have  a 

given  ratio  to  one  another ;  their  fides  fliall  alfo  have  given  ratios 

to  one  another. 

If  the  figure  A  be  fimilar  to  B,  their  homologous  fides  fliall 

have  a  given  ratio  to  one  another,  by  the  preceding  Propofition ; 

and  becaufe  the  figures  are  given  in  fpecies,  the  fides  of  each  of 
t.  5.Def.  them  have  given  ratios  •  to  one  another,  tlierefore  each  fide  of 
b.  p.  Dat.  one  of  them  has  *  to  each  fide  of  the  other  a  given  ratio. 

But  if  the  figure  A  be  not  fimilar  to  B,  let  CD,  EF  be  any  two 

of  their  fides;  and  upon  EF  conceive  the  figure  EG  to  be  defcribed 

fimilar  and  fimilarly  placed  to 

the  figure  A,  fo  that  CD,  EF 

be  hbniologou*  fides;  therefore 

EG  is  given  in  fpecies.  and  the 

figure  B  is  given  in  fpecies, 
•  c.  53.  Dat.  wherefore  5  the  ratio  of  B  to 

EG  is  given ;  and  the  ratio  of 

A  to  B  is  given,  therefore  *>  the 

Tatio  of  the  figure  A  to  EG  is 
i.  58.  Dat.  given,  and  A  is  fimilar  to  EG,  therefore.**  the  ratio  of  the  fide  CD 

to  EF  is  given ;  and  confequently  ^  the  ratios  of  the  remaining 

fides  to  the  remaining  fides  are  given. 

The  ratio  of  CD  to  EF  may  be  found  thus;  take  a  ftraight  line 

H  given  in  magnitude,  and  becaufe  the  ratio  of  the  figure  A  to  B  is 

given,  make  the  ratio  of  H  to  K  the  fame  with  it.  and  by  the  53. 

Dat.  find  the  ratio  of  the  figure  B  to  EG,  and  make  the  ratio  of  K 

to  L  the  fame;  between  H  and  L  find  a  mean  proportional  M;  the 

ratio  of  CD  to  EF  is  the  fame  with  the  ratio  of  H  to  M.  becaufe 

the  figure  A  is  to  B,  as  H  to  K;  and  as  B  to  EG,  fo  is  K  to  L;  ex 

aequali^  as  A  to  EG^  fo  is  H  to  L.  and  the  figures  Aj  EG  are  fimi-* 


DATA, 

lar,  and  M  is  a  mean  proportional  between  H  and-L;  therefore,  as 
was  {hewn  in  the  preceding  Propofition,  CD  is' to  £F,  as  H  to  M. 


4«S 


I 


PROP.    LX.  5^5. 

F  a  redilineal  figure  be  given  in  fpecles  and  magni- 
tude, the  fides  of  it  ihali  be  given  in  magnitude. 

Let  the  re£tiiineal  figure  A  be  given  in  fpecies  and  magnitude; 
its  fides  are  given  in  magnitude. 

. Take  a  ftraight  line  BC  given  in  pofition  and  magnitude;  and 
upon  BC  defcribe » the  figure  D  fimilar,  and  fimilarly  placed,  to  the  *•  ***  ^ 
figure  A,  and  let  EF  be  the 
fide  of  the  figure  A  homo- 
logous to  BC  the  fide  of  D; 
therefore  the  figure  D  js  gi-  « 
ven  in  fpecies.  and  becaufe 
upon  the  given  ftraight  line 
BC  the  figure  D  given  in 

fpecies  is  defcribedi  D  is       . 

given  *>  in  magnitude,  and  -M.  K.  ^-  5^-  D«*' 

the  figure  A  is  given  m  magnitude,  therefore  the  ratio  ofi  A  to  D 
is  given,  and  the  figure  A  is  fimilar  to  D ;  therefore  the  ratio  of 
thfr  fide  EF  to  the  homologous  fide  BC  is  given  ^.  and  BC  is  c.  5S.  Dat 
given,  wherefore  **  EF  is  given,  and  the  ratio  of  EF  to  EG  is  d.  a.  Dat. 
given  %  therefore  EG  is  given,  and,  in  the  fame  manner,  each  of  e.  3.  Def. 
the  other  fides  of  the  figure  A  can  be  Qiewn  to  be  given. 

PROBLEM. 

To  defcribe  a  reftilineal  figure  A  fimilar  to  a  given  figure  D, 
and  equal  to  another  given  figure  H.  It  is  Prop.  25.  B.  6.  Eiem. 

Becaufe  each  of  the  figures  D,  H  is  given,  their  ratio  is  given»  . 
which  may  be  found  by  making  ^  upon  the  given  ftraight  line  BC  the  f.Cor.4<.i^ 
parallelogram  BK  equal  to  D,  and  upon  its  fide  CK  making  ^  the 
parallelogram  Kt  equal  to  H  in  the  angle  KCL  equal  to  the  angle 
MBC.  therefore  the  ratio  of  D  to  H,  that  is  of  BK  to  KL  is  the 
fame  with  the  ratio  of  BC  to  CL.  and  becaufe  the  figures  D,  A  are 
fimilar,  and  that  the  ratio  of  D  to  A,  or  H,  is  the  fame  with  the 
ratio  of  BC  to  CL ;  by  the  58.  Dat.  the  ratio  of  the  homQlogous 
fides  BC,  !^F  is  the  fame  with  the  ratio  of  BC  to  the  mean  propor« 
tional  between  BC  and  CL.  find  EF  the  mean  proportional;  tfaea 
EF  is  the- fide  of  the  figure  to  be  defcribed,.  homologous  to  BC  the 
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fide  of  D,  and  the  figure  itfelf  can  be  defcribed  by  the  1 6th  Prpp, 
B.  6.  which,  by  th^  conftra£lion,  is  fixiiilar  to  D.  and  becaufe  Q  is 
g.  «.  Cor.   to  A,  as  s  BC  to  CL,  that  is  as  the  figure  BK  to  KL;  and  that  D 
h.  *jA  c.     ^^  equal  to  BK,  therefore  **  A  is  equal  to  KL,  that  is  to  H, 


57- 


PROP.    LXI. 


See  N.  TF  a  parallelogram  given  in  magnitude  has  one  of  its 
JJL  fides  and  one  of  its  angles  given  in  magnitude  j  the 
pther  (id^  alfo  |$  given. 

Let  the  patallclogiram  ABCP  given  in  magnitude,  haye  the 
fide  AB  and  the  angle  B AC  given  in  m^gnit^de  i  th^  ot^er  fide 
AC  is  given. 

Take  a  ftraigfa|  line  £F  given  in  poQ^n  ^ad  magr^i(u4e  \  an4 
becaufe  the  prallf  logram  ^D  is  given         ji  •» 

in  magnitude,  a  re£tiUneal  figure  equal  I  / 

lu  X.  Dcf.  to  it  c^n  be  foun^  ».  and  a  paraU^p*         /  / 

grfim  equal  to  th}s  figure  caii  be  ap-     ^  '  "  "    "sJw 

l>.Cor.45.i.  pi^ccl  «>  to  the  given  ftraight  line  EF  in  ^  ^  ^^ 

an  angjc  equal  to  tbp.  given  angle  B  AC.       /  /  k 

Jet  this  be  the  parallelogram  EfGlf     /  /  | 


buying  the  angle  FEG  equal  to  the^ 
angle  BAC.  and  becaufe  ^hp  parallelo- 
grams AD,  EH  are  equal,  and  have  the  angles  at  A  and  E  equal} 

€•  14.  d.  the  fides  abou^  them  are  recipropally  propprtiQnal  ^.  therefore  a^ 
AB  to  EJ,  fp  is  f  G  to  AC;  and  iVB,  EF,  EG  are  given,  therefore 

cL  12. 6.     alfo  AC  i§  given  *,    Wl^enpe  the  H^y  of  finding  AC  is  niauifeft, 

P,  PROP.    LXIL 

SfeeN.  ¥F  ^  parallelogram  has  a  given  angle,  the  reftan^le 
\  pont?iined  by  th^  fides  about  th^f  ^qgb  has  a  givfio 
f^tio  to  thp  par^Uelpgramt 

Let  the  parallelogram  ABCD  have  the  gu  Ji 

ven  angle  ABC;  the  reft  angle  AB,  BC  has  a  ^~ 
given  ratio  to  the  parallelogram  AC. 

From  the  point  A  draw  AE  perpendicular  J|  4-^, 

to  QC.  becaufe  the  angle  ABC  is  given,  as  .  ^Jg^ 

alfo  th$  d^gl^  AEB  ;  the  triangle  ABE  is  gin  / 

a.  43.  Bat.  ven  *  in  fpecies;  tjicrefbre  the  ratio  of  BA  to  jL  I ^ 

b.  t.  6.      AE  is  given,  but  as  BA  to  A£>  fo  is  f>  the  Cr  JKm,       3^ 


.    »  A  T  A.  4QJ 

rei^togte  ABf  BC  to  the  xc(k^fkg\^  A^^  BC  ^  therefore  the  ratio 

of  the  re£);angle  AB^  BC  tp  A^^  ^C,  that  U  ^  tp  the  parallek)gram  c.  35.  i. 

AC  i9  given. 

And  it  is  evident  hqw  the  r^tio  of  the  r^flangle  tp  tiK  par»l-* 
telegram  may  be  found,  by  making  the  wigle  FGH  eqiwl  to  th^ 
given  angle  ABC>  and  dr^wipgi  from  any  point  F  in  oae  of  its 
fides,  FK  perpendicular  to  the  other  GHj  for  CF  i«  to  FK,  4s  BA 
to  A^i  that  U,  as  thf  re^aogle  AB>  BC  to  t;he  parall^Lograu}  AC. 

CoR,  Aad  if  a  triangle  ABC  hae  a  given  angle  ABC,  the  rec^  66. 
tangle  AB,  BC  contained  by  the  Bdes  about  tb^t  angk,  ^U  have 
a  given  r^tio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD;  therefore,  by  tJm  Frppp&- 
tion,  the  reftangle  AB,  BC  has  a  given  ratio  to  the  paraUelograi9 
AC;  and  AC  has  a  given  ratio  to  its  half  the  triang^  ^  ABC*  there-  (t*  4^*  i- 
fore  the  reflangle  AB,  BC  has  a  given  ^  ratio  to  the  tyiangle  ABC*  ^  9-  i>at. 

And  tjie  ratio  of  the  reAanf le  to  the  triangle  i^  fcmul  thuii 
make  the  triangle  FGK  as  was  (hewn  in  the  Propofition}  the  nir 
tio  of  GF  to  the  half  of  the  perpendicular  FK  is  the  fame  with 
the  ratio  of  the  redlangle  AB,  BC  to  the  triangle  ABC.  becaufe, 
^  was  (hewn,  GF  is  to  FK,  as  AB,  BC  to  the  par^il^logr^^  AC; 
9nd  FK  is  to  its  half,  as  AC  i#  to  its  half  which  is  the  triangle 
ABC  5  therefore,  cy  aequali,  GF  i$  to  the  b^lf  of  FK,  as  AB^ 
BC  reftangle  is  to  tb^  triangle  ABC.  • 

PROP.    tXIIL  56. 

IF  two  parallelograms  be  equiangular,  as  a  fide  of  the 
firft  to  a  fide  of  the  fecond,  fo  is  the  other  fide  of 
the  fecond  to  the  ftraight  line  to  which  the  other  fide 
of  the  firft  has  the  fame  ratio  which  the  firft  paraIIelo« 
gram  has  to  the  fecond.  and  confequently  if  the  ratip 
of  the  firft  parallelogram  to  the  fecond  be  giveo,  the 
ratio  of  the  other  fide  of  the  firft  to  that  ftraight  line 
U  gmn ;  and  if  the  raOP  of  the  other  fide  pf  the  firft 
to  that  ilraight  line  be  given,  the  ratio  of  4he  firft  par 
ralielogram  to  the  fecand  is  giveBr 

Let  AC,  DF  be  two  equian^ar  parallelograms^  as  BC  a  £de  of 
the  firft  ia  to  £f  a  Idtc  of  the  fecond^  ib  ia  D£  the  other  fide  of 
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the  fecond  to  the  ftraight  line  to  which  AB  the  other  fide  of  the 
firft  has  the  fame  ratio  which  AC  has  to  DF. 

Produce  the  ftraight  line  AB,  and  make  as  BC  to  EF,  fo  DE  to 
BG,  and  complete  the  parallelogram  BGHC.  A 

therefore  becaufe  BC,  or  GH  is  to  EF,  as  ^"^ 

DE  to  BG,  the  (ides  about  the  equal  angles 
BGH,  DEF  are  recipiocally  proportional;    JB^ 
«.  14,  6t     wherefore  *  the  parallelogram  BH  is  equal    (^i 
to  DF^  and  AB  is  to  BG,  as  the  parallelo-  ^ 
gram  AC  is  to  BH,  that  is  to  DF.  as       ^ 
therefore  BC  is  to  EF,  fo  is  DE  to  BG^^ 
which  is  the  ftraight  line  to  which  AB  has"^  * 

the  fame  ratio  that  AC  has  to  DF. 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  given,  then 
the  ratio  of  the  ftraight  line  AB  to  BG  is  given  j  and  if  the  ratio 
of  AB  to  the  ftraight  line  BQ  be  giyen|  the  ratio  of  the  parallelo* 
gram  AC  to  P¥^  is  given^ 

74-73,  PROP.    LXIV, 

SccN.  TF  two  parallelograms  have  uiiequal,  but  given,  angles^ 
JL  and  if  as  a  fide  of  the  firft  to  a  fide  of  the  fecond,  fo 
the  other  fide  of  the  fecond  be  made  to  a  certain  ftraight 
line ;  if  the  ratio  of  the  firft  parallelogram  to  the  fecond 
be  given,  the  ratio  of  the  other  fide  of  the  firft  to  that 
ftraight  line  ftiall  be  given,  and  if  the  ratio  of  the  other 
fide  of  the  firft  to  that  ftraight  line  be  given,  the  ratio 
of  the  firft  parallelogram  to  the  fecond  fliall  be  given,  •, 

Let  ABCD,  EFGH  be  two  parallelograms  which  have  the  uiv< 
^qual,  but  given,  angles  ABC,  EFG;  and  as  BC  to  FQ,  fo  ma^e 
JLF  to  the  ftraight  line  M.  if  the  ratio  of  the  parallelogram  AC  to 
EG  be  given,  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  ftraight  line  BC  mak^  t^e  angle  (pBK  equaf 
to  tlie  angle  EFG,  and  complete  the  parallelogram  KBCL;  and  be- 

a.  35. 1,  caufe  the  ratio  of  AC  to  EG  is  given,  and  that  AC  is  equal »  to  the 
parallelogram  KC,  therefore  the  ratio  of  KC  to  EG  is  giVeni^  and 

h,  6s.  Pat.  KC,  EG  are  equiangular  5  th^refpr?  a^  BC  tQ  EG,  fa  i$  **  EF  jto 
the  ftraight  line  to  which  KB  has  a  given  ratio,  viz.  the  fame 
which  the  parallelogram  KC  has  to  EG.  hut  as  BC  to  FG,  fo  is 
EF  to  the  ftraight  line  M  i  thorefare  KB  ha«  a  given  ratio  to  M« 
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«nd  the  ratio  of  AB  to  BK  is  given,  becaufc  the  triangle  ABK  Is 

given  in  fpecies  «.  therefore  the  ratio  of  AB  to  M  is  given  «*.  «•  43-  Dtt. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  parallelo-  *  ^ 
gram  AC  to  EG  is  given,  for  fince  the  ratio  of  KB  to  BA  is  given, 
as  alfo  the  ratio  of  AB  to  M,  the  ratio  of    -ir-     A        v    tV 
KB  to  M  is  given  <*.  and  becaufe  the  pa- 
rallelograms KC,  EG  are  equiangular,  as 

BC  to  FG,  fo  is  b  EF  to  the  ftraight  line        ^N ^^C  *"•  ^^^^ 

to  which  KB  has  the  fame  ratio  which  the- 

parallelogram  KC  has  to  EG.  but  as  BC  to 

FG,  fo  is  EF  to  M.  therefore  KB  is  to  M, 

;is  the  parallelogram  KC  is  to  EG.  and  the 

ratio  of  KB  to  M  is  given,  therefore  the  ratio  of  the  parallelogrnm 

KC,  that  is  of  AC  to  EG  is  given* 

CoR.  And  if  two  triangles  ABC,  EFG  have  two  equal  angles,  75. 
or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if  as  BC  a 
(ide  of  the  faft  to  FG  a  fide  of  the  fecond,  fo  the  other  fide  of 
ihe  fecond  £F  be  made  to  a  ftraight  line  M ;  if  the  ratio  of  the 
triangles  be  given,  the  ratio  of  the  other  fide  of  the  firft  to  thq 
ftraight  line  M  is  given. 

Complete  the  parallelograms  ABCD,  EFGH  ;  and  becaufe  the 
ratio  of  the  triangle  ABQ  to  the  triangle  EFG  is  given,  the  ratio 
pf  the  parallelogram  AC  to  EG  is  given  ^,  becaufe  the  paralleb*  e.  15.  5. 
grams  are  double  ^  of  the  triangles,  and  becaufe  BC  is  tor  FG,  as  f.  41.  i. 
EF  to  M,  the  ratio  of  AB  to  M  is  given  by  the  63.  Dat.  if  the 
angles  ABC,  EFG  are  equal ;  but  if  they  be  unequal,  but  given 
angles,  the  ratio  pf  AB  to  M  is  given  by  this  Propofition. 

And  \lj^'^  ratio  of  AB  to  M  be  given,  the  ratio  of  the  paralle^ 
logram  AC  to  EG  is  given  by  th^  fap:>e  Fropofitions ;  ^d  ther^ 
fore  the  ratio  of  the  triangle  ABC  to  EFG  is  given. 

P  R  Q  F.    X.XV,  68^ 

IF  two  equiangular  parallelograms  have  a  given  ratio 
to  otie  another,  and  if  one  fide  has  to  one  fide  a  givea 
ratio ;  the  other  fide  iball  alfo  have  Xo  the  other  fide  a 
givea  ratio, 

Let  the  two  equiangular  parallelograms  AB,  CD  have  a  given  ra- 
tio to  one  another,  and  let  the  fide  EB  have  a  given  ratio  to  the  fide 
FD;  the;  other  fi4e  AB  has  alfo  a  given  rat^  to  the  other  fide  CF« 
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Sec^ufc  the  two  equiangulaT  paraUpl^gram^  AB,  CO  hmt  a  gU 
ven  r^Q  to  one  w^\o^^r ;  a?  £B  a  fi4e  pf  the  firft  is  to  FD  a  fi49 
».  #5.  Bat.  of  th^  kcoR^y  (p  b  >  FC  ^0  pther  fi^f  of  ^  &i:Q|i4  tQ  the  ftraight 
lifiQ  te  whi^h  AS  the  other  fide  of  the  iirft  h^is  thtf  fame  given  ratio 
vhich  the  firft  parallelogram  AS  }m  to  the  other  CD.  let  this 
ftraight  Une  t>e  1^6;  thfrffgr^ 
th^  ratio  of  AE  to  EG  i^  giyf  n. 
apd  £6  is  to  FP,  as  FC  to  £Q, 
therefore  the  ratio  of  FC  to  EG 
is  giveiij  bec^ufe  the  ratio  pf  £B 
to  FD  is  givea.  gnd  be(:9|ife  the 
ratio  of  AE  to  EG,  a$  aKo  the 

r^itio  of  FC  to  EO  is  givem  th«       HKli 

U,  9.  Dat.  ratio  of  AE  to  CF  is  given  \ 

Th^  r^tio  pf  A£  to  CF  m^y  he  found  thus ;  takt  a  ftraight 
line  H  given  i^  n)a|[|iitudei  an4  tiee^fe  ths  ratio  of  the  parallelo- 
gram AB  to  CO  i§  givfHi  m^kfi  the  ratb  of  H  to  K  the  fame 
with  it«  and  h^aiife  tbf  f?tio  ^f  FD  to  £B  is  given,  make  the  rade 
of  K  tP  L  th^  ff  mf .  tN  vfttio  of  A£  to  CF  ia  the  fame  wiA  the  ratle 
of  H  to  L.  make  as  EB  to  FD,  fo  FC  to  EG,  therefore,  by  Miver« 
(iop,  ^^  FP  tp  EEi,  fp  ia  £G  to  FC,  and  as  Afl  to  EG,  fe  is  > 
(the  p^rjillelpgratn  AS  tQ  QD»  and  fo  is)  H  to  JL ;  but  as  EG  to 
FCt  fp  i$  (PP  tp  £Q,  and  fo  is)  K  to  L  ^  therefore,  em  ^equali, 
^$  A£  to  FC,  fo  U  H  to  I4. 

69.  PRO  p.    liXVI. 

IF  two  parallelograms  have  uaequal,  but  giveiij^  angles, 
and  a  given  ratio  to  one  another ;  if  onf  fide  hay 
to  one  fide  a  given  ratio,  th?  otber  Ade  h^s  alfo  a  ^ivea 
ratio  to  the  other  fide. 

Let  the  two  parallelograms  ABCD,  £FGH  which  have  the 
givep  vneqval  angles  ABC>  WQ%  h;»v^  ^  giyen  r^ti^  to  ^mp  mo- 
ther,  an4  l^t  the  ratip  pf  PC  to  FQ  h^  given  j  the  ratio  ^fi>  of 
AR  tp  EF  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK  e- 

qualto  thegivenangleEFG,  and  complete  the  parallelogramBElLC. 

^  ^0?«fp  $mdh  9i  the  angiea  B  AK*  AKB  is  gm n,  the  triangle 

a.  43.  Bat.  ASK  is  giY«n  ^  \n  (f^iA^%  lim^U^o.  i^f^ca^oof  AB  to  BK  it  gijreiu 

mi  ^imki  by  the  h^rpatbeS^i  to  t»^.  of  tb«  parslklogram  AC 


-bA 


d.  9.  Dat. 


te  EG  U  g\fm»  ftii4  tJiAt  AC  is  §twi  **  ^  BJ/i  thmkn  ^  ffitfe  fe.  is-  «• 

of  BL  to  EG  is  given,  and  becaufe  B J^i  i^  tqi^nng^te^  P9  -^Ga  Bi)4 

hf  rhp  by pp*^ff 6i  *^  wtiq  pf  |SC  w  FG  is  giyf q  j  ij^€refw«  *  the  c.  6$.  Dtt, 
ratiq  pf  1^1}  tp  EF  i^  given,  iin4  the        A-  XL     3>  li 

ratio  of  KB  to  B A  is  given  5  the  ra-  ir— i ^--^ 

tic  therefore  ^  of  AB  iq  EF  is  givpp.              \               \ 
The  ratio  of  AB  to  EF  may  be  B^* ^ 

fi9^ndth^sJt4lfft^eft^?igbtlin«MJtf  3Fj 

giyen  in  pofuipn  j^nA  magnitude  j   ]pl-r~ 
and  m^ke  the  angli;  NMQ  ^qual  to 
the  given  angle  BAK,  and  the  angle 

WNP  e<j[U4l  tP  the  giv^n  ^P|le  ^FCJ 

pr  4KB.  ?fi4  becj^ufc  ^I^e  parJ^l]elpgfaH^  Vl»  *«  P<juiangular  to  JG* 
»n4  h*?  ^  giyen  ratio  tp  Jt,  an4  that  thf  ritip  of  BC  to  FG  IS  gi- 
ven ;  find  by  the  65.  Dat.  the  ratio  of  KB  to  EF  j  and  ipal^e  ^le 

mm  of  W  to  OP  t}i«  fame  wiJh  i^  tbw  A«  r^^ip  of  A&  tg  EF 

ia  tb^  fapti^  with  the  r^tip  pf  MO  tP  OP,  ti^t  ftnce  the  tri^nglp 
Am  i^  ?auis|Rjmlar  tp  MOl^,  as  AB  to  »Kf  fj?  is  ^Q  tp  QNi 
^nd  ^  KB*  tp  ]%F,  fo  is  NP  tp  Qf }  th^r^fpF^^  f\  ^^mlii  a§  AP 

tp£F,  f9i§MQft)0p. 


P  R  Q  p.    LXVII.  7CV 

IF  th^  fi4«5  of  two  i^qytangiilar  par^llelagramp  )i^v^?p^n. 
^vien  ratioq  Ce  one  anoihcF ;   tko  parallelog? amB 
^^U  have  a  ^ivf  fi  ratio  to  oae  another. 

Let  ABCD,  EFGH  be  two  equung^i^iar  pamllelogramsy  and 
let  thO  riliiia  pf  A6  tQ  £F,  ag  4}fQ  tb^  ratio  of  BC  to  FO  be  given; 
th«  vtlip  (rf  th^  p;»r^lk5tegr*in  AC  to  EG  is  giwen. 

Tay  ^  ftraig^^  Uilf;  K  giv^»  ia  m^gnitHde,  and  becaufe  the  ratip 
of  AB  $p  EF  '\»  givpiw  fl^akp  the  ^         ID    X         H 
ratio  q{  K  to  L  the  foioe  with  it;    r  '  ■-''  ^'i  y     n  ^h  i» 
Afvefore  li  is  f  iy«n  *,  a»d  be-j  .A^  \ 

caufe  the  ratio  t^f  BC  tp  FG  is fB^ '---^'  '^ 

gtvm,  mate  tb<j  r*tip  pf  L  tq  M  ^P^r  : "  >^^  .^^^ 


a.  2.  I>at* 


th«  (aine.  ther«£cu:«  H  i^  giv(dn  ^i 

Jwd  K  i$  givm»  vh^rrfore  ^  the 

ratip  pf  K  tp  M  i^  giren.  twit  ih^  pwiHetegrwn  AC  b  to  thf  pi- 

>^ekgrw £Q*  s^$ the ftf^gklioei |£ to th^  (tr^igbt line M»  i9 


b.  x.Dat* 


4ia  EUCLID'S 

is  dcttionftrated  in  the  23.  Prop,  of  B.  6.  Elem.  therefore  the 
ratio  of  AC  to  £G  is  givenr' 

From  this  it  is  plain  how  the  ratio  of  tMTo  equiangular  parallelo- 
grams ma^  be  found  when  the  ratios  of  their  fides  are  given*. 

» 

70.  PR  O  P.    LXVin, 

See  N.  IT F  the  fidcs  of  two  parallelograms  which  have  unequal, 
JL  but  given,  angles,  have  given  ratios  to  one  another; 
tbe  parallelograms  (hall  have  a  given  ratio  to  one  adothen 

Let  two  parallelograms  ABCD,  EFGH  which  have  the  given 
unequal  angles  ABC,  £FG  have  the  ratios  of  their  fides,  viz.  of 
AB  to  EF,  and  of  BC  to  FG  given-,  the  ratio  of  the  parallelogram 
AC  to  EG  is  given. 

At  the  point  B  of  the  ftraight  line  BC  make  the  angle  CBK  equal 

lo  the  given  angle  EFG,  and  complete  the  parallelogram  KBCL 

and  becaufe  each  of  the  angles  BAR,  BKA  is  given,  the  triangle 

s.  43.  Dat.  ABK  is  given  »  in  fpccies.  therefore  the  ratio  of  AB  to  BK  is 

V.  p.  Dat.  given ;  and  the  ratio  of  AB  to  EF  is  given,  wherefore  ^  the  ratio 

of  BK  to  EF  is  given,  and  the  3^  ^       j^^,  jj  ^ 

ratio  of  BC  to  FG  is  given  5 

«and  the  angle  KBC  is  equal 

c.  ^7.  Dat.  to  the  angle  EFG  •,  therefore  ^ 

the  ratio  of  the  parallelogram  .  . 

KC  to  EG  is  given,  but  KC  is  N||^       ^     ^  17    it 

4.  35. 1.     equal  ^  to  AC;  therefore  the  ^    P  ,€t  , 

•    ratio  of  AC  to  EG  is  given. 

The  ratio  of  the  parallelogram  AC  ta  EG  may  be  found  thus ; 
take  the  ftraight  hne  MN  given  in  pofition  and  magnitude,  and 
make  the  angle  MNO  equal  to  the  given  angle  K  AB,  and  the  angle 
NMO  equal  to  the  given  angle  AKB  ot  FEH.  and  becaufe  the 
ratio  of  AB  to  EF  is  given,  make  the  ratio  of  NO  to  P  the  fame; 
%  alfo  make  the  ratio  of  P  to  Qjhe  fame  with  the  given  ratio  of  BC 
to  FG.  the  parallelogram  AC  is  to  EG,  as  MO  to  Q. 

'  Becaufe  the  angleK  AB  is  equal  to  the  angle  MNO,  and  the  angle; 
AKB  equal  to  the  angle  NMO  j  the  triangle  AKB  is  equiangular  to 
NMO.  therefore  as  KB  to  BA,  fo  is  MO  to  ON;  and  as  BA  to  EF, 
fo  is  NO  to  P;  wherefore,  er  aequali,  as  KB  to  EF,  fo  is  MO  to  P. 
m^d  BC  is  to  FG,  as  P  to  Q^  and  the  parallelograms  KC|  EG  ai« 


1A        I      *  TT*     ^ 


r 
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cquiangulaf ;  therefore,  as  was  fliewn  in  Prop.  67.  the  parallelo- 
gram KC,  that  is  AC,  is  to  EG,  as  MO  to  Q^ 

Cor.  I.  If  two  triangles  ABC,  DEF  have  two -equal  angles,  yi* 
or  two  unequal,  but  given  angles  ABC,  DEF,  and  if  the  ratios  of  . 
the  fides  about  thefe  angles,  viz*  the  ra- 
tios of  AB  to  DE,  and  of  BC  to  £F 
be  given;  the  triangles  fliall  have  a 
given  ratio  to  one  another. 

Complete  the  parallelograms  BG, 
EH;  the  ratio  of  BG  to  EH  is  given*;    ""  ^     -^     .•**     *.6j,ot6t. 

and  therefore  the  triangles  which  are  the  halves  ^  of  them  have  a ,     *** 

o  b.  34.  z* 

given  «  ratio  to  one  another.  c.  15.  5. 

CoR.  2.  If  the  bafes  BC,  EF  of  two  triangles  ABC,  DEF  have  72. 
a  given  ratio  to  one  another,  and  if  alfo  the  ftraight  lines  AG,  DH 
which  are  drawn  to  the  bafes  from  the  oppofite  angles,  either  in 
equal  angles,  or  unequal,^ but  given,  angles  AGC,  DHF  have  a 
given  ratio  to  one  another;  the^J^  j^  t^  -yj 

triangles  (hall  have  a  given  ratio 
to  one  another. 

Draw  BK,  EL  parallel  to  AG,  -^   ^       #*      -b*  -tr  -o> 

DH,  and  complete  the  parallelo-  ^  ^       ^      ^   11  IE 
grams  KC,  LF.  and  becaufe  the  angles  AGC,  DHF,  or  their  e- 
quals,  the  angles  KBC,  LEF  are  either  equal,  or  unequal,  but  gi- 
ven ;  and  that  the  ratio  of  AG  to  DH,  that  is  of  KB  to  LE  is 
given,  as  alfo  the  ratio  of  BC  to  EF;  therefore  *  the  ratio  of  the  a. 67. or ^t. 
parallelogram  KC  to  LF  is  given,  wherefore  alfo  the  ratio  of  the    ^**' 
.triangle  ABC  to  DEF  is  given  \  b.  J}"- 1. 

PROP.    LXIX.  6u 

IF  a  parallelogram  which  has  a  given  angle  be  applied 
to  one  fide  of  a  reftilineal  figure  given  in  fpecies ;  if 
the  figure  have  a  given  ratio  to  the  parallelogram,  the 
parallelogram  is  given  in  fpecies. 

Let  ABCD  be  a  reflilineal  figure  given  in  fpecies,  and  to  one 
fide  of  it  AB  let  the  parallelogram  ABEF  having  the  given  angle 
ABE  be  applied;  if  the  figure  ABCD  has  a  given  ratio  to  the  p*» 
rallclogram  BF,  the  parallelogram  BF  is  given  in  fpecies. 

Thro*  the  point  A  draw  AG  parallel  to  BC,  and  thro'  the  point 
C  draw  CO  parallel  to  AB,  and  produce  G  A,  CB  to  the  points  Hj 


d.  35.  I 

e.  I.  6, 
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a.  3.  i>«f*  K.  b«cflUfe  tie  ^ngte  ABd  1$  glv^ii «,  «fid  the  f atid  of  AB  to  BG 
is  given,  the  figure  ABCB  beltig  giVfeit  Irf  fpeciesi  thHtfoit  the  pai 
laltelogritm  BO  1$  giWh  •  in  fpe(;ie§.  and  beiiattfe  u^on  the  fame 
fewlght  lt«6  All  ffie  tVd  teailifte«  figtfr6§  tiD,  Bb  givfeh  in  fpetiti 

1>.  53.  Dat.  are  defcribed,  the  ratio  of  BD  t«  BO  i§  glVfch  «.  ahd,  b^  hy{)dth€i 
•  ^-  ^**-  fi^i  the  fitiQ  6f  BD  to  the  f ^r^lleWram  feF  is  gite^j  wBeitfote « 
thfe  ratid  of  BF,  that  is  <«  of  the  par^lklbgi'aift  BH,  f^  BG  to  givcwj 
arid  therefore  « the  ratib  of  the  ftraight  lifi^  KB  t6  BO  is  giten.  mi 
the  ratio  of  BC  to  B  A  is  giVfeh,  Whefrfote  th€  r^ld  of  kfl  to  BA 
is  given  K  and  becaufe  the  angld  ABd  is  gif  en,-  tile  ddjatdiit  ariglk 
ABK  is  glVert;  arid  the  aftgl(i  ArfE  i^  gl¥eh<  thirtfortl  the  Wihaim 
ing  angle  KBE  is  given,  the  angle  EKB  is  alfo  gitfeJl^  bcdaUfc  k 
U  eqilal  tb  thd  drigld  ABfc  J  thcte/ote  the  tKangfe  BKE  i*  giten 
Irt  /'p^cJfes,  a«d  confequcifitly  thtf  fdtte  6f  KB  td  BK  is  giteit.  and 
the  Htib  at  KB  to  B A  Is  givdii,-  wh^rrfdtft  «  th«  Initio  bf  £B  W 
fe  A  is  gltafi.  irtd  the  atigle 
ABl  IS  given,  therefore 
the  ^araflelogranl  BF  13 
giv^n  «  in  fpecies, 

A  psfallebgram  Iifnilaf 
to  BF  may  he  found  thus  j 

ti\^t  a  ttrjiight  line  IM 
glvdfl  Iri  pbfitidh  and  mjlg- 

ilitude ;  afid  becaliffe  the  afi'^e^  aBK,  ABE  are  gireri,  mtkt  the 
afigid  NLM  ^4ual  its  ABK,  arid  the  anglfe  NLO  equal  to  AB6. 
and  hecaiife  the  tdtio  of  BF  tor  BD  is  giVeiii  rftake  fh^  Htid  of  LM 
to  P  the  fame  with  it ;  and  becauffe  the  ratio  of  ffie  figdrfe  BD  to 
BG  is  given,  find  this  ratio  by  the  53.  Dat.  and  make  the  ratio 
of  P  to  Qjhe  fame,  alfo,  becauft*  thfe  fatio  of  CB  to  B  A  is  given, 
hiflte  the  tatio  of  Q^to  R  the  faihe.  and  take  LN  equal  tO  R, 
thro*  the  point  M  draw  OM  J)arallel  to  LN,  and  complete  the  pa- 
rarllelogram  MLOS  ;  then  this  is  fimilar  to  the  parallelogram  BF. 
Becaufe  tlie  angle  ABK  is  equal  to  NLM,  and  the  angle  Afe* 
to  NLO  •,  the  angle  KBE  is  equal  to  AILO.  and  the  angles  Mi> 
LMO  irt  eijual,  becaufe  the  angld  ABK  is  equal  td  NLM.  there- 
fdr^iH^  triaiifgfesBKE,LMOare  equiangular  toone  alnother,  whefr^- 
f dfe  ai  BB  id  BKy  fb  h  lAy  to  LM.  and  betabfe  xs  the  figurd  BF 
to  BD,  fe  i^  die  ftif'i^ight  Unl  LM  t&  !»9  «ftd  as  BD  t6  BOi  fd  is  P 
ib  qi  dx  aeijuali/  as  BF,  that  16  ^  BH^  td  BO^  fo  is  LM  ib  Q^ 
iniWiisio^My  s»l»t^BC^  as  ihertfottf  K9  i^  BG,  fo  fe 
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LM  to  Q*^  Mi  hitit^ti  M  i^  t6  fiK|  ad  LO  to  LM ;  sihdl^  B^ 
to  BC,  fo  H  iM  td  Qj  Mid  as  Bd  to  BA j  fo  CjjKras  made  to  R  ; 
thefef6i^5  «x  A^qH^li,  &9  BE  tb  B  A,  (b  Is  LO  to  R^  that  is  to  LN. 
and  the  dtigles  ABE>  NLO  ite  equal)  ffiet^fore  th^  {latalltlogtaM 
BF  is  fijhilar  16  LS. 

PROP.    LXX,  62.  78* 

IF  tW6  ftf alght  lin6s  have  i  given  ritid  t6  6tie  andther,  scc  n. 
and  upon  one  of  them  be  defcfibed  i  rediliiieal  Rgutk 
given  in  fpecies,  and  upon  the  other  a  parallelogram  hav- 
ing a  given  angle ;  if  the  figdfe  hkvi  a  given  ratio  to  the 
p^rslllelogratn^  the  pardl^logram  is  given  in  fpecies. 

Let  the  t^o  ftfaight  liAds  AB,  CD  have  a  giteii  rlitld  to  ofte 
dttothef,  and  uf>ot1  AB  let  thd  flgfite  A£B  giv^tl  iii  (peded  be  de- 
fcribcd,  afld,  upcm  tD  the  parallelogram  DF  hating  the  given 
angle  FCD ;  if  the  ratio  of  AEB  to  DF  be  givenj  the  parsdklo- 
grafA  DF  is  given  in  fpecies. 

Upon  the  ftraight  line  AB  conceive  the  parallelogram  AG  to  be 
deferibcd  flftiitot  ihA  UttAUtif  plk6€i  i&  FD.  and  betaufe  the  ratio 
of  AB  t!t)  Gli  is  give^Ji  aftd  ^^6h  them  ate  dcferlbed  the  fimikr  refti- 
lineal  figures  AG,  FD;  the  tatio  of 

AG  td  tD  is  giten  K  M&  the  ratio  of     ^^^.^-^    V  *-  54-  !>**• 

FD  to  A£B  is  given  -,  the^efote  »>  the  A^f^ — nB  \;^ — \  h.  ^.  Ifct. 
ratio  of  A£B  to  AG  is  giveii)  siiid  the 
ftftgle  ASG  is  grveft,  beciUfe  it  is  equal 
to  the  angle  FCD.  becsiufe  therefore 
thp  partillelogram  AG  which  his  a  gi* 
vfcn  angle  A6G  is  a{>piied  to  a  fide  AB 
of  the  figure  AEB  given  in  fpeciesj  irid 
the  ratio  of  AEB  to  AG  is  g?ten,  the  fjafralfctegtath  AG  is  given  « in  c.  5p.  Dat. 
fpecies.  but  FD  is  firtlilat  to  AG;  therefore  FD  is  given  in  fpecies. 

A  parallelogtafii  fimilar  to  Ft>  may  be  found  thus;  tike  a  ftraight 
Ifeie  H  givefi  ifi  ihagilitiide;  and  becaufe  the  ratio  of  the  figure  AEB 
to  FD  is  giVdfi,  ttake  the  i^atio  of  H  to  K  the  fanie  ii^ith  it.  ttKo  be- 
eaufe  the  ratio  *f  the  ftraight  line  GD  to  AD  is  gHen,  find  by  the 
54.  Dat.  tife  tatJo  lirhieh  the  figure  FD  defcribed  ixpofi  €D  has  to 
the  figure  AG  defcribed  npon  AB  fittilar  t6  FD ;  ithd  inake  the 
ratio  of  K  te  L  the  faniie  #ith  this  ratio,  aiid  b^caufe  the  ratios  of 
H  to  k;  and  of  K  t6  L  are  giten,  the  U60  of  H  to  L  is  giveft  K 
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bccaufe  therefore  as  AEB  to  FD,  fo  Is  H  to  K ;  and  as  FD  t^ 
AG,  fo  is  K  to  L;  ex  acquali,  as  AEB  to  AG,  fo  is  H  to  L-, 
tberefore  the  ratio  of  AEB  to  AG  is  given,  and  the  figure  AEB 
is  given  ,in  fpecies,  and  to  its  fide  AB  the  parallelogram  AG  is 
applied  in  the  given  angle  ABG,  therefore  by  the  6^*  Dat.  a  pa»- 
rallelogram  may  be  found  fimilar  to  AG.  let  this  be  the  parallelo- 
gram MN ;  MN  alfo  is  fimilar  to  FDr  for,  by  the  conftrudion, 
MN  is  fimilar  to  AG,  and  AG  is  fimilar  to  FD ;  tlierefore  the 
'         parallelogram  FD  is  fimilar  to  MN» 

9i'  PRO  P.    LXXi. 

IF  th6  extremes  of  three  proportional  ftraight  Hftel 
have  given  ratios  to  the  extremes. of  otker  three  pro- 
portional ftraight  lines }  the  means  (hall  alfo  have  a  given 
ratio  to  one  another,  and  if  one  extreme  has  a  given 
V       ratio  to  one  extreme,  and  the  m^an  to  the  mean ;  like  wife 
^^    tbe  other  extreme  fiiall  have  to  the  other  a  given  ratio. 

Let  A,  B,  C  be  tliree  proportional  ftraight  lines,  and  D,  E,  F 
three  other ;  and  let  the  ratios  of  A  to  D,  and  of  C  to  F  be  gi- 
ven, then  the  ratio  of  B  to  E  is  alfo  given* 

Becaufe  the  ratio  of  A  to  D,  as  alfo  of  C  to  F  is  given,  the 

a.  ^7.  Dat.  ratio  of  the  reftangle  A,  C  to  the  reftangle  D,  F  is  given  ».  but 

b.  17.  d.     the  fquare  of  B  is  equal  ^  to  the  redVangle  A,  C ;  and  the  fquare 

of  E  to  the  reftangle  ^  D,  F.  therefore  the  ratio  of  the  fquare 

c.  58.  Dat.  of  B  to  the  fquare  of  E  is  given  •,  wherefore  ^  alfo  the 

ratio  of  the  ftraight  line  B  to  £  is  given. 

N^xt,  let  the  ratio  of  A  to  D,  and  of  B  to  E  be 
given ;  then  the  ratio  of  C  to  F  is  alfo  given. 

Bccaufe  the  ratio  of  B  to  E  is  given,  the  ratio  of  the         _^ 
d«  S4'  D*^-  fquare  of  B  to  the  fquare  of  E  is  given  «*.  therefore  «^  the  Xl  -fci  r 
ratio  of  the  reft  angle  A,C  to  the  reftangle  D,F  is  given.     I     j 
and  the  ratio  of  the  fide  A  to  the  fide  D  is  given;  there-  ■ 

e.  65.  Pat.  fore  the  ratio  of  the  other  fide  C  to  the  other  F  is  given  «. 

Cor.  And  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  four  ptheir  proportionals  given  ratios,  and  one  of  the 
means  a  given  ratio  to  one  of  the  means ;  the  other  mean  (hall 
have  a  given  ratio  to  the  other  mean,  as  may  be  (hewn  in  the 
faja»e  manner  as  in  the  foregoing  Propofition. 
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PROP-    LXXIL  82i 

IV  four  ftraight  lines  be  propotiionals ;  as  the  firft  h 
to  the  ftraight  line  to  which  the  fecond  has  a  given 
ratio ;  fo  is  the  third  to  the  ftraight  line  to  which  the 
fourth  has  a  given  ratio* 

Let  A,  B,  C,  D  be  four  proportional  ftraight  lihes,  viz.  as  A 
to  B^  fb  C  to  D;  as  A  is  to  the  ftraight  line  to  which  B  has  a  given 
ratio,  fo  IS  C  to  the  ftraight  line  to  which  D  has  a  given  ratio. 

Let  E  be  the  ftraight  line  to  which  B  has  a  given  ra- 
tio, and  as  B  to  E,  fo  nuke  D  to  P.  the  ratio  of  B  to  E 
is  given  *,  and  therefore  the  ratio  of  D  to  P.  atid  be* 
caufe  as  A  to  B,  fo  is  C  to  D  ;  and  as  B  to  E,  fo  D  to  ATt  li 
P;  therefore,  ex  aequali,  as  A  to  E,  fo  is  C  to  P.  and  C  D  T' 
E  is  the  ftraight  line  to  which  B  has  a  given  ratio,        1     I 
and  P  that  to«  which  D  has  a  given  ratio ;  therefore  as 
A  is  to  the  ftraight  line  to  which  B  has  a  given  ratio, 
fo  is  C  to  that  to  which  D  has  a  given  ratio. 


a.  Hyp* 
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IF  fduf  ftraight  tines  b^  proportionals ;  as  the  fii  ft  is  to  see  N. 
the  ftraight  line^  to  which  the  fecond  has  a  given! 
ratio»  fo  is  the  ftraight  line  to  which  the  third  has  a 
given  ratio  to  the  fourth. 

Let  the  ftraight  line 'A  be  to  B,  ds  C  to  D',  as  A  to  the  ftraight 
line  to  which  fi  has  a  given  ratio,  fo  is  the  ftraight 
line  to  which  C  has  a  given  ratio  to  D. 

Let  E  be  the  ftraight  line  to  which  B  has  a  given  ra-*  { 

tio,  and  as  B  to  £,  fo  make  F  to  C  ;  becaufe  the  ratio 
cf  B  to  E  is  given,  the  ratio  of  C  to  F  is  given,  and  be-^]j  1?^ 
Caufe  A  is  to  B,  as  C  to  D^  and  as  B  to  £,  fo  F  to  C  ^F  CD 
therefore,  ex  aequali  in  proportione  perturbata .  *,  A  is 
to  E,  as  F  to  Di  that  is  A  is  to  E  to  which  B  has  a  gi*- 
ven  ratio,  as  P,  to  which  C  has  a  given  ratio,  is  to  D*  ^ 
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64.  PROP.    LXXIV. 

T  F  a  triangle  has  a  given  obtufe  angle ;  the  excefs  of 
*^  the  fquare  of  the  fide  which  fubtends  th<  obtufe  zn-. 
gle  above  the  fquares  of  the  fides  which  coutain  it,  ihaH 
have  a  given  ratio  to  the  triangle* 

Let  the  triangle  ABC  have  a  given  obtufe  angle  ABC ;  and 

produce  the  ftraight  line  CB,  and  from  the  point  A  draw  AD 

perpendicular  to  BC.  the  excefs  of  the  fquare  of  AC  above  the 

1.  12.  a.     fquares  of  AB,  BC,  that  is  »  the  double  of  the  reftangle  contained 

by  DB,  BC,  has  a  given  ratio  to  the  triangle  ABC. 

Becaufe  the  angle  ABC  is  given,  the  angle  ABD  is  alfo  given; 

b.  43.  Dat.  and  the  angle  ADB  is  given,  wherefore  the  triangle  ABD  is  given** 

in  fpccies;  and  therefore  the  ratio  of  AD  to  DB  is  given,  and  as 

c.  I.  (J.       AD  to  DB,  fo  is « the  reaangle  AD,  BC  to  the  reftangle  DB,  BC; 

wherefore  the  ratio  of  the  reftangle  AD,  BC  to  the  reflangle  Dfi, 
BC  is  given,  as  alfo  the  ratio  of  twice  the  reftangle  DB,  BC  to  the 
redlangle  AD,  BC,  but  the  ratio  of  the  rec- 
tangle  AD,  BC  to  the  triangle  ABC  is  given, -A. 

d.  41. 1,    becaufe  it  is  double  ^  of  the  triangle ;  there- 

fore the  ratio  of  twice  the  reftangle  DB,  BC 

«.  9.  Dat.  to  the  triangle  ABC  is  given  *.  and  twice  the 

reftangle  DB,  BC  is  the  excefs  *  of  the  fquare TJf 
of  AC  above  the  fquares  of  AB,  BC.  there- 
fore this  excefs  has  a  given  ratio  to  the  triangle  ABC, 

And  the  ratio  of  this  excefs  to  the  triangle  ABC  may  be  found 
thus;  take  a  ftraight  line  £F  given  in  pofition  and  magnitude;  and 
becaufe  the  angle  ABC  is  given,  at  the  point  F  of  the  ftraight  line 
£F  make  the  angle  EFG  equal  to  the  angle  ABC;  produce  GF,  and 
draw  EH  perpendicular  to  FG.  then  the  ratio  of  the  excefs  of  the 
fquare  of  AC  above  the  fquares  of  AB,  BC  to  the  triangle  ABC 
is  the  fame  with  the  ratio  of  quadruple  the  ftraight  line  HF  to  HE. 
Becaufe  the  angle  ABD  is  equal  to  the  angle  EFH,  and  the 
angle  ADB  to  EHF,  each  being  a  right  angle;  the  triangle  ADB  is 

t  4.  6.      equiangular  to  EHF.  therefore  ^  as  BD  to  DA,  fo  FH  to  HE;  and 

g  CJpr.4.5.  as  quadruple  of  BD  to  DA,  fo  is  «  quadruple  of  FH  to  HE.  but 
as  twice  BD  is  to  DA,  fo  is  ^  twice  the  refiangle  DB,  BC  to  the 

h.  C.  5.      reftanglc  AD,  BC ;  and  as  DA  to  the  half  of  it,  fo  is  *»  the  rcc-» 
tangle  AD,  BC  to  its  half  the  triangle  ABC;  therefore,  ex  ae- 
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ifiialiy  7&  binct  BD  is  to  the  half  of  DA,  that  is,  as  quadruple  of 
&D  is  to  DA,  that  is,  as  quadruj^le  of  FH  to  H£,  fo  is  twice  the 
reaangle  DB,  BC  to  the  triangle  ABC^ 

PROP.    LXXV.  65. 

IF  a  triangle  has  a  given  acute  angle ;  the  fpace  by 
which  the  fquare  of  the  fide  fubtending  the  acute 
togle  16  Ie&  than  the  iquares  of  the  fides  which  contaizi 
it,  fhall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC,  and  draw 
AD  perpendicular  to  BC ;  tlie  fpace  by  which  the  fquare  of  AC 
is  lefs  than  the  fquares  of  AB,.BC,  that  is  » the  double  of  the  rec-  »•  K-  ^i 
tangle  contained  by  CB,  BD,  has  a  given  ratio  to  the  triangle  ABC. 

Becaufe  the  angles  ABD,  ADB  are  each  of  them  given,  tlie  tri- 
angle ABD  is  given  in  fpecies ;  and  therefore  the  ratio  of  BD  to 
tXA  is  given,  and  as  BD  to  DA,  fo  is  tlie  rec-f  . 

tangle  CB,  BD  to  the  reftangle  CB,  AD  j  there*  A 

fore  the  ratio  of  thefe  redangles  is  given,  as  alfo 
the  ratio  of  twice  the  re^langle  CB,  BD  to  the 
rcftangle  CB,  AD.  but  the  reftangle  CB,  AD 
has  a  given  ratio  to  its  half  the  triangle  ABC,*r^ 
therefore  *»  the  ratio  of  twice  the  reftangle  CB,**^ 
BD  to  the  triangle  ABC  is  given,  and  twice  the  re£langle  CB,  BD 
is  *  the  fpace  by  which  the  fquare  of  AC  is  lefs  than  the  fquares  of 
AB,.BC ;  therefore  the  ratio  of  this  fpace  to  the  triangle  ABC  ia 
given,  and  the  ratio  may  be  found  as  in  the  preceding  Propofition. 

LEMMA. 

IF  from  the  vertex  A  of  an  Ifpfceles  triangle  ABC,  any  ftraight 
line  AD  be  drawn  to  the  bafe  BC;  the  fquate  of  the  fide  AB 
is  equal  to  the  redlangle  BD,  DC  of  the  fegments  of  the  bafe  to- 
gether with  the  fquare  of  AD.  but  if  AD  be  drawn  to  the  bafe 
produced,  the  fquare  of  AD  is  equal  to  the  redangle  BD,  DC 
together  with  the  fquare  of  AB. 

Cas.  I.  Bifefb  the  bafe  BC  in  E,  and  join  <A. 

AE  which  will  be  perpendicular  *  to  BC ; 
wherefore  the  fquare  of  AB  is  equal  *>  to  the 
iquares  of  AE,  EB«  but  the  fquare  of  £B  is 


b.  9.  Bat^ 
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equal  «  to  the  rcflangle  BD,  DC  togetherjj  J8I>E. 
with  the  fquare  of  Dfi.  therefore  the  fquare 

D  d  a 
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b.  47. 1,  of  AB  is  equal  to  the  fquares  of  AE>  ED,  that  is  to  ^  the  fquare 
of  AD,  together  with  the  reftangle  BD,  DC.  the  other  caie  is 
{hewn  in  the  fame  way  by  6.  z.  Elem. 


I 


G^.  PROP.    LXXVI. 

F  a  triangle  have  a  given  angle,  the  excefs  of  the 
fquare  of  the  ftraight  line  which  is  equal  to  the  two 
fides  that  contain  the  given  angle,  above  the  fquare  of 
the  third  fide,  (hall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  the  excefs  of 
the  fquare  of  the  ftraight  line  which  is  equal  to  B  A,  AC  together 
above  the  fquare  of  BC,  (hall  have  a  given  ratio  to  the  triangle  A  BC. 

Produce  B  A,  and  take  AD  equal  to  AC,  join  DC  and  produce 
it  to  £,  and  thro'  the  point  B  draw  BE  parallel  to  AC;  join  AE, 
and  draw  AF  perpendicubr  to  DC.  and  becaufe  AD  is  equal  to 
AC,  BD  is  equal  to  BE;  and  BC  is  drawn  from  the  vertex  B  of  the 
Ifpfceles  triangle  DBE,  therefore,  by  the  Lemma,  the  fquare  of  BD, 
that  is  of  B  A  and  AC  together,  is  equal  to  the  rediangle  DC,  C£ 
together  with  the  fquare  of  BC;  and  therefore  the  fquare  of  BA, 
AC  together,  that  is  of  BD,  is  greater 
than  the  fquare  of  BC  by  the  re€langle 
DC,  CE;  and  this  rediangle  has  a  given 
ratio  to  the  triangle  ABC.  becaufe  the 
angle  BAC  is  given,  the  adjacent  angle 
CAD  is  given;  and  each  of  the  angles 
A  DC,  DC  A  is  given,  for  each  of  them  is  A, 
a.5.ac  31.1.  the  half  *  of  the  given  angle  B  AC;  there- 

b.  43.  Dat.  fore  the  triangle  ADC  is  given  ^  in  fpe- 

cies;  and  AF  is  drawn  from  its  vertex  to  the  bafe  in  a  given  angle, 

c.  50.  Dat.  wherefore  the  ratio  of  AF  to  the  bafe  CD  is  given  «.  and  as  CD 

d.  I.  6.  to  AF,  fo  is  ^  the  reftangle  DC,  CE  to  the  rcftangle  AF,  CE;  and 
tlie  ratio  of  the  redangle  AF,  CE  to  its  half  « the  triangle  ACE  ia 
given;  therefore  the  ratio  of  the  rcftangle  DC,  CE  to  the  triangle 
ACE,  that  is*^  to  the  triangle  ABC  is  givens.  and  the  reftanglc  DC, 
CE  is  the  excefs  of  the  fquare  of  B  A,  AC  together  above  the  fquare 
of  BC;  therefore  the  ratio  of  this  excefs  to  the  triangle  ABC  is  given. 

The  ratio  which  the  reftangle  DC,  CE  has  to  the  triangle  ABC 
is  found  thus,  take  the  ftraight  line  GH  given  in  ppfition  and  mag- 
nitude, and  at  the  point  G  in  GH  make  the  angle  HGK  equal  to 


c.  4].  I. 
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g.  9.  Dat. 
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the  gifven  angle  CAD,  and  take  GK  equal  to  GH^  join  KH>  and 

draw  GL  perpendicular  to  it.  then  the  ratio  of  Hl:L  to  the  half  of 

GL  is  the  fame  with  the  ratio  of  the  rectangle  DC,  C£  to  the 

triangle  ABC.  becaufe  the  angles  HGK,  DAC  at  the  vertices  of 

the  Ifofceles  triangles  GHK,  ADC  are  equal  to  one  another,  thefe 

triangles  are  fimilar,  and  becaufe  GL,  AF  are  peipendicular  to  the 

bafes  HK,  DC,  as  HK  to  GL,  fo  is  ^  (DC  to  AF,  and  fo  is)  the  h.  {^,*;^ 

redangle  DC,  C£  to  the  rectangle  AF,  (JE;  but  as  GL  to  its  half, 

fo  is  the  re£langle  AF,  C£  to  its  half  which  is  the  triangle  ACi£, 

or  the  triangle  ABC;  therefore,  ex  aequali,  HK  is  to  the  half  of 

the  ftraight  line  GL,  as  the  redlangle  DC,  CE  is  to  the  triangle 

ABC. 

CoR.  And  if  a  triangle  have  a  given  angle,  the  fpace  by  which 
the  fc^are  of  the  ftraight  line  which  is  the  difference  of  the  fides 
which  contain  the  given  angle  is  lefs  than  the  fquare  of  the  third 
fide,  (hail  have  a  given  ratio  to  the  triangle,  this  is  demonftrated 
the  fame  way  as  the  preceding  Fropofition,  by  help  of  the  fecond 
cafe  of  the  Lemma. 


PROP.    LXXVIL 


I. 


TF  the  perpendicular  drawn  from  a  given  angle  of  a  sce 
-■■  triangle  to  the  oppofite  fide,  or  bafe,  has  a  given  ra- 
tio to  the  bafe ;  the  triangle  is  given  in  fpecies. 

htt  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
perpendicular  AD  drawn  to  the  bafe  BC,  have  a  given  ratio  to  it; 
the  triangle  ABC  is  given  in  fpecies. 

If  ABC  be  an  Ifofceles  triangle,  it  is  evident  •  that  if  any  one  of  a.s. 
its  angles  be  given,  the  reft  are  alfo  given;  and  therefore  the  tri- 

^    ^^  ^        E     0    H  >t  r 

angle  is  given  in  fpecies,  without  the  confideration  of  the  ratio  of  the 

perpendicular  to  the  bafe,  which  in  this  cafe  is  given  by  Prop.  50* 

But  when  ABC  is  not  an  Ifofceles  triangle,  take  any  ftraight  line 

£F  given  in  pofition  and  magnitude,  and  upon  it  defcribe  die  feg« 


K. 


^39.1. 


4« 
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hient  of  a  circle  EGF  containing  an  angle  equal  Hi  &c  gWctt  Wi^ 
B  AC ;  draw  GH  bifeding  £F  at  right  angjes,  aod  join  £C,  OF. 
then  fince  die  smgk  £GF  is  etjtial  to  thp  angle  B AC,  and  that 
£GF  is  as  Ifofceles  triangle  and  ABC  is  not,  the" angle  FEG  is  not 
^qual  to  die  angle  CBA.  draw  £L  making  tjie  an^le  F£L«qual  to 
the  angle  CBA,  join  FL>  and  draw  LM  perpendicular  to  £F.  tfae^ 
becaufe  the  triangles  £LF,  B  AC  are  equtangubr^  as  alCp  are  the  tri«< 
angles  MLE,  DAB,  as  ML  to  LE,  id  is  DA  to  ABj  wd  as  LE  to 
EF,  fo  is  AB  to  BC  \  wherefore,  ex  aeqaali,  as  LM  to  LF,  fo  is 
AD  to  BC,  2tnd  bccanfe  the  ratio  of  AD  to  BC  i^  given,  therefore 

li.  a.  D»t.  the  ratio  of  LM  to  EF  is  given;  and  EF  is  given,  wherefore  *  LlSf 
alfo  is  given,  complete  the  parallelogram  LMFK^  and  becavifc  LlkJ 
IS  given,  FK  is  giyen  m  magnitude  -,  it  i^  alfo  given  ia  po(ltion| 

c.  30*  Dat.  and  the  point  F  is  given,  i^nd  confequendy  ^  the  point  K;  and  be« 
caufe  thro'  K  the  ftraight  line  KL  is  drawn  parallel  to  £F  whidi 

i.  31.  pat.  is  given  ia  pofition^  therefore  ^  )^4  is  given  in  fo^ion  ^  and  4)Kf 


c. 


S' 


B    B.]><5 


circumference  ELF  is  given  in  pofitiom,  therefore  the  point  L  ii; 

a8.  Dat.  given  *.  and  becaufe  the  points  L,  E,  F  are  given,  the  ftraight  lines 

?p.  Dat.  Ije^  EF,  Tit  are  giyen  *^in  magnitude;  therefore,  the  triangle  LE^ 

4a.  Pat.  is  given  in  fpecies  s.  and  the  triangle  ABC  is  fimilar  to  LEFj 

wherefore  alfo  ABC  is  given  in  fpecies. 

.  Becaufe  LM  is  lefs  than  GH,  the  ratio  of  LM  to  EF,  that  is 
the  given  ratio  of  AD  to  BC  muft  be  lefs  than  the  ratio  of  GH 
to  EF  whiphthe  ftraight  line,  in  a  fegment  pf  a  circle  containing 
an  angle  equal  to  the  given  angle,  that  bifeds  the  bafe  pf  the 
fegmeqt  at  right  angles,  has  unto  the  bafe. 

CoR.  I.  If  two  triangles  ABC,  LEF  have  one  angle  BAG 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
bafe  BC,  as  the  perpendicular  LM  to  the  bafe  EF  5  the  triangles 
ABC,  LEF  are  fimilar. 

Deifcribe  the  circle  EGF  about  the  triangle  ELF,  aud  draw  LN 
parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicular  to  EF. 
becaufe  the  angles  ENF,  EI.F  are  e^u^l,  and  that  the  angle  EFI^  is 
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equal  to  the  alternate  angle  FNL,  that  is  to  the  angle  FEL  in  the 
iame  fegment,  theiefbre  the  triangle  NEF  is  fimibr  to  LEF,  and 
in  the  fegment  EGF  there  can  be  no  other  triangle  upon  the  bafe 
£F  which  has  the  ratio  of  its  perpendicular  to  that  bafe  the  fame 
with  the  tatio  of  LM  or  NO  to  EF,  becaufe  the  perpendicular 
muft  be  greater  or  lefs  than  LM  or  NO.  but,  as  has  been  {hewn 
in.  the  preceding  demonftration,  a  triangle  fimilar  to  ABC  can  be 
described  in  the  fegment  EGF  upon  the  bafe  EF,  and  the  ratio  of 
its  perpendicular  to  the  bafe  is  the  fame,  as  was  there  ihewn,  with 
die  ratio  of  AD  to  BC,  that  is  of  LM  to  EF.  therefore  that 
triangle  muft  be  either  LEF,  or  NEF,  which  therefore  arc  funilar 
te  the  triangle  ABC. 

Cor.  2.  If  a  triangle  ABC  has  a  giren  angle  BAC>  and  tf  the 
fttaight  line  AR  drawn  from  the  given  angle  to  the  oppofite  fide 
BC,  in  a  given  angle  ARC,  has  a  giyen  ratio  to  BC  ^  the  triangle 
ABC  is  giren  in  fpecies. 

Draw  AD  perpendicular  to  BC;  therefore  the  triangle  ARO  is 
given  in  fpecies;  wherefore  the  ratio  of  AD  to  AR  is  giten ;  and  the 
tatio  of  AR  to  BC  is  given,  and  confequently  *»  the  ratio  of  A  D  !>•  P-  Da»* 
to  BC  is  given;  and  the  triangle  ABC  is  therefore  given  in  fpectes ».  »•  77*  ^^^* 

COR.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAG 
equal  to  one  angle  ELF,  and  if  ftraight  lines  drawn  from  thefe 
angles  to  the  bafes,  making  with  them  given  and  equal  angles,  have 
•  the  fame  ratio  to  the  bafes,  each  to  each  j  then  the  triangles  arc  ' 
fimilar.  for,  having  drawn  perpendiculars  to  the  bafes  from  the 
equal  angles,  as  one  perpendicular  is  to  its  bafe,  fo  is  the  other  to 
its  bafe  k.*  wherefore,  by  Cor.  i.  the  triangles  are  fimilar.  ^*  ^^i^  5^ 

A  triangle  fimilar  to  ABC  may  be  found  thus;  haying  defcribed 
the  fegment  EGF  and  drawn  the  ftraight  line  GH  as  was  directed 
in  the  Propofition,  find  FK  which  has  to  EF  the  given  ratio  of  AD 
to  BC ;  and  place  FK  at  right  angles  to  EF  from  the  point  F. 
then  becaufe,  as  has  been  (hewn,  the  ratio  of  AD  to  BC,  that  is 
of  FK  to  EE>  muft  be  lefs  than  the  ratio  of  GH  to  EF;  therefore 
FK  is  lefs  than  GH  ;  and  confequently  the  parallel  to  EF  drawn 
through  the  point  K  muft  meet  the  circumference  of  the  fegment 
in  two  points*  let  L  be  either  of  them,  and  join  EL,  LF,  and  draw* 
LM  perpendicular  to  EF.  then  becaufe  the  angle  BAG  is  equal  to 
the  angle  ELF,  and  that  AD  is  to  BC,  as  KF,  that  is  LM  to  EF» 
th^  triangle  ABC  is  fimilar  to  triangle  LEF.  by  Cor«  u 

D  d  4 
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prop:   lxxviii. 


«.  41.  t. 


IF  a  triangle  have  one  angle  given,  land  if  the  ratio  of 
'  the  reftangle  of  the  (ides  which  contain  the  given 
angle  to  the  fquare  of  (he  third  fide  be  given ;  the  tri- 
angle U  given  in  fpecies. 

Let  the  triangle  ABC  have  the  given  angle  BAG,  and  let  the 
ratio  of  the  reftangle  B A,  AC  to  the  fquare  of  BC  be  givenj  the 
triangle  ABC  is  given  in  fpecies. 

From  the  point  A  draw  AD  perpendicular  to  BC ;  the  rec«» 
tangle  AD,  BC  has  a  given  ratio  to  its  half  *  the  triangle  ABC, 
and  becaufe  the  angle  BAC  is  given,  the  ratio  of  the  triangle  ABC 

b.  Cor.  52.  to  the  rcfkangle  BA,  AC  is  given  ^;  and,  by  the  hypothecs,  the 
^**'       ratio  of  the  re£tangle  B  A,  AC  to  the  fquare  of  BC  is  given,  there-* 

c.  5>.  Dat.  fore  «  the  ratio  of  the  redgngle  AD,  BC  to  the  fquare  of  BC, 

d.  1.6.      that  is  ^  the  ratio  of  the  ftraight  line  AD  to  BC  13  given,  where- 

e.  77.  Dat.  fore  the  triangle  ABC  i$  given  ^  in  fpecies. 

A  triangle  fimilar  to  ABC  may  be  found  thus;  take  a  ftraight 
line  EF  given  in  pofition  and  magnitude,  and  make  the  angle  FEG 
equal  to  the  given  angle  BAC,  and  draw  FH  perpendicular  to  EG, 
and  BK  perpendicular  to  AC;  therefore  the  triangles  ABK,  EFH 
are  fimilar.  and  the  re£lan^ 
gle  AD,  BC,  or  the  reftan-  J^  ^ 
gle  BK,  AC,  whiqh  is  equal 
to  it,  is  to  the  reft^ngle  BA, 
AC,  as  the  ftraight  line  BK 
to  BA,  that  is  as  FH  to  FE;  .^ 

let  the  given  ratio  of  the-****^  "^ 
redangle  BA,  AC  to  the  fquare  of  BC  be  the  fame  with  the  ra** 
tio  of  the  ftraight  line  EF  to  FL ;  therefoje,  ex  aequali,  the  ratio 
45f  the  reftangie  AD,  BC  to  the  fquare  of  BC,  that  is  the  ratio  of 
the  ftraight  line  AD  to  BC,  is  the  fame  with  the  ratio  of  HF  to 
FL.  and  becaufe  AD  is  not  greater  than  the  ftraight  line  MN  in 
the  fegment  of  the  circle  defcribed  about  the  triangle  ABCi  which 
bifefis  BC  at  right  angles;  the  ratio  of  AD  to  BC,  that  is  of  HF  to 
FL,  muft  not  be  greate*than  the  ratio  of  MN  to  BC.  Jet  it  be  fo, 
and  by  the  77.  Dat.  find  a  triangle  OPQjvhich  has  one  of  its  an-i  , 
gles  POQ^qual  to  the  given  angle  BAC,  and  the  ratio  of  the  perr 
pendicular  OR,  drawn  from  that  angle,  to  the  bafe  PQjhe  fame> 
with  the  ratio  of  HF  tq  fh.  then  t}ie  triangle  AgC  is  fimil^  tQ 


DATA.  45tS 

OPiX^  bccaufe,  as  has  been  (hewn,  the  ratio  of  AD  to  BC  h  the 
fame  with  the  ratio  of  (HF  to  FL,  that  is,  by  the  conftru£lion,  with 
the  ratio  of)  OR  to  PQ^  and  the  angle  BAG  is  equal  to  tlie  angle 
POQ^tberefore  the  triangle  ABC  is  fimilar  ^  to  the  triangle  PCK^^-  »•  C°'- 

Otherwife,  7^  ^^ 

Ijtt  the  triangle  ABC  hare  the  given  angle  BAC,  and  let  the 
ratio  of  the  reftangle  BA,  AC  to  the  fquare  of  BC  be  given j  the 
mangle  ABC  is  given  in  fpecies. 

Becaufe  the  angle  BAC  is  given,  the  exccfs  of  the  fquarc  of 
both  the  fides  BkA,  AC  together  above  the  fquare  of  the  third 
fide  BC  has  a  given  *  ratio  to  the  triangle  ABC.  let  the  figure  D  *•  7^'  ^t« 
be»  equal  to  this  excefs;  therefore  the  ratio  of  D  to  the  triangle 
ABC  is  given;  and  the  ratio  of  the  triangle  ABC  to  the  reftangle 
B  A,  ^C  is  given  ^,  becaufe  BAC  is  a  given  angle ;  and  the  rcc-  b.  Cor.  6u 
tangle  B A,  AC  has  a,  given  ratio  to  the  *  -      ,    - 

fquare  of  BC-,  wherefore  ^  the  ratio  of         -5^  ^        ^'  *°*'*^^ 

D  to  the  fquarc  of  BC  is  given,  and,  by      v^    \  -*^ 

compofitiga  ^,  the  ratio  of  the  fpace  D  r  , N     I,.       1    ^  7* ^*^ 

together  with  the  fquare  of  BC  to  theS  C 

fquare  of  BC  is  given,  but  D  together  with  the  fquare  of  BC  is 

equal  to  the  fquare  of  both  B A  and  AC  together-,  therefore  the 

ratio  of  the  fquare  of  BA,  AC  together  to  the  fquare  of  BC  is 

given;  and  the  ratio  of  B  A,  AC  together  to  BC  is  therefore  given  *.  «•  59*  D»t. 

^ind  the  angle  BAC  is  given,  wherefore  *^  the  triangle  ABC  is^-45»D»t« 

given  in  fpecies. 

The  compofition  of  this  which  depends  upon  thofe  of  the  76. 
jind  48.  Propofitions  is  more  complex  than  the  preceding  compo* 
fition  which  depends  upon  that  of  Prop.  77.  which  is  eafy.  * 

PROP.    LXXIX.  K, 

IF  9  triangle  have  a  given  angle,  and  if  the  llraight  Sce  n. 
line  drawn  from  that  angle  to  the  bafe^  'making  a 
given   angle  with   it,   divides   the  bafe  into  fegments  / 
which  have  a  given  ratio  to  one  another ;  the  triangle 
is  given  in  fpecies. 

tet  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
ftraight  line  AD  drawn  to  the  bafe  BC  making  the  given  angle 
ADB,  divide  BC  into  the  fegments  BD,  DC  which  have  a  given 
l^tio  tp  one  another ;  the  triangle  ABC  is  given  in  fpecies. 
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a-  5*  4*         Defcribe  *  die  circle  BAG  about  the  triangle^  and  from  its  ttn* 
ter  £  draw  £  A,  £B»  £G»  ED.  becaufe  die  angle  BAG  is  giveti^  die 

b.  20. 3.    angle  BEG  at  the  center,  wfaich  is  the  double  ^  of  it,  is  given,  and 

the  ratio  of  BE  to  EC  is  given,  becaufe  they  are  equal  to  one  ano»- 

c.  44.  Dat.  ther;  therefore  ^  the  triangle  BEC  is  given  in  fpecies,  and  the  ratio 

d.  7.  Dat.  of  £B  to  BG  is  given,  alfo  the  ratio'  of  CB  to  BD  is  given  «»  be- 

caufe the  ratio  of  BD  to  DC  is  given  ^  therefore  the  ratio  of  £B  td 
«.  9,  Dat.  BD  is  given «.  and  the  angle  EBG  is  given,  wherefore  the  triangle 
EBD  is  given  ^  in  fpecies,  and  die  ratio  of  EB,  that  is  of  EA  to  ED 
is  therefore  given,  and  the  angle  EDA  is  given,  W^caufe  each  of  the 
U  47,  Dat.  angles  BDE,  BD  A  is  given,  therefore  the  triangle  AED  is  given  f 
in  fpecies,  and  the  angle  AED  given }  alfo 
the  angle  DEC  is  given,  becaufe  each  of  the 
angles  BED,  BEC  is  given;  therefore  the^ 
anigle  AEG  is  given,  and  the  ratio  cK  EA  to 
EG,  which  are  equal,  is  given;  aiid  the  tri- 
angle ABC  is  therefore  given  ^  in  fpecies, 
and  the  ang^e  EGA  given,  and  the  angle 
EGB  is  given,  wherefore  the  angle  AGB  i&  given,  and  the  angle 
J.  43.  Dat.  B^c  is  alfo  given;  dicrefoie  i?  the  triangle  ABC  is  given  in  fpecies. 
A  triangle  fimilar  to  ABC  may  be  found,  by  taking  a  ftraight 
line  given  in  pofition  and  magnitude,  and  dividing  it  in  the  given 
ratio  which  the  fegments  BD,  DC  are  required  to  have  to  one  ano* 
ther ;  then  if  upon  that  ftraight  line  a  fegment  of  a  circle  be  de^ 
fcribed  Containing  an  angle  equal  to  the  given  angle  BAG>  and  a 
'  ftraight  line  be  drawn  from  the  point  of  divifion  in  ^n  angle  equal 
to  the  given  angle  ADB,  and  from  the  point  where  it  meets  the 
circumference,  ftraight  lines  be  drawn  to  the  extremity  of  the  firft 
line,   thefe  together  with  the  firft  line  (hall  contain  a  triangle 
-    fimilar  to  ABC,  as  may  eafily  be  (hewn. 

The  Demonftration  may  be  glfo  made  in  the  manner  of  that 
of  the  77.  Prop,  and  that  of  the  77.  may  be  mad^  in  th^  manner 
of  this. 

h.  PROP,    LXXX. 

TF  the  fides  about  an  angl6.of  a  triangle  have  a  giren 
^  ratio  to  one  another,  and  if  the  perpendicular  drawn 
from  that  angle  to  the  bafe  hai  a  given  ratio  to  the 
l^afe }  the  triangle  i$  given  in  fpecie«f  . 
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'  Let  the  ^<ks  B  A,  AC,  about  the  angle  B  AC  of  the  triangle  ABC 
lave  a  ^vea  ratio  to  one  another^  and  let  the  perpendicular  A  Dhave 
a  ^ivcn  tatio  to  the  bafe  BC^  the  triangle  AJBC  is  givea  in  fpecks* 

Firft,  kt  the  fides  AB,  AC.  be  equal  to  on^  ano(her»  therefore 
llhe  perpendiciiiar  AD  bifefb  *  the  bafe  BC.  an4  4  a«  t5.  z. 

iSie  ratio  ef  AD  to  BC,  and  tbereSore  to  its  half 
DB  is  given)  ^nd  the  angl?  ADB  is  gi^n.  where* 

^ore  die  triaogi^  *  ABD  and  cociiequentjy  the  tri-     /     i ,   ^    *  41'  !>»% 
luigte  ABC  is  ^¥cn «» in  lj>ectes.  B    3>      <3^-44-Dat, 

But  let  the  iides  be  qneqiial*  and  B  A  be  greater  than  AC;  and 
^ake  the  angle  CA£  equal  to  the  angle  ABC.  beeaufe  the  angle 
AEb  is  common  to  the  triangks  A£B»  C£  A»  thpy  are  fimiiar ; 
therefore  as  AB  to  BE,  fo  is  CA  to  AE,  and*  by  {lermutatiooy  at 
BAto  AC,ibi$B£to£A,  aadfoifiEAtoEC.  and  the  ratio  of 
BA  to  AC  is  jpven,  therefore  dip  ratio  of  B£  tp  EA,  and  the  rado 
pf  EA  t0  EC,  at  Alfe  the  ratio  oC  BE  to  EC  is  giyen")  wherefore  ^'  ^  ^*^ 
the  ratio  of  EB  to  BC  is  given  *.  and  the  ratio  A  ^-  ^^  P»t. 

of  AD  tp  BC  is  ^iven  by  the  H  jpothe£s>  there-     m         ^^^^fi 
fore  « tKe  ratio  of  AD  to  BE  i*  given;  and  the      ^,^^'^y^/  \  \ 

ratio  of  BE  to  EA  was  ihewn  to  be  given;  ^""^  ^  jL  "^ 
wherefpre  the  fatio  of  Apto  AE  is  given.  andS  £^  C  £  D 
ADE  is  a  right  angle,  therefore  the  triangle  ADE  is  given  « in  fpe-  *•  4^-  Dat*. 
cics,  and  the  angle  AEB  given;  the  ratio  of  BE  to  E  A  is  lihewife 
given,  therefore  ^  the  triangle  ABE  is  given  in  Ipecies,  and  coafe* 
quently  the  angle  £  AB,  as  alio  the  angle  ABE,  diat  is  the  angle 
CA£  is  given ;  therefore  the  augle  8  AC  is  given,  and  the  angle 
A»C  being  alfo  given,  the  triangle  ABC  is  given  ^  in  fpecies.       ^'  ^^^ 

How  to  find  a  triangle  which  ihall  have  the  things  which  are 
mentioned  to  be  given  in  the  PropoGtion,  is  evident  in  the  firft  cafe. 
fUid  to  find  it  the  more  eafily  in  the  other  cafe,  it  is  to  be  obferved 
that  if  the  ftraight  line  £F  equal  toEA  be  placed  in  EB  towards  B, 
the  point  F  divides  the  bafc  BC  into  the  fegments  BF,  FC  which 
have  to  one  another  the  ratio  of  the  fides  B  A,  AC  becaufe  BE,  EA, 
or  £F,  and  EC  were  (hewn  to  b^  proportionals,  therefore  ♦  BF  is  *  '^*  ^^ 
to  FC,  as  BE  to  EF,  or  EA,  that  is  as  B  A  to  AC.  and  AE  cannot 
be  kfs  than  the  akitude  of  the  triangle  ABC,  but  it  may  be  equal  to 
it;  which  if  it  be,  the  triangle,  in  this  cafe,  as  atfo  the  ratio  of  the 
fides,  may  be  thus  found,  having  given  the  ratio  of  the  perpendi-r 
cular  to  the  bafe.  take  the  ftraight  line  GH  given  in  pofition  and 
(Ua|;n]|u4e,  for  (he  bafe  of  tbp  triangle  to  be  found ;  and  let  thp 
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given  ratio  of  the  perpendicular  to  the  bafe  be  that  of  the  ftraight 
line  K  to  GH|  that  is,  let  K  be  equal  to  the  perpendicular*,  and  fup- 
pofe  GLH  to  be  the  triangle  which  is  to  be  found,  therefore  hay« 
ing  made  the  angle  HLM  equal  to  LGH»  it  is  required  that  LM  be 
perpendicular  t^  GM  and  equal  to  K.  and  becaufe  GM,  ML,  MH 
are  proportionals,  as  was  fh^wn  of  B£,£  A,£C,  the  re^iangleGMH 
b  equal  to  the  fquare  of  ML.  add  the  common  fquare  of  NH» 
(having  bife£led  GH  in  N)  and  the  fquare  of  NM  is  equal  v  to  the 
fquares  of  the  given  ftraight  lines  NH  and  ML,  or  K.  therefore  the 
fquare  of  NM,  and  its  fideNM,  is  given,  as  alfo  the  point  M,  viz. 
by  taking  the  ftraight  line  NM  the  fquare  of  which  is  equal  to  the 
fquares  of  NH,  ML.  draw  ML  equal  to  K,  at  right  angles  to  GM. 
and  becaufe  ML  is  given  in  pofition  and  magnitude,  therefore  the 
point  L  is  given  ^  join  LG,  LH,  then  the  triangle  LGH  is  that 
which  was  to  be  found,  for  the  fquar^  of  NM  is  equal  to  the 
fquares  of  NH  and  ML,  and  taking  away  the  common  fquare  of 
NH,  the  redangle  GMH  is 
equal  «  to  the  fquare  of 
ML  5  therefore  as  GM  to 
ML,  fo  is  ML  to  MH,  and 
the  triangle  LGM  is  *»  there- 
fore equiangular  to  HLM, 

and  the  angle  HLM  equal  ft    t^  '  '#^  3H[     Tyr  p 
to  the  angle  LGM,  and  the  ^  -        ^  J- A  X 

ftraight  line  LM,  drawn  from  the  vertex  of  the  triangle  making 
the  angle  HLM  equal  to  LGH,  is  perpendicular  to  the  bafe  and 
equal  to  the  given  ftraight  line  K,  as  was  required,  and  the  ratio 
of  the  fides  GL,  LH  is  the  fame  with  the  ratio  of  GM  to  ML, 
that  is  with  the  ratio  of  the  ftraight  line  which  is  made  up  of  GN 
the  half  of  the  given  bafe  and  of  NM  the  fquare  of  which  is 
equal  to  the  fquares  of  GN  and  K,  to  the  ftraight  line  K. 

And  whether  this  ratio  of  GM  to  ML  is  greater  or  lefs  than  the 
ratio  of  the  fides  of  any  other  triangle  upon  the  bafe  GH,  and  of 
.which  the  altitude  is  equal  to  the  ftraight  line  K,  that  is,  the  vertex 
of  which  is  in  the  parallel  to  GH  drawn  thro'  the  point  L,  may  be 
thus  found.  Let  OGH  be  any  fuch  triangle,  and  draw  OP  making 
the  angle  HOP  equal  to  the  angle  OGH  5  therefore,  as  before,  GP, 
PO,  PH  ate  proportionals,  and  PO  cannot  be  equal  to  LM,  becaufe 
the  redangleGPH,  would  be  equal  to  the  reft  angle  GMH,  vrfiich  is 
impoilible^  for  the  point  P  cannot  fall  upon  M|  becaufe  O  would 
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then  fall  on  L;  nor  can  PO  be  lefs  than  LM,  therefore  it  is  gteatet; 
and  confequently  the  reftangle  GPH  is  greater  than  the  reflanglc 
GMH,  and  the  ftralght  line  GP  greater  than  GM.  therefore  the 
ratio  of  GM  to  MH  is  greater  than  the  ratio  of  GP  to  PH,  and  the 
ratio  of  the  fquare  of  GM  to  the  fquare  of  ML  is  therefore  *  greater  u  «.  Cor. 
than  the  ratio  of  the  fquare  of  GP  to  the  fquare  of  PO,  and  the  *®'  ^' 
ratio  of  the  ftraight  line  GM  to  ML,  greater  than  the  ratio  of  GP 
to  PO.  but  as  GM  to  ML,  fo  is  GL  to  LH ;  and  as  GP  to  PO,  fo 
is  GO  to  OH;  therefore  the  ratio  of  GL  to  LH  is  greater  than  the 
ratio  of  GO  to  OH  4  wherefore  the  ratio  of  GL  to  LH  is  the 
greateft  of  all  others ;  and  confequently  the  given  ratio  of  the 
greater  fide  to  the  lefs  muft  not  be  greater  than  this  ratio. 

But  if  the  ratio  of  the  fides  be  not  the  fame  with  this  greateft  ra- 
tio of  GM  to  ML,  it  muft  neceflarily  be  lefs  than  it.  Let  any  lefs 
iratio  be  given,  and  the  fame  things  being  fuppofed,  viz.  that  GH  is 
the  bafe,  and  K  equal  to  the  altitude  of  the  triangle,  it  may  be  found 
as  follows.  Divide  GH  in  the  point  Qj  fo  that  the  ratio  of  GQjo 
QH  may  be  the  fame  with  the  given  ratio  of  the  fides;  and  as  GQ^ 
to  QH,  fo  make  GP  to  PQj  and  fo  will  f  PQJ>e  to  PH;  where-  ^-  '^  S*  • 
fore  the  fquare  of  GP  is  to  the  fquare  of  PQj  as  *  the  ftraight  line 
GP  to  PH.  and  becaufe  GM,  ML,  MH  are  proportionals,  the 
fquare  of  GM  is  to  the  fquare  of  ML,  as  ^  the  ftraight  line  GM  to 
MH.  but  the  ratio  of  GQjo  QH,  that  is  the  ratio  of  GP  to  PQ^, 
is  lefs  than  the  ratio  of  GM  to  ML;  and  therefore  the  ratio  of  the 
fquare  of  GP  to  the  fquare  of  PQjs  lefs  than  the  ratio  of  the  fquare 
of  GM  to  that  of  ML ;  and  confequently  the  ratio  of  the  ftraight 
line  GP  to  PH  is  lefs  than  the  ratio  of  GM  to  MH,  and,  by  divifion, 
the  ratio  of  GH  to  HP  is  lefs  than  that  of  GH  to  HM;  wherefore  *  ^  w*  5* 
the  ftraight  line  HP  is  greater  than  HM,  and  the  reftangle  GPH, 
that  is  the  fquare  of  PQj  greater  than  the  reftangle  GMH,  that  is 
than  the  fquare  of  ML,  and  the  ftraight  line  PQJs  therefore  greater 
than  ML.  draw  LR  parallel  to  GP,  and  from  P  draw  PR  at  right 
angles  to  GP.  becaufe  PQJs  greater  than  ML,  or  PR,  the  circle 
defcribed  from  the  center  P,  at  the  diftance  PQ^  n\u{t  neceflarily 
cut  LR  in  two  points;  let  thefe  be  O,  S,  ahd  join  OG,  OH;  SG, 
SH;  each  of  the  triangles  OGH,  SGH  have  the  things  mentioned 
to  be  given  in  the  Propofition.  join  OP,  SP;  and  becaufe  as  GP  to 
PQj  or  PO,  fo  is  PO  to  PH,  the  triangle  OGP  is  equiangular  to 
IIOP;  as,  therefore,  OG  to  GP,  fo  is  HO  to  OP,  and,  by  peimu- 
tatipn,  as  GO  tp.OH,  fp  is  GP  to  PO^  or  PQ^  and  fo  is  GQjo 
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QK.  therdbfe  the  triangle  OGH  ha»  the  tado  <^  i!&  (iAe&  GQ3 
OH  the  fame  with  the  given  ratio  of  .GQ^to  C^;.  and  the  per- 
ipendicular  has  to  the  bafe  the  gi^en  ratio  of  K  to  GH9  beeaufe  th^ 
perpendicttlaf  is  equal  to  LM|  or  EL  the  tike  may  he  fhewn  in  the 
iame  waj  of  the  triangle  S6H. 

This  cdiiftru£kion  by  which  the  triangle  OGH  is  found,  19 
ftorter  than  that  which  would  be  deduced  from  the  Demonftra-^ 
tton  o£  the  Datum  ^  by  reafon  that  the  bafe  GH  is  giren  in  pcH 
fition  and  magnitude,,  vidiich  iilras  not  fuppofed  in  the  Demanftra^ 
tion.  the  fame  thing  is  to  be  obferved  in  the  next  Propofition. 

M.  PROP.    LXXXI. 

r'  the  fides  about  an  angle  of  a  triangle  be  uiiequal 
and  have  a  givea  ratio  ta  one  another,  and  if  the 
perpendicular  from  that  angle  to  the  bafe  divides  it  xiito 
fegments  that  have  a  givea  ratio  to  one  another;  the 
triangle  is  given  in  ipecies« 

Let  ABC  be  a  triangle  the  fides  of  which  about  the  angle  EAC 
are  unequal,  and  have  a  given  ratio  to  one  another,  and  kt  the 
perpendicular  AD  to  the  bafe  BC  divide  it  into  the  fegments  BD^ 
DC  which  have  a  given  ratio  to  one  another ;  the  tri^gle  ABC 
is  given  in  fpecies. 

Let  AB  he  greater  than  AC,  and  make  the  angle  C  A£  equal  to 
the  angle  ABCv  and  becaufe  the  angle  AEB  is  common  to  the  tri-^ 

«•  4*  ^'      angles  ABE,  C  AE,  they  are  » equiangular  to  one  another,  there- 
£ore  as  AB  to  BE,  fo  is  CA  to  A£,  and,,  by  jl 

permutation,  as  AB  to  AC,  fo  BE  to  E  A,  and  J^^ 

&  is  EA  to  EC.  but  the  ratio  of  BA  to  AC     ^''^l\\^ 
is  given,  therefore  the  ratio  of  BE  to  EAi  aafi  "DC    IE 

alfo  the  ratio  of  E  A  to  EC  is  given ;  vifhere-  IM 

b.  p.  Dat.  fore  «>  the  ratio  of  BE  to  EC,  as  alfo  ^  the  ratio 

^  Dat.       ®^  ^^  ^^  ^^  ^®  given,  and  the  ratio  of  BC 

d.  7.  Dat.   to  CD  is  given  %  becaufe  the  ratio  of  BD  to --        nrrv    -Kf 

DC  is  given  j  therefore  ^  the  ratio  of  EC  to**  J^H  J* 
GD  is  given,  and  confcquently  ^  the  ratio  of  DE  to  EC.  and  the 
latio  of  EC  to  £  A  was  fliewn  to  be  given,  therefore  ^  the  ratio 

e,  45.  Dat.  ^f  i>E  ^^  E^  j,  gj,^^  and  ADE  is  a  right  angle,  wherefore  « the 

tingle  ADE  is  given  1^  ipecieBy  smd  the  angle  A£S  given,  s^d 
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fiic  ratio  of  CE  to  EA  is  given,  therefore  ^  the  triangk  AEC  is  ^  44*  I>»t. 
given  in  fpecies,  and  confequently  thQ  angle  ACE  is  given,  as  alfo 
the  adjacent  angle  ACB.  in  the  fame  manner,  becaufe  the  ratio  of 
BE  to  EA  is  given,  the  triangle  BE  A  is  given  in  fpecies,  and  the  . 
angle  ABE  is  therefor^  given,  and  the  angle  ACB  is  given  j  where- 
fore the  triangle  ABC  is  given  *  in  fpecies.  g»  43*  I>*t. 

But  the  ratio  of  the  greater  fide  BA  to  the  other  AC  muft  be 
lefs  than  the  ratio  of  the  greater  fegment  BD  to  DC.  becaufe  the 
fquare  of  B A  is  to  the  fquare  of  AC,  as  the  fquares  of  BD,  DA  to 
the  fquares  of  DC,  DA^  and  the  fquares  of  BD,  DA  have  to  the 
fquares  of  DC,  DA  a  lefs  ratio  than  the  fquare  of  BD  has  to  the 
Square  of  DC  f ,  becaufe  the  fquare  of  BD  is  greater  than  the 
fquare  of  DC;  therefore  the  fquare  of  BA  has  to  the  fquare  of  AC 
a  kfs  ratio  than  the  fquare  of  BD  has  to  that  of  DC.  and  confe- 
quently  the  ratio  of  B  A  to  AC  is  lefs  than  the  ratio  of  BD  to  DC. 

This  being  premifed,  a  triangle  which  (hall  have  the  things  men- 
tioned to  be  given  in  the  Propofition,  and  to  which  the  triangle 
ABC  is  fimilar,  may  be  found  thus,  take  a  ftraight  line  GH  given 
in  pofition  and  magnitude,  and  divide  it  in  K  fo  that  the  ratio  of 
GK  to  KH  may  be  the  fame  with  the  given  ratio  of  BA  to  AC;  di- 
vide alfo  GH  in  L  fo  that  the  ratio  of  GLtoLH  may  be  the  fame  with 
the  given  ratio  of  BD  to  DC,  and  draw  LM  at  right  angles  to  GH. 
and  becaufe  the  ratio  of  the  fides  of  a  triangle  is  lefs  than  the  ratio 
of  tlie  fegments  of  the  bafe,  as  has  been  (hewn,  the  ratio  of  GK  to 
KH  is  lefs  than  the  ratio  of  GL  to  LH,  wherefore  the  point  L  muft 
fall  betwixt  K  and  H.  alfo  make  as  GK  to  KH,  fo  GN  to  NK,  and 
fo  fliall  *  NK  be  to  NH.  and  from  the  center  N,  at  the  diftance  !»•  «^  St 
NK  defcribe  a  circle,  and  let  its  circumference  meet  LM  in  O,  and 
join  OG,  OH;  then  OGH  is  the  triangle  which  was  to  be  defcribed* 
becaufe  GN  is  to  NK,  or  NO,  as  NO  to  NH,  the  triangle  OGN  is 
equiangular  to  HON;  therefore  as  OG  to  GN,  fo  is  HO  to  ON, 
and,  by  permutation,  as  GO  to  OH,  fo  is  GN  to  NO,  or  NK,  that 
is  as  GK  to  KH,  that  is  in  the  given  ratio  of  the  fides,  and,  by  the 
conftruftion,  GL,  LH  have  to  one  another  the  given  ratio  of  the 
fegments  of  the  bafe. 


f  I£  A  be  greater  than  B,  and  C  any 
third  magnitude ;  then  A  and  C  toge- 
ther have  to  B  and  C  together  a  lefs 
ra^io  than  A  has  to  B. 

Let  A  be  to  B  as  C  to  D,  and  be- 
caufe /L  is  greater  than  B,  C  is  greater 


til  an  D.  but  as  A  is  to  B,  fo  A  and  C 
to  B  and  ]> ;  and  A  and  G  have  to  B 
and  C  a  kfs  ratio  than  A  and  C  bare 
to  B  and  D,  becaufe  C  is  greatev  thaa 
D.  tl]  ere  fore  A  and  C  have  to  B  and  G 
a  lefs  ratio  than  A  to  B. 


\ 
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60.  PROP.    LXXXII. 

/ 
T  F  a  parallelogram  given  in  fpecies  and  magnitude  be 
-^  encreafcd^  or  diminifhed  by  a^omon  given  in  mag- 
nitude ;  the  (ide8  of  the  gnomon  are  given  in  magnitude. 

Firfti  let  the  parallelogram  AB  given  in  fpecies  and  m^^itucfe 
be  encreafed  by  the  given  gnomon  ECBDFG;  each  of  the  ftraight 
lines  CE,  DF  is  given, 

Becaufe  AB  is  given  in  fpecies  and  magnitude,  and  that  the  gno-* 

♦    r».Dcf.  mon  ECBDFG  is  given,  therefore  the  whole  fpacc  AG  is  given  in 

*  l.«4^«  '"^g^^^^^i^*  ^^^  AG  is  alfo  given  in  fpecies,  becaufe  it  is  fimilar  * 

t>.  66.  Dat.  to  ABj  therefore  the  fid^s  of  AG  are  given  \  each  of  the  ftraight 

lines  AE,  AF  is  therefore  given ;  and  each  of  ^  ,^ 

the  ftraight  lines  CA,  AD  is  given  *»,  therefore  . 

c.  4.  Dat.  g^^,jj  of  ^g  remainders  EC,  DF  is  given  *^. 

Next,  let  the  parallelogram  AG  given  in  fpe- 
cies and  magnitude  be  diminifhed  by  the  given  ^  -rj 
gnomon  ECBDFG ;  each  of  the  ftraight  lines 
CE,  DF  is  given.  . 

/  Becaufe  the  parallelogram  AG  is  given,  as  alfo 
its  gnomon  ECBDFG  ^  the  remaining  fpace  AB  is  given  in  magnt^ 
tude.  but  it  is  alfo  given  in  fpecies;  becaufe  it  is  Cmilar  *  to  AG; 
therefore  ^  its  fides  CA,  AD  are  given,  and  each  of  the  ftraight 
lines  EA,  AF  is  given;  therefore  EC,  DF  are  each  of  them  given. 
The  gnomon  and  its  fides  CE,  DF  may  be  found  thus  in  the 
firft  cafe.,  let  H  be  the  given  fpacc  to  which  the  gnomon  muft  be 

d.  as-  6,    made  equal,  and  find  ^  a  parallelogram  fimilar  to  AB  and  equal 

to  the  figures  AB  and"  H  together,  and  place  its  fides  AE,  AF 
from  the  point  A,  upon  the  ftraight  lines  AC,  AD,  and  complete 
c.  %6,  6,  the"  parallelogram  AG,  which  is  about  the  fame  diameter  «  with 
AB.  becaufe  therefore  AG  is  equal  to  both  AB  and  H,  take  away 
the  common  part  AB,  the  remaining  gnomon  ECBDFG  is  equal 
to  ther  remaining  figure  H.  therefore  a  gnomon  equal  to  H»  and 
its  fides  CE,  DF  are  found,  and  in  like  fanner  they  may  be  found 
in  the  other  cafe,  in  which  the  given  figure  H  muft  be  lefs  than 
the  figure  F£  from  which  it  is  to  be  taken,  * 
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It  a  parallelogram  equal  to  a  given  fpace  be  applied 
to  a.gtvea  ftraight  line,  deficient  by  a  parallelogram 
given  in  fpecies }  the  fides  of  the  dtk&,  ate  giVen* 

Let  the  parallelogram  AC  equal  to  a  giiren  fpace  be  applied  to 
die  giiren  ftraight  line  AB,  deficient  by  the  parallelogram  BDCL 
g^ven  in  fpecies  \  each  of  the  ftraight  lines  CD,  DB  are  given. 

Bife£);  AB  in  £(  therefore  £B  is  given  in  magnitude,  upon  £B 
defcribe  *  the  parallelogram  EF  fimilar  to  DL  and  fimilarly  placed  |  **  '^'  '* 
therefore  EF  is  given  in  fpecies^  and  is  aboUt 

the  fame  diameter  ^  with  DLj  let  BCO  it   W    ^'  *^'^' 

be  the  diameter^  and  conftrud):  the  figure, 
therefore  becaufe  the  figure  £F  given  in 
fjpectes  is  defcribed  upon  the  given  ftraight 
line  Z&9  EF  is  given  « in  magnitude,  and     J'    '    *^  ^  ^^     ^'  ^^'  ^*'' 
the  gAtfmon  ELH  is  equal  <*  to  the  given  ^        E  1>  B     d.  3^.  and 
figure  AC,  therefore  «  fince  £F  is  diminifhed  by  the  given  grto-  ^  ^^'  p^^ 
mon  £LH»  the  fides  £K,  FH  of  the  gnomon  are  given,  but  £K 
U  equal  to  DC,  and  FH  to  DB ;  wherefore  CD>  DB  are  each  of 
them  given. 

This  Demonftration  U  the  Analyfis  of  the  Problem  in  the  28* 
Prop,  of  Book  6.  the  conftru£kion  and  Demonftration  of  which 
Propofition  is  the  Compofition  of  the  Analyfis,  and  becaufe  the  gi^* 
ven  fpace  AC  or  its  equal  the  gnomon  ELH  is  to  be  taken  from  the 
figure  EF  defcribed  upon  the  half  of  AB  fimilar  to  BC,  therefore 
AC  muft  not  be  greater  than  EF,  as  is  ihewn  in  the  27.  Prop.  B.  6* 

PROP.    LXXXIV.  59. 

IYz  parallelogram  equal  to  a  given  fpace  be  applied  to 
a  given  ftraight  line,  exceeding  by  a  parallelogram 
given  in  fpecies }  the  fides  of  the  excefs  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  fpace  be  applied  to 
the  given  ftraight  Une  AB,  exceeding  by  the  parallelogram  BDCL 
given  in  fpecies ;  each  of  the  ftraight  lines  CD>  DB  are  given. 

B\{e&  AB  in  £;  therefore  £B  is  given  in  magnitude*  upon  £B 
defcribe  *  th^  parallelogram  £F  fimilar  to  LD,  and  fimilarly  placed;  »*  x9.  6. 
therefore  £F  is  given  in  fpecies,  and  is  about  the  fame  diameter  ^  b.  26.  <s« 

E  e 
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with  LD.  let  CBG  be  the  diameter,  and 
conftruft  the  figure,  therefore  becaufe  the 
figure  £F  given  in  fpecies  is  defcribe^l  up- 
on the  given  ftraight  line  EB|  EF  is  given 
t.  s^.-Dat  in  magnitude  «.  and  the  gnomon  ELH  is 
d.  36.  and  equal  to  the  given  figure  <*  AC  j  where- 
fbte  fince  £F  is  encreafed  by  the  given 
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32.  Dat  gnomon  ELH,  its  fides  EE,  FH  arc  given  \  but  EK  is  equal  to 
CD,  and  FH  to  BD-,  therefore  CD,  DB  are  each  of  them  given. 

This  Demonftratbn  is  die  Aiialyfis  of  the  Problem  in  the  29. 
Prop.  Book  6.  the  conftrudion  and  Demonftration  of  which  is 
the  Compofition  of  the  Analyfis. 

CoR.  If  a  parallelogram*  given  in  fpecies  be  2ffl6cd  to  a  given 
ftraight  line,  exceeding,  by  a  parallelogram  equal  to  a  given  fpace; 
the  fides  of  the  parallelogram  are  given. 

Let  the  parallelogram  ADCE  given  in  fpecied  be  applied  to  the 
given  ftrai^t  line  AB  exceeding  by  the  parallelogram  BDC6  equal 
to  a  given  fpace;  the  fides  AD,  DC  of  the  parallelogram  are  given. 

Draw  the  diameter  DE  of  the  parallelogram  ACy  and  conftrufl 
the  figure,  becaufe  the  parallelogram  AK  is  equal  ^  to  BC  which  is 
given,  therefore  AK  is  given,  and  BK  is 
fimilar  ^  to  AC,  therefore  BK  is  given  in    E         .    Cfc       G 
fpecies.  and  fince  die  parallelogram  AK 
given  in  magnitude  is  applied  to  the  given 
ftraight  line  AB,  exceeding  by  the  paral-  ** 
lelogram  BK  given  in  fpecies,  therefore, 
by  this  Propofition,  BD,  DK  the  fides  of  A- 
the  excefs  are  given,  and  the  ftraight  line  AB  is  given,  therefore 
the  whole  AD,  as  alfo  DC  to  which  it  has  a  given  ratio  is  given. 

PROB. 

To  apply  a  parallelogram  fimilar  to  a  given  one  to  a  given  ftraight 
line  AB,  exceeding  by  a  parallelogram  equal  to  a  given  fpace* 

To  the  given  ftraight  line  AB  apply  « the  parallelogram  AK  c- 
qual  to  the  given  fpace,  exceeding  by  the  parallelogram  BK  fimilar 
to  the  one  given,  draw  DF  the  diameter  of  BK,  and  thro*  the 
point  A  draw  AE  pairallel  to  BF  meeting  DF  produced  in  E,  and 
complete  the  parallelogram  AC. 

Tlie  parallelogram  BC  is  equal  *  to  AK,  diat  is  to  the  given 
fpace;  and  the  parallelogram  AG  is  fimilar  b  to  BK.  therefore  the 
parallelogram  AC  i&  applied  to  the  ftratg}it  line  A^  fimtlar-  ta  the 
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one  given  and  exeeedltlg  by  the  parallelogram  BC  which  is  equal 
%&  the  given  fpace« 

PROP.    LXXXV.  84* 

IF  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude^  in  a  given  angle;  if  the  difference  of  the 
ftraight  lines  be  given,  they  (hall  each  of  them  be  given. 

Let  M&s  BC  coiitaih  the  parallelogram  AC  given  in  magnitude, 
vet  the  given  angle  ABCj  and  let  the  etcefs  of  BC  alxMri  AB  be  gi- 
ven ;  each  of  the  ftraight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  excefs  of  BC  aboVe  B  A) 
therefore  the  remainder  BD  is  equal  to  BA. 
complete  the  parallelogram  AD,  and  becaufe 
AB  is  equal  to  BD,  the  ratio  of  AB  to  BD  is 
given,  and  the  aligle  ABD  is  given,  therefore^  ]J  0 
the  parallelogram  AD  is  given  in  fpecies.  and  becaufe  the  given  par^ 
allelogram  AC  is  applied  to  the  given  fttaight  line  DC,  exceeding 
by  the  piarallelogtam  At)  given  in  fpecies,  the  fides  of  the  excefs 
are  given  « ;  therefore  BD  is  given,  and  DC  is  givei^,  wherefore  *•  ^4-  ^^n 
the  whole  BC  is  given,  and  AB  is  given,  therefore  AB,  BC  are 
each  of  them  given* 

PROP.    LXXXVL  85. 

IF  two  ftraight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle;  if  both  of  them  toge- 
ther be  given^  they  iball  each  of  them  be  given. 

liCt  th6  two  ftraight  lines  AB,  BC  contain  the  r^arallelogram  AC 
given  in  magnitude,  in  the  given  angle  ABC,  and  let  AB,  BC 
together  be  given }  each  of  the  ftraight  lines  AB,  BC  is  given. 

Produce  CB  and  make  BD  equal  to  BA,  and  complete  the 
parallelogram  ABDE.  becaufe  DB  is  equal  to  BA,  and  the  angle 
ABD  given,  becaufe  the  adjacent  angle  ABC  is     Tgj  K 

given;  ^Sht  parallelogram  AD  is  given  in  fpecies.        "     ^ 
and  becaufe  AB,  BC  together  -are  given,  and 
AB  iff  equal  to  BD ;  therefore  DC  is  given, 
and  becaufe  the  given  parallelogram  AC  is  ap-*  D        IR    C 
plied  to  the  given  ftraight  line  DC,  deficient  by  the  parallelogran. 
AD  given  in  (pecieS,  the  fides  AB,  BD  of  Ae  defeft  are  given  •.  ^  ^i-  Dat; 
and  DC  is  giveh.  whfcrefore  the  remainder  BC  is  given;  ^tid  each 
of  the  ftraight  lines  AB,  BC  is  therefore  given. 
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87.  PROP.    LXXXVII.         -    :^ 

F  two  ftraight  lines  contain  a  parallelogram  given  ill 
magnitude,  in  a  given  angl6 ;  if  the  excefs  of  the 
fquare  of  the  greater  above  the  Tquare  of  the  Icffer  be 
given^  each  of  the  Araight  jines  ih^U  be  given. 

Let  the  two  ftraight  lints  AB,  BC  contain  the  given  poirallelo- 
gr^m  AC  in  the  given  angle  ABC$  if  the  eicceft  of  th^  fquare  of 
BC  above  the  fquare  of  BA  be  given ;  AB  and  BG  wee  -each  of 
them  given.  .  ,     . 

Let  the  given  excefs  of  the  fqiure  of  BC  above  the  fquare^ctf  BA 
be  the  redangle  CB,  BD;  take  this  from  the  fquare  of  BC,  the  re- 

a.  3. 3*  *    maindery  which  is  *  the  rectangle  BC»  CO  is  equal  to  U^  f<j[uar€  of 

AB.  and  becaufe  the  angle  ABC  of  the  paraUelogram  AC  is  gwen, 
the  ratio  of  the  re&angle  of  the  fides  AB»  BC  to  the  parallelo^am 

b.  62,  Dat.  AC  is  given  <»•,  and  AC  is  given,  therefore  the  reftangk  AB,  BC  is 

given^  and  the  re£langle  CB,  BD  is  given;  tbesefore  the  ratio  of 
<"*  I'  ^      the  reaangle  CB,  BD  to  the  roaangk  AB,  BC,  that  is  "^  tlio  ratio 
d.  54.  Dat.  of  the  ftraight  line  DB  to  BA  is  given)  tharcfore^  the  ratio  cf  the 
iquare  of  DB  to  the  fquare  of  BA  is  given^  a  >^ 

and  the  fquare  of  BA  is  equal  to  the  rec-      .  / — r- 
,    tangle  BC,  CD }  wherefore  die  ratio  of  the 
reOangle  BC,  CD  to  tha  fquare  of  BD  isBi 
given,  as  alfo  the  ratio  of  four  times  the  rec-        ]P])       C     ; 

c.  7.  Dat.  tangle  BC,  CD  to  the  fquare  of  BD ;  and,  by  compofition  ^  tfc 

ratio  of  four  times  the  reflangle  BC,  CD  together  with  the  fqilaref 
of  BD  to  the  fquare  of  BD  is  given,  but  four  times  the  rediangle 

f.  8.  «.       BC,  CD  together  with  the,  fquare  of  BD  is  equal  ^  to  the  fquare 

of  the  ftraight  lines  BC,  CD  taken  together ;  therefore  the  ratio 
of  the  fquare  of  BC,  CD  together  to  the  fquare  of  BD  is  given; 

g.  53.  Dat.  wherefore  « the  ra|io  of  the  ftraight  Kne  BC  togcthei^  with  CD  to 

BD  is  given,  and,  by  compofition,  the  ratio  of  BC,  together  with 
CD  and  DBy  that  h  the  ratio  of  twice  BG  to  BD  is  given^  $i^i^ 
fore  the  ratio  pf  BC.tp  BD  is  given,  as  alfo  ^  the  ratio,  of  tbe 
fquare  of  BC  to  the  reaangle  CB,  BD.  but  the  rea:angle  CB,  BD 
--  is  given,  being  the  given  e^scefs  of  the  fquares  of  BG,  BA  j  thcr^ 

fore  the  fquare  of  BC,  and  the  ftraight  line  BC  is  given*  and  the 
ratio  of  BC  to  BD,  as  alfo  of  BD  to  BA  has  been  {hewn  to  be 
h.  9. Dat;  given 5  therefore  "^'the  ratio  pf  BC  to  BA  is  given;  and  BCis 
given,  wherefore  BA  is  given. 


'  D  AT  A.  43^ 

The  preceding  Desionfti^tion  is  the  Analyfis  of  thie  Problem, 

A  parallelogram  AC  which  has  a  given  angle  ABC  being  given 
in  magnitudei  and  the  excefd  of  the  fquare  of  BC  one  of  its  (idea 
above  the  (quave  of  the  other  BA  being  ^ven;  to  find  the  fides,  and 

The  Compofition  is  as  follows. 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  required 
•to  be  equal,  and  from  any  point  E  in  FE  draw  EG  perpendicular 
to  F6  •,  let  the  redangie  EG,  GH  be 
the  given  fpace  to  which  the  paralle- 
logram AC  is  to  be  made  equal ;  and 
Ihe  rtdangle  HG»  GL  be  the  given 
'^excefi  of  the  fquares  of  BC,  BA. 

T^ke,  in  tke  ftraight  litie  GE,  GK  .  .  .  . 
e^ttaltoFE,  and  make GM double  of E  Cr  If  O  BU 
GK*,  l(m  Mfof  and  to  GL  produced  take  I^  equal  to  LM.  hiCtSk 
6K  in  O9  and  between  GH,  GO  find  a  mean  proportional  BC.  as 
OG  to  GL,  fo  make  CB  to  BD)  and  make  the  angle  CBA  equal  to 
GFE,  and  as  LG  to  GK,  fo  make  DB  to  B  A  •,  and  complete  the  par- 
allelogram AC.  AC  is  equal  to  the  redangle  EG,  GH,  and  the  ex- 
cefs  of  the  fquares  of  CB,  BA  n  equal  to  the  red:angle  HG,  GL. 

Becaufe  as  CB  to  BD,  fo  is  OG  to  GL,  the  fquare  of  CB  is  to 
the  rediang^e  CB,  BD,  as  *  the  re^angle  HG,  GO  to  the  re£kangle  s.  i*  !^ 
HG,  GL.  and  the  fquare  of  CB  is  equal  to  the  redangle  HG,  GO, 
becaufe  GO,  BC,  GH  are  proportionals  \  therefore  the  re£langle 
CB,  BD  is  equal  ^  to  HG,  GL.  and  becaufe  as  CB  to  BD,  fo  is  b.  14.  5. 
OG  to  GL,  twice  CB  is  to  BD,  as  twice  OG,  that  is  GN,  to  GL; 
and,  by  divifion,  as  BC  together  with  CD  is  to  BD,  fo  is  NL,  that 
is  LM,  to  LG.  therefore  <  the  fquare  of  BC  together  with  CD  is  c.  ta.  6. 
to  the  fquare  of  BD,  as  the  fquare  of  ML  to  the  fquare  of  LG.    ' 
but  the  fquare  of  BC  and  CD  together  is  equal '  to  four  times  the  d.  s.  «• 
redangle  BC,  CD  together  with  the  fquare  of  BD;  therefore  four 
times  the  refiangle  BC,  CD  together  with  the  fquare  of  BD  is  to 
die  fquare  of  BD,  as  the  fquare  of  ML  to  the  fquare  of  LG.  and, 
by  divifion^  four  times  the  re£kangle  BC,  CD  is  to  the  fquare  of  BD, 
aa  the  fquare  of  MG  to  the  fquare  of  GL;  wherefore  the  re&angle 
BC,  CD  is  to  the  fquare  of  BD,  as  (the  fquare  of  KG  the  half  of 
MG  to  the  fquare  of  GL)  that  is  as)  the  fquare  of  AB  to  the  fquare 
<d  BD,  becaufe  as  LG  to  GK,  fo  DB  was  made  to  B  A.  therefore  ^ 
the  rectangle  BC>  CD  is  equal  to  the  fquare  of  AB;  to  each  of  thcfe 
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add  the  rectangle  CBj  6P,  aa^d  the  fqutre  of  iP  bie^ames  equ^l  to 
the  fquare  of  AB  together  with  the  .rectangle  CB,  BD.  therefore 
(his  re^langte,  that  is  the  given  fe^angle  HG,  Ch  is  the  exceft  of 
the  fquarcs  of  BC|  AB  from  the  point  A  draw  AP  perpendicuiar 
to  BC}  and  becaufe  the  angle  ABP 18  equal  to  die  angle  EFGf  the 
triangle  ABP  is  equiangular  to  £FG.  and  DB  was  made  to  B  A,  as 
LG  to  GK,  therefore  as  the  reaaogle  CB»  BD  to  CB,  BA,  fo  is  the 
re£kangle  HG,  GL  to  HG>  GK;  and  as  the  re£baogle  CB,  BA  to 
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AP,  BQ,  fo  is  (the  ftraight  lin^  BA  to  APf  mi  to  i$  fi  or  ClS^tP 
£G,  ^nd  fo  is)  the  reetangle  HG,  QK  t?  HQ»  GEi  tfie^fiPCft 
ex  aequali,  as  the  re&angle  CB>  PD  to  AP,  BC,  fK^  i§  the  r^^y 
angle  HG,  GL  to  EG,  GI).  aff)d  thq  re^^ngle  CB,  BD  is  eq|i^' 
to  HG,  GL|  therefore  the  re£langle  AP,  BjC,  th^t  i§  the  paraW 
]eipgram  AC  is  eqi^al  to  tlie  gLvet>redangle  $)Q,  GH* 

N.  PROP.    LXXXVIIL       - 

IF  two  ftraight  lines  contain  a  paralt^Iogram  given  in 
magnitude,  in  a  given  angle;  if  the  funi  of  the 
fquares  of  its  fides  be  given,  the- fides  ihali  each  of  tbeni 
be  given. 

Let  the  two  ftraight  lines  ABt  BC  contain  the  parallelograni 
ABCD  given  in  magnitude  in  the  given  angle  ABC,  and  let  the 
fum  of  the  fquares  of ^  AB,  BC  be  given  ^  AB,  BC  are  each  of 
them  given. 

Firft,  let  ABC  be  a  right  angle}  and  becaufe  twice  the  re£langle 
contained  by  two  equal  ftraight  lines  is  equal  to  both  their  fquares ; 
but  if  two  ftraight  lines  are  unequal,  twice  the  recr 
tgngle  contained  by  them  is  lefs  than  the  fum  of  their  Ap — n  J^ 
fquares,  as  is  evident  from  the  7.  Prop,  B.  a*  {ilem. 


therefore  twice  the  given  fpace,  to  which  fpacc  the  -** 

re£^angle  of  which  the  fides  are  to  be  found,  U  equal,  muft  not  b^ 

ipr^at^r  than  the  ^iven  fum  of  t)ie  fguwp  9f  th^  64^Sf  a94  H  twiw 
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th^t  ^Kicelic  eqii^  to.  the  given  fum  of  die  fquares^  ihe  fides  of 
the  re^angle  mi^ft  peceflarily  be  equal  to  one  another,  tlxerefore 
in  this  cafe  defcribe  a  fquare  ABCD  equal  to  the  given  rcftang^ 
and  its  (ides  AB,  BC  are  thofe  which  weie  to  be  found,  fox  th^ 
rediangle  AC  is  equal  to  the  given  fpacei  and  the  fum  of  the 
fquares  of  its  fide^  AB^  BC  is  equal  to  twice  the  re<Slangle  AC^ 
that  is«  by  the  hypothefis,  to  the  given  fpace  to  which  the  fum  of 
the  ^uares  vm  required  to  be  equa]. 

But  if  twice  the  given  redangl^  he  not  equfil  to  the  given  fuxn 
of  the  A)uare8  of  the  (ides,  it  muft  be  le£»  t^an  it,  ^,\  h^s  bei^ 
fliewn.   Let  ABCD  be  the  redi^nglc,  join  AC  an4  4raw  BE  per- 
pendicular to  it;  and  complete  the  rectangle  A£BF,  a^nA.  defcri|)e 
the  circle  ABC  fibout  the  triangle  ABC}  AC  is  it«  diameter  '*  a. for. 5.^ 
and  becaufe  the  triangle  ABC  is  fimilar  ^  to  A£B,  as  AC  to  CB^  b.  s,  <^ 
fo  i$  AB  to  B£^  therefore  the  redangle  AC»  B^  is  equal  to  AB^ 
PQ I  and  the  re^ogle  AB,  BG  is  given,  wherefpxe  ACj  B£  ij^     • 
given,  and  faqcaii^  the  fum  of  the  fquares.  pf  AB|  BC  is  given^ 
{he  fquare  of  AC  which  is  equal  ^  to  that  fum  i$  given  f  9ud  AC  c.  47.  u 
Ufelf  v^  therefore  given  in  magnitude,  let  A  P  be  UHewifi?  giv^i^ 
in  pofitipn,  and  the  point  K\  therefore  AF        a  ^       ^ 

19 givca ^  in  ppfition.  arid  the  reilaugle  AC,     '"^sAy  •  -•  •  '-  ?  ^'  ^**  ^*^ 
BE  is  givep,  as  has  bean  (hewn,  5uid  AC      A   /^>w 
is  given,  wherefore  *  BE  is  given  in  mag-  m/-\/       *^^Ns.       *^'  ^''  ^*^* 
lutudc,  as  alfo  AF  which  is  equal  to  it;     JrV;,^^  yC 

9i^d  AF  is  alfo  given  in  pofition,  and  the  ^^^^^i;;>fc^-,^-«^    ^ 

point  A  is  given ;  wherefore  ^  the  point  F    ''    "  '^  ''  -  •  '-A-V'  ^*  ^^*  ^**' 
is  giifcn,  and  the  ftraight  line  F3  in  pofi*  ^      •'^         JXm 
tion  ^.  and  the  circumference  ABC  is  given  in  pofition^  whereiorf  S-  31-  Dat. 
^  the  point  B  is  given,  and  the  points  A,  C  are  given  j  therefor^  ^  ^^'  ^*^» 
the  ftraight  lines  AB,  BC  are  given  ^  in  pofition  and  magni*  ^*  ^^*  ^^^* 
tude. 

The  fides  AB,  BC  of  the  reft  angle  may  he  found  thus;  let  the 
refkangle  GH,  GK  be  the  given  fpace  to  which  the  redangle  A  8, 
BC  is  equal;  and  let  GH,  GL  be  the  given  redangle  to  which  the 
fum  of  the  fquares  of  AB,  BC  is  equal,  find  ^  a  fquare  equal  to  ^'  *4*  *• 
the  rectangle  GH,  GL,  and  let  its  fide  AC  be  given  in  pofition  | 
Up^n  AC  as  a  diameter  defcribc  the  femicircle  ABC,  and  as  AC  to 
GH,  fo  make  OK  to- AF,  and  from  the  point  A  place  AF  at  r^ht 
angles  to  AC.  therefore  the  redangle  CA,  AF  i^  equal  *  to  GH,  ^  ^^^^ 
GK}  and,  by  the  hypothefis,  .f wicc  the  reftaugle  GH,  GK  is  Icfe 
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than  GHt  GL,  th^t  it  tHjm  tlie  fquait  of  AG;  wherefoiv  twice  the 

rdEk^ngl^  CAf^AF  1(1 16&  than  the  fquare  of  AC^  and  the  rcAaiigle 

CA|<  AF  kfdf.  j€!&]than  bilf  the  fquafe  of  AC,  that  is,  than  the 

rp^langjc  coUlaiiied  hffhfi  dtkmeter  AC  and 

tUi^h^;  Wh(iT!rfofe.AF:is  Icfs  than  the  fe- 

nudiameter  of  tJbe  cif cl^>  and  confequently 

the  ftraight  fine  db^wn  throi^hithd  pomt  F 

parallel  to  AC  imtft  meet  the  cirmtaferenee     JBT 

in  two  points,  let  B  be  either  of  them,  and 

join  AB,  BC  and  complete  the  rectangle  * 

ABCD;  ABCD  is  the  reaingle  which  was  ^      •'^ 

to  be  found,  draw  BE  perpendicular  to  AG  $  therefore  BE  i$ 

«■•  M*  r*    equal  "^  to  AF|'  and  becaiife  die  kngle  ABC  in  a  femicircle  is  a 

l>*  «•  ^'     light  angle,  theteAaiigld  ABy  BC  k  equal  ^  to  AC,  BE,  tSiat  is 
to  tb^  re^n^  C  A,  AF?  which  is  equal  to  ^e  given  reAafigle 

«•  4V  «•    Gft,  GK,  and  the  (^uareis  of  AB,  CC  ve  together  equal « to  Ai 
fquare  of  AC,  that  is  to  the  given  re£bingle  GH,  GL. 

But  tf  the  gixren  tngle  ABC  of  the  paralleiogtam  ^A€  te^  itot  a 
rightangle,  In  this  c>fe  becaufe  ABC  is  a  given  ahgtej  the  ratio  €f 
the  refkangle  contained  by  the  fides  AB,  BCto^the  pn^etograni 

to.  6t.  Dat.  AC  is  given  «}  and  AC  is  given,  therefore  thcf  redsoigto/iii^,  BC 
is  given.  «nd  the  fum  of  thefquaies  of-AB,  BO  is  gifbn^i^dtcfft- 
fore  the  fides  AB,  BC  aire  given  by  tiie  preceding  crfe.^  •  '  - 
.  The  fides  A  B^  BC  and  the  prallel6gran»  AC  may  be  f0und  thus, 
,  letEFGbe  the  given  tagle  of  ^the  paraftelogram,  and  from  mtf 
point  £  in  F£  draw  EG  perpendicular  to  FG.  and  let  theredangle 
EG,  FH  be  the-  given  fpace  to  M^hich^  the  parallelogram  is  to  be 
made  equal,  and  let  EF,  FK  be  the  ^ven  rec-  v  ''•  »  - 
,tangle  to  whigh  the  ftmi  of  die  ftjuares  of  the       '^^  -  "^ 


fides  is  to  be  equal,  and^  )>y  the  preceding  eafe, 

find  the  fides  of  ^  re£^angle  which  is  equalto^<<*J  -t     '<C 

the  given/i-ea^rtgle  EF»  FHj  atid  the  l^uares^^    ^  V. 

of  the  fidc»  of  which  are  together  eqiial  to  the 

given  re(aangleEF,FK.  therefore,  as  was;  ibewn 

in  that  cafe>  twice  rhe  reftanglc  EF,  FH  inuft 

not  be  greater  than  the  redahgle  EF,-  FK4  let 

it  be  fo,  iind  let  AB,  BC  be  the  fides  o*  the     "p"  HG     !^ 

reftangle  joined  in  the  angle  ABC  oqud  to  the    ^      •*""!     "^ 

given  angle  EF6-,  and  comptee  Ae  ptralletegram  ABCD^  which 

wiU  be^  tbijt  which-was  to  b?  f<Hm4-  dn^w  hh  perp^dicular  t9 
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BC)  a6d  hecaufe  the  angle  ABL  is  equal  to  EFC)  the  friaitgle 
AVL  is  equiangular  to  £FG.  and  the  paralldogram  AC^  that  h 
the  redangle  AL»  BC  is  to  the  redangle  AB,  EC  as  (the  ftraight 
line  AL  to  AB,  that  is  as  EG  to  EF,  that  is  as)  the  re^angle  EG^ 
FH  to  EF,  FH«  and,  by  the  conftruAion,  the  redangie  AB,  BC  is 
equal  to  EF,  FH,  therefore  the  redangle  AL,  BC,  or,  its  equal,  the 
parallelogram  AC  is  equal  to  the  given  re£^angle  EG,  FH.  and 
the  fquares  of  AB,  BC  are  together  equal,  by  conftruftion«  to  the 
given  redangle  EF,  FK. 

PROP.    I.XXXIX>  86. 

IF  two  ftraight  linea  contain  a  given  parallelogram  in  a 
given  angle,  and  if  the  excels  of  the  fquare  of  one  of 
them  above  a  given  fpace  has  a  given  ratio  to  the  fquare 
of  the  other ;  each  of  the  ftraight  lines  fiiall  be  given. 

Let  the  two  ftraight  lines  AB,  BC  contain  the  given  paralldo* 
gram  AC  in  the  given  angle  ABC,  and  let  the  excefs  of  the  fquare 
of  BC  above  a  given  fpace  have  a  given  ratio  to  the  fquare  of  AB| 
each  of  the  ftraight  lines  AB,  BC  is  given. 

Becaufe  the  excels  of  the  fqilare  of  BC  above  a  given  fpace  has  a 
given  ratio  to  the  fquare  of  BA,  let  the  re£langle  CB,  BD  be  the 
given  fpace  ^  take  this  from  the  fquare  of  BC,  the  renuiinder,  to  wit, 
the  le^angle  *  BC,  CD  has  a  given  ratio  to  the  fquare  of  BA.  draw  a«  s.  a* 
AE  perpendicular  to  BC,  and  let  the  fquare  of  BF  be  equal  tq  Ac 
re£langle  BC,  CD.  then  becaufe  the  angle  ng* 
ABC,  as  alfo  BE  A  is  given,  the  triangle  ABE  is    J^ 


\ 


given  b  in  fpccies,  and  the  ratio  of  AE  to  AB    ~7\  y    b.  43*  Dat* 

given*  and  becaufe  the  ratio  of  die  redangle   /  I  1  / 

BC,  CD,  that  is  of  the  fquare  of  BF  to  the  B  lED         C 
fquare  of  BA  is  given,  the  ratio  of  the  ftraight  line  BF  to  B A  is  gi- 
ven ^.  and  the  ratio  of  AE  to  AB  ia  given,  wherefore  ^  the  ratio  of  c.  5S.  Btu 
AE  to  BF  is  given,  as  alfo  the  ratio  of  the  reaangle  AE,  BC,  that  ^-  ^-  ^"^• 
is  «  of  the  parallelogram  AC  to  the  redangle  FB,  BC;  and  AC  is  «•  35-  <• 
given,  wherefore  the  re&angle  FB,  BC  is  given,  and  the  excefs  of 

the  fquare  of  BC  above  die  fquare  of  BF,  that  is  above  the  reft- 
angle  BC,  CD  is  given,  for  it  is  equal  *  to  the  given  re£langle  CB, 

BD.  therefore  becaufe  the  re£bng^  contained  by  the  ftrai^t  lines 
Ffii  BC  is  giveni  aqd  alfo  the  e^^ccis  of  the  fquare  of  BC  above  the 


} 


444  EUCLID'S 

1 87.  Dat.  {ijttare  of  BF ;  FB,  BC  are  esich  of  them  gi¥fm  ^  ^nd  die  r^tio  of 
fB  to  BA  is  given  -»  therefore  ABi  BC  ^re  giyen. 

The  Compofition  is  as  fpllows* 

I^et  QHK  ^  the  givep  ^ngle  to  which  the  angle  of  the  paral- 
lelogram is  to  be  made  ^qualt  an4  from  any  point  G  in  HG  dnw 
CK  perpendicular  to  HKi  let  GK>  HL  be  the  -^^ 
reflangle  to  which  the  parallelogram  is  to  be 
made  ^quai»  and  let  LI},  i}M  be  the  re£iangle 
equal  to  the  given  fpace  which  is  to  be.  taken 
from  the  fquare  of  one  of  the  fides;  and  let  theHKM!  L 

ratio  of  the  remainder,  to  the  fqUare  x>£  the  i>ther  fide  be  the  fame 
with  the  ratio  of  the  fquare  of  the  given  ftraight  line  NH  to  the 
fquare  of  the  giveti  ftraight  line  HG.^ 

By  help  of  the  8y.  Dat.  find  two  ftraiglit  lines  BC,  BF  whieh 
eontain  ^  rectangle  equal  to  the  given  re£l;;ingle  NH,  HI^i  and 
fttch  that  the  excefs  of  the  fquare  of  B(t  ^t^ve  jg^ 
the  fquare  of  BF  be  equal  to  the  given  rec-     A 


I 


Uagfe  Wf  HM|  and  join  CB,  BF  in  th4  an*     A  7 

gle  FSC  equal  to  the  given  single  QHK.  and   /  I  »■ / 

as  NH  to  HG,  fo  make  FB  tp  BA,  and  com^B  J2D  C  > 
plete  the  parallelogram  AC,  and  draw  AE  perpendicular  tq  BC* 
then  AC  is  equal  to  the  re^angk  GK,  HL;  and  if  from  the 
(quare  of  BC,  the  given  reftangje  LH,  HM  be  taken,  the  remain* 
der  Ihall  have  to  the  fquare  of  BA  the  fame  ratio  which  the  I 
fquare  of  NH  has  to  the  fquare  of  HG. 

Becai^fe,  by  the  conftru£lion,  the  fquare  of  BC  is  equal  to  the 
fquare  of  BF  together  with  the  rcftangle  LH,  HM ;  if  from  the 
fquare  of  BC  there  be  taken  the  re£langle  LH,  HM,  there  remains 

g«  fta.  6»  the  fquare  of  BF  which  has  l^  to  the  fquare  of  BA  the  fame  ratio 
which  the  fquare  of  NH  has  to  the  fquare  of  HG,  becaufe  as  NH 
to  HG,  fo  FB  was  made  to  B  A ;  but  as  HG  to  GK,  fo  is  BA 
to  A£,  becaufe  the  triangle  GHK  is  equiangular  to  ABE;  there* 

lit  t.  6.  fore,  ex  aequali,  as  NH  to  GK,  fo  is  FB  to  AE.  wherefore  ^  the 
re£langle  NH,  HL  is  to  the  re&ang^e  GK^  HL,  as  the  redlangle 
FB,  BC  to  AE,  BC.  but,  by  the  conftruaion,  the  redangle  NH, 

I;.  14.  5.  HL  is  equal  to  FB,  BC;  dierefbre  ^  the  refiangle  GK,  HL  is  equal 
to  the  De£kangle  AE,  BC,  that  is  to  the  parallelogram  AC. 

The  Analyfis  of  this  Problem  might  have  been  made  as  in  the 
86.  Prop,  in  the  Greek,  and  the  compofitkm  of  it  may  be  mado 
9»  tim  which  is  in  Prop.  87.  of  this  Edition* 


I 
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PROP.    XC  O. 

F  two  ftr^ight  lines  coaiam  a  giyea  pars^lelqgram  iii 
a  given  angle,  and  if  the  fquave  of  one  ef  them^  be 
given  together  with  the  fpace  which  has  a  given  ratio 
to  the  fquare  of  the  other  |  each  of  the  ftraight  lines 
{hall  be  giveij. 

Let  tfhe  two  ftraight  lines  AB,  BC  oo^tala  the  gtHn  puralkW 
gram  AC  in  the  given  angle  ABC>  a^  1^^  the  fqu^pe  of  .^  be 
given  together  with  the  fpace  whi^h  haa  a  giv$9  rutio  tq  the  {qwis 
Qf  AB  ^  AB,  BC  are  each  of  them  given. 

V  Let  the  fquare'of  BD  be  the  fpace  which  has  thfs  jiven  ratio  to . 
the  fquare  of  AB;  therefore,  by  the  hypoth^fis,  the  f^uare  of  BC 
together  with  the  fquare  of  Bp  is  given,  from  the  point  A  draw' 
AE  perpendicular  to  BC,  gnd  becaufe  the  angles  ABP,  BEA  are. 
given,  the  triangle  ABE  is  given  *  in  fpccles ;  therrfore  the  ratio  »•  43-  Dat; 
pf  B-^  tp  AE  is  given,  and  begaufe  the  ratio  of  the  fquare  of  BD 
to  the  fquare  of  BA  is  given,  the  ratip  of  the  ftraight  line  BD 
to  B A  is  given  ^ ;  and  the  ratio  of  BA  to  AE  is  given,  therefore  b.  s^-  nat» 
*  the  ratio  of  AE  to  BD  is  given,  as  alfo  the  ratio  of  the  re£langle  c.  9.  Dat. 
A£,  BC  that  is  of  the  parallelogram  AC  to  the  leftangle  DB,  BC. 
and  AC  is  given>  therefore  th?  reft^jngle  DB,  BC  is  giveji  i  and 


& 
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the  fquare  of  BC  together  with  the  fquare  of  BD  is  given,  there- 
fore *  becaufe  the  re£langle  contained  by  the  two  ftraight  lines  d.  ?8.  Dat. 
DB,  BC  is  given,  and  the  fum  of  their  fquares  is  given;  the 
ftraight  lines  DB,  BC  are  each  ofthem  given,  and  the  ratio  of  DS 
tfi  BA  is  given ;  there^^re  AB,  BC  are  given,  ^ 

The  Compofition  is  as  follows. 
Let  FGH  be  the  given  angle  to  which  the  angle  of  the  parallelo- 
gram is  to  he  made  equal,  and  from  any  point  F  in  GF  draw  FH 
perpendicular  to  GH;  and  let  the  refkangle  FH,  GK  be  diat  to 
which  the  parallelogram  is  to  be  made  equal;  and  kt  the  reAangle 
I^Qi  Ql*  be  ^p  fpa(^  to  wh}cb  the  fquare  of  one  of  the  fides  of  the 


} 


pandlelognun  together'with  the  fpacd'^vMch  ha^i  ^en  noio  & 
the  fquare  of  the  other  fide,  is  to  fie  made  t(fitii%  timd'  iet^  tl^ 
ghmn  ratio  be  th«  fame  which  thtr-  U^vStHe  of  ^  giUert  fthi%ht 
line  MG  ha$  to  the  fqttMc  ^  6Pi    '  -  '>  ^       /     ^^    '? 

^  By  the  .88-  Xhi,  findnhro ^Rralgfet  Imes  DB>  BC  ivtiidh'^^iMiitt 
a  reftaogle  equal  to  the  given  tcSti»f^  tSG,  <}K,  «ftd  -fudi  dxlt 
the  fum  of  their  fquares  b  equal  to  the  given  re£langie  KG|  GL 
therefore,  by  the  determination  of  the  Problem  in  that  Propofition, 
iwice  the  reflangle  M6,  GK  muft  not  be  greater  than  die  red- 
angle  KG,  OL.  kt  itbefo,  mi  join  the  (baight  lines  DB>  BC 
in^be  m^  I>BC  eqni^to^the  given  angle  ?G1I.  and  aa  iSG  to 


1^ 


'/A 
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GF,  ib  make  DB  to  BA,  and  complete  the  parallelc^iai^^AC),  AC 
....  is  e€[uai  to  the  re£langle  FH,  GK^  and  thefquare  of  BC  toge^ 
with  the  fquare  of  BD  Mrhich  by  the  conftru£Uon^h?ts  t<^  ^e  fq|U^ 
of  BA  the  given  ratio  which  the  fquarq,  of  lVi6  ba^  Vo  .tihe  fjiuarc 
of  GF,  is  equal,  by  the  con{tru£^ion,  to  the  given  re£kang)e^^ 
GL.  Draw  A£  perpendicular  to  BC. 
V  Becaufe  as  DB  to  BA,  fo  is  M6  to  GF;  and  as  BA  to  AE,  fo 
GF 10  FHj  ex  aequali,  as  DB.  to  AE,  fo  is  MG  to  ¥f^^  thert- 
fore  as  the  rectangle  DB,  BC  to  AE,  BC,  fo  is  the  re£tangle  MG, 
GK  to  FH,  GK.  and  the  redangle  DB,  BC  is  equal  to  the  red- 
angle  MG^  GK }  therefore  the  rectangle  AE,  BC,  that  is  the 

parallebgrani  AC,  is  equal  to  the  redangle  FH,  GK. 

• .   -    •       »  -  '  «     -.  » 

88.      ■  PROP.    XCI.  . 

IF  a  ftraight  line  drawn  within  a  circle  given  Sn  mag- 
nitude cuts  off  a  fegment  which  contains  a  given 
angle ;  the  ftraight  line  is  given  in  magnitude. 

• 

In  die  circle  ABC  given  in  magnitude^  let  the  ftraight  line  AC 
be  drawn  cutting  off  the  fegment  AEO  which  contains  the  given 
angle  AEC  $  die  ftraight  line  AC  is  ^veh  in  magnitude. 
«•  <•  3'         Take  D  the  center  of  die  eirgle  *,  join  AD  »id  produce  it  to 
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c.  4^.  Dftt* 

d.  5.  De& 

e.  s.  Dat. 


DAT .  A.r   . 

C,  jiiid  join  EC  die  aagle^^JCE  bemg  a  . 
rigjbt  ^  angle  is  giveaj  and  the,  angle  .A£C  •. 
ia  gjiven ;  therefore  ^  ^  triangle^'  ACE  is 
given  in  fpecies,  and  the  ratio  of  E  A  to  AC. 
is  tfa^xefore  given-  and  E  A  is  given** in  mag*    .  ^ 
nitttde,.  becftufe  the  ci^le  is  given  in  mag-  A 
nitude;  ACistberefofQ^vpn^iam^gnkuid^ 

'prop.   XCII.  :    99. 

IF  a  ftfaight  line  given  in  magnitude  be  drawn  within 
a  circle  given  in  magnita4e}  it  Ihall  cut  off  a  fegment 
containing  a  given  angle* 

Let  the  ftraight  line  AC  given  in  magnitude  be  drawn  within 
the  circle  ABC  given  in  magnitude  j  it  (hall  cut  off  a  fegment 

containing  a  given  angle. 
Take  D  the  center  of  the  citcltt,  join  AD 

and  produce  it  to  E,  and  join  EC.  and  be-  *n 
cAifc  each  of  the  ftraight  Unci  E  A,  AC  is  '  ' 
given,  their  ratio  is  given  •;  and  the  angle 

ACE  is  a  right  angle,  therefore  the  trian-    A^    . ^C 

§e  ACE  is  given  *  ifi  fpecics,  and  cotffe- 
quently  the  angle  AEC  is  given.  ' 

PROP.    XCIII.  90. 

IF  from  any  point  in  the  circumference  of  a  circle  given 
in  pofition  two  ftraight  lines  be  drawn  meeting  the 
circumference  and  containing  a  given  angl^;  if  Ae  point 
in  uriiich  one  of  them  meets  the  circnmferftnce  again  be 
given,  the  point  in  which  the  other  meets  it  is  alfo  given. 

From  any  point  A  in  the  circumference  of  a  circle  ABC  given 
in  pofitipn,  let  AB,  AC  be  drawn  to.^the  cifcumfereacenoakjp]^ 
the  given  ^Pgle  BACr  if  the  jpoinf  B  be  gi-» 
ven,  the  point  C  is  alfo  givtn* 

Take  D  the  center  of  the  circle,  and  join 
BD,  DC.  and  becaufe  esich  of  ||be  pQinits.By 
P  is  given,  BD  is  given « in  fQ&tum$i9mi  be*  ^ 
caufe  the  angle  BAC  is give^^  the  ang)^  ^Dp;;  _     _ 

is  given  ^.  therefore  becaufe  the  ftraight  line  .~~^."'  ~     i      ^*  ^^  3* 


a.  1.  Dftt* 


b.  46.  IHt, 


^  a.  sf.  Dat* 


t  iJ.'r. 
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DC  is  drawn  to  the  given  pdtiit  D  in  the  ftratght  line  BD  given 
c.  $2.  Dati  in  pofition  in  the  given  angle  BDC>  DC  is  given  « in  pofitioii.  and 
*►  «8.  Bat.  the  circumference  ABC  is  glVen  in  pofition,  therefore  ^  the  point 

C  is  givcii.  ^  '  ^ 

91.  PROP.    XCIV. 

F  froni  a  given  point  a  ftraight  line  be  drawn  touching 
a  circle  givea  in  pofitioa ;  the  ftraight  line  is  given 
in  pofition  and  magnitude. 

Let  the  ftraight  line  AB  be  drawn  from  the  given  point  A 

touching  the  circle  BC  given  in  pofition ;  AS  is  given  in  pofition 

and  magnitude. 
Take  D  the  ceiltet  of  the  circles  and  join  DA,  DB.  becaufe  each 

of  the  (points  D,  A  is  given,  the  ftraight 
a.  ap.  Dat  line  AD  is  given  *  in  pofition  and  magni- 
h.  18.  3.  tude.  and  DBA  is  a  right  **  arigle,  >Vherc- 
c.  Cor.  5.4.  fore  DA  is  a  diameter  ^  of  Ihc  elide  DBA 

deicribed  about  the  triangle  DBA)  and 
L  6.  Dof.  ^2Lt  circle  is  fherefdre  given  *  in  pofition. 

an4  the  circle  6G  is  given  in  pofition,  there- 
e.  a8.  Dat.  fo^g  ^j^^  p^int  B  is  given  «.  the  point  A  is  alfo  given ;  therefore 

the  ftraight  line  AB  is  given  ^  in  pofition  and  magnitude. 


I 


92.  PROP.    XCV. 

F  a  ftraight  line  be  d^awti  from  a  grven  pdiht  tirithout 
a  dtek  given  in  pofition;  the  rectangle  Gohtiined 
by  the  fegitients  betwixt  the  point  and  the  ciirciimference 
of  the  i:ircile  h  given. 

Let  the  ttraigh't  line  ABC  be  drawn  from  ihe  given  point  A 
without  th^  circle  BCD  given  in  pofKioh, 
cuttitig  it  in  B,  G  9  the  reQ;angle  BA,  AC 
is  giveft. 
»•  »7-  3-        Frotfi  the  point  A  draw  •  AD  tottchingyjj 

b,  P4.  Dat.  the  circle  j  therefore  AD  is  given  ^  in  p^-- 

fitidn  and  niaghitude.  and  becafilt  Al^  is 

c.  s&3at,  given,  the  fquafe  of  AD  1«  givfttt  "^  >lfbibH 
^-  36-  3-    is  equal  ^  to  d^  reaangl*  BA,  AG.  d^efote  the  rc^tahgle  BA, 

AC  is  given. 


D  AT  A- 
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PROP-    XCVI.  93 

IF  a  ftraight  line  be  drawn  thro'  a  given  point  Within 
a  circle  given  in  pofition,  the  rectangle  contained  by 
the  fegnients  betwixt  the  point  and  the  circutnfetence 
of  the  circle  is  given. 

Let  the  ftraight  line  B  AC  be  drawn  thro'  the  given  point  A  with- 
in the  circle  BC£  given  in  pofition;  the  re£tangle  BA^  AC  is  given. 

Take  D  the  center  of  the  circle,  join  AD 
and  produce  it  to  the  points  E,  F.  becaufe 
the  points  A,  D  are  given,  the  ftraight  line 
AD  is  given  » in  pofition;  and  the  circle  BEC 
is  given  ip  pofition ;  therefore  the  poifits  £,  S 
F  are  given  **.   and  the  point  A  is  given^    Ig 
therefore  E  A,  AF  arc  each  of  them  given  *  j 
and  the  re£langle  EA,  AF  is  therefore  given;  and  it  is  equal  <:  to  ^*  35 
the  re£tangle  BA>  AC  which  confequently  is  given. 

PROP.    XCVII.  94- 

IF  a  ftraight  line  be  drawn  within  a  circle  given  in 
magnitude  cutting  off  a  fisgment  containing  a  given 
angle ;  if"  the  angle  in  tlie  foment  be  bife&ed  hy  a 
ftraight  line  product  till  it  meet's  the  circumference^ 
the  ftraight  lines  which  contain  the  giveil  angle  fliall 
both  of  theni  together  have  a  given  ratio  to  the  ftraight 
line  which  bifeds  the  angle,  and  the  tedangle  contain- 
ed by  both  thefe  lines  together  which  contain  the  given 
angle,  and  the  part  of  the  bifefting  line  cut  off  below 
the  bafe  of  the  fegment,  ftiall  be  given. 

Let  the  ftraight  line  DC  he  drawn  within  the  circle  ABC  gweil 
in  magnitude  cutting  off  a  fegmeMcdntaining  the  given  angle  B  AC. 
ind  let  the  angle  B AC  be  h>ie£led  by  j<^ 
the  ftraight  line  AB;  BA  togedier  with 
AC  has  a  given  ratio  to  AD  r  and  the 
reaangle  contained  by  B  A  and  AC  to- 
gether, and  the  ftraight  line  Et)  cut  off 
from  AD  below  BCthe  bafe- of  the  fcg- 
*nent,  is  given. 


a.  25^  Pat. 


b.  a8.  Dat. 
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Job  BD)  and  becaufe  BC  is  drawn  within  the  circle  ABC  giveii 

in  magnitude  ciitdog  off  the  fegment  BAG  cmitaining  the  giTcn 

m.  ft.  Dtt.  angle  BAC }  BC  is  gjiven  *  in  magnitude,  by  the  fame  reafon  BD 

b.  s.  Dst.  is  given)  thetefore  ^  the  nuio  of  BQ  to  BD  ift  given,  and  be«aafe 

€*  >  ^      the  an^  BAC  is  bifeOed  by  AD,  as  BA  to  AC,  fo  is  «  BE  to  EC; 

^  <^  S*    and,  by  permutation,  as  AB  to  BE,  fo  Is  AC  to  C£*,  wherefore  ^ 

as  B  A  and  AC  togedier  to  BC,  to  is  AC  to  CE.  and  becaufe  the 

angle  BAE  is  equal  to  EAC,  and  the^** 

e.  «i.  3.    angle  ACE  to «  ADB-,  the  triangle  ACE 

is  equiangular  to  the  triangle  ADB; 

therefore  as  AC  to  CE,  fo  b  AD  to  DB. 

but  as  AC  to  CE,  ib  is  B  A  together  with 

AC  to  BCi  as  therefore  BA  and  AC  to 

BC,  lb  b  AD  to  DB  3  and,  by  permu-  "B 

tation,  as  BA  and  AC  to  AD,  fo  is  BC  to  BD.  and  the  ratio  of 

BC  to  BD  is  given,  therefore  the  ratio  of  BA  together  with  AC 

to  AD  is  given. 

Alfo  the  re^angle  contained  by  B A  and  AC  together,  and  DE 
is  given. 

Becaufe  the  triangle  BDE  is  equiangular  to  the  triangle  ACE} 
as  BD  to  DE,  fo  is  AC  to  CE}  and  as  AC  to  CE,  fo  is  BA  and 
AC  to  BC ;  therefore  as  BA  and  AC  to  BC,  fo  is  BD  to  DE* 
wherefore  the  re6^angle  contained  by  B  A  and  AC  together,  and  DE 
is  equal  to  the  refbmgle  CB,  BD.  but  CB,  BD  is  given;  therefore 
the  TtStzn^  contained  by  BA  and  AC  together,  and  DE  is  giveu« 

Otherwise. 
Produce  CA  and  inake  AF  equal  to  AB,  ^nd  join  BF.  and  be- 
a.5.siMl52.  caufe  the  angle  BAC  is  double « of  each  of  the  angles  BFA,  BAD, 
*•  the  angle  BFC  is  equal  to  BAD;  and  the  angle  BOA  is  equ;il  to 

BDA,  therefore  the  triangle  FCB  is  equiangular  to  ADB.  as  there- 
fore FC  to  CB,  fo  is  AD  to  DB,  and,  by  permutation,  as  FC,  that 
is  B  A  and  AC  together  to  AD^  fo  is  CB  to  BD*  and  the  ratio  ci  CB 
to  BD  is  given,  therefore  the  ratio  of  BA  and  AC  to  AD  is  given* 
And  becaufe  the  angle  BFC  is  equal  to  the  angle  DAC,  that 
is  to  the  angle  DBC,  and  the  angle  ACB  equal  to  the  angle  ADB$ 
the  triangle  FCB  is  equiangular  to  BDE,  as  therefore  FC  (0  CB# 
fo  is  BD  to  DE ;  therefore  the  re£kangl^  contained  by  FC,  that 
Is  BA  and  AC  together,  and  D£  is  equal  to  the  re^angle  CB| 
BD  which  is  given,  and  therefore  the  re&angle  contained  by  BA, 
AC  together^  and  DE  is  giyen^ 


ft 

•     .  .  "  »  ■  • 

TF  a  ftraight  line  be  drkwn. within  i  c?f<ife  give*  in 
"*•  magnitude  cutting  off  a  fegmefit  containrn^  a.given  ^ 
^hgle;  if  the  angle  adjacent' to  fhe  angfe  in  the  fegment 
be  bifeaed  by  a  ftraight  line  prpducedf  till  il  meet  the 
drcamference  again  and  tjie  bafe  of  the  fegxne;^t ;  the  ^ 
e^cefs  of  the  ftraight  lines  which  contain  thegiveii  angle 
fhall  have  a  given  ratio  to  the  fegment  of  the  bifeding 
line  which  is  within  the  circle ;  and  the  redbngl^  con- 
tained by  the  .fame  excefsand  the  fegment  df  the  bi* 
fefting  line  betwixt  the  baife  produced'  and  the*  point 
'where  it  again  meets  the  circumference^  fhall  be  given. 

Let  the  ftraight  line  flC  be  drawn  within  the  circle  ABC  given 
in  magnitude  eutting  oiFa  fegment  coittaining  the  given  angle  3  AC>  i 

and  let  the  angle  CAF  adjacent  to  BAC  be  bifeSed  by  the  ftraight 
line  DAE  meeting  the  drcumfeience  ^gain  in  D,  and  BC  the  bafe 
of  th^  fegment  produced  in  E;  the  eXcefs  of  BA,  AC  has  a  given 
tatio  to  AD  5  and  the  i-eflairigle  which  is  Contalried  by  the  fame 
exccfs  and  the  ftraight  iine  ED,  is  given. 

Jem  BD,  and  thro'  B  draw  BG  parallel  to  DE  nieetirtg  AC  pro- 
duced in  G.  and  becaufe  BC  cuts  ofF  from*  the  circle  ABC  given  iii 
magnitude  the  fegment  BAC  contain- 
ing a  given  angle,  BC  is  therefote  gi*- 

ven  »  in  magnitude,  by  the  fame  rea-    /"    /    ^^^'^A>^'*^       iu  pI»U»^ 
fon  BD  is  given,   becaufe  the  angle* 
BAD  is  equal  to  the  given  angle  EAFj^ 
therefore  the  ratio  of  BC  to  BD  is  gi-  ^ 
ven.    and  becaufe  the  angle  CAE  is 
equal  to  EAF,  of  which  CAE  is  equal  >/  G 

to  the  alternate  angle  AGB,  and  EAF  to  the  iijtcrior  and  oppo- 
fite  angle  ABG  \  therefore  the  angle  AGB  is  equal  to  ABG,  and 
the  ftraight  line  AB  equal  to  AG ;  fo  that  GC  is  the  excefs  of 
BA)  AC.  and  becaufe  the  ^ngle  BGC  is  equal  to  GAE,  that 
is  to  EAF,  or  the  angle  BAD  ^  and  that  ^e  angle  BCG  is  equal 
to  the  oppofite  interior  angle  BDA  of  the  quadrilateral  BCAD 
in  the  circle)  therefore  the  triangle  BGC  is  equi»ugular  to  BDA. 
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therefore  as  GC  to  CB,  fo  is  AD  to  DB,  and,  by  pernautatipn,  as 
GC,  which  is  the  cxcefs  of  BA,  AC  to  AD,  fo  is  CB  to  BD. 
and  the  ratio  of  CB  to  BD  is  given ; 
therefore  the  ratio  of  the  excefs  of  B  A, 
AC  to  AD  is  given. 

And  becaufe   the   angle   GBC  is 
equal  to  the  alternate  angle  DEB,  and 
the  angle  BCG  equal  to  BDE;  the  tri-  li'^^ —    vJL 
angle  BCG  is  equiangular  to  BDE.        ^^^^^vT'^  / 
therefore  as  GC  to  CB,  fo  is  BD  to  ^W  G 

3DE,  and  confequently  the  reftangle  GC,  DE  is  equal  to  the  reA- 
angle  CB,  BD  which  is  given,  becaufe  its  fides  CB,  BD  are  given, 
therefore  the  re£l:angle  contained  by  the  excefs  of  BA,  AC  and 
the  ftraight  line  D£  is  given. 

9S^  PROP.    XCIX. 

T  F  from  a  given  point  in  the  diameter  of  a  circle  given 
-■"  in  pofition,  or  in  the  diameter  produced,  a  ftraight 
line  be  drawn  to  any  point  in  the  circumference,  and 
from  that  point  a  ftraight  line  be  drawn  at  right  angles 
to  the  firfty  and  from  the  point  in  which  this  meets  the 
circumference  again,  a  ftraight  line  be  drawn  parallel 
to  the  firft ;  the  point  in  which  this  parallel  meets  the 
diameter  is  given ;  and  the  reflangle  ccHitained  by  the 
two  parallels  is  given. 

In  BC  the  diameter  of  the  circle  ABC  given  in  pofition,  or  in 
BC  produced,  let  the  given  point  D  be  taken,  and  from  D  let  a 
ftraight  line  DA  be  drawn  to  any  point  A  in  the  circumfetence, 
and  let  AE  be  drawn  st  right  angles  to- DA,  and  from  the  point 
E  where  it  meets  the  circumference  again  let  EF  be  drawn  parallel 
to  DA  meeting  BC  in  F ;  the  point  F  is  given,  as  alfo  the  rc£t- 
angle  AD,  EF. 

Produce  EF  to  the  circumference  in  G,  and  join  AG,  becaufe 

«.Cdr.s.4.  GEA  is  a  right  angle,  the  ftraight  line  AG  is  *  the  diameter  of 

the  cir^e  ABC ;  and  BC  is  alfo  a  diameter  of  it ;  therefore  the 

point  H  where  they  meet  is  the  center  of  the  circle,  and  ccmfe- 

quently  H  is  given,  and  the  point  D  is  given,  wherefore  DH  is  given 
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In  hiagnituik.  aii<l  becaufe  AD  is  parallel  to  VG,  aiid  GH  equal 

to  HA;  DH  is  equal  ^  to  HF^  and  AD  equal  to  GF.  and  DH  is  ^-  4*  ^* 


given,  therefore  HF  is  given  ih  magnitude ;  and  it  is  alfo  given  iil 
pofition,  and  the  point  H  b  given,  therefore  ^  the  point  F  is  given.  ^'  3o-  Oftt# 

And  becaufe  the  ftraight  line  EFG  is  drawn  from  a  given  point 
F  without  or  within  the  circle  ABC  given  in  pofition,  therefore  ^  ^'   ^5«  <«t 
the  reftangle  EF,  FG  is  given,  and  GF  is  equal  to  AD,  wherefore     ^  ' 
the  rectangle  AD,  £F  is  given. 


PROP.    C.  CL 

T  F  from  a  given  point  in  a  ftraight  line  given  in  pofition, 
'*'  a  ftraight  line  be  drawn  to  any  point  in  the  circumfe- 
rence of  a  circle  given  in  position ;  and  from  this  point 
a  ftraight  line  be  drawn  making  with  the  firft  an  angle 
equal  to  the  diflference  of  a  right  angle  and  the  angle 
contained  by  the  ftraight  line  given  in  pofition,  and  the 
ftraight  line  which  joins  the  given  point  and  the  center  of 
the  circle ;  and  from  the  point  in  which  the  fecond  line 
meets  the  circumference  again,  a  third  ftraight  line  be 
drawn  making  with  the  fecond  an  angle  equal  to  that 
which  the  firft  makes  with  the  fecond,  the  point  in  which 
this  third  line  meets  the  ftraight  line  given  in  pofition  is 
given}  as  alfo  the  rectangle  contained  by  the  firft  ftraight 
line  and  the  fegmenc  of  the  third  betwixt  the  circumfe^ 
rence  and  the  ftraight  line  given  in  pofition,  is  given* 

Let  the  ftraight  line  CD  be  drawn  from  the  given  point  C  in  the 
ftraight  line  AB  given  in  pofitioui  to  the  circumference  of  the  circle 
DEF  given  in  pofition  of  which  G  is  the  center ;  join  CG,  and 
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from  the  point  D  let  DF  be  drawn  making  the  angle  CDF  equal 
to  the  difFerence  of  a  right  angle  and  the  angle  BCG,  and  from 
the  point  F  let  FE  be  drawn  making  the  angle  DFE  equal  to 
CDF,  meeting  AB  in  H.  the  point  H  is  given ;  as  alfo  the  red- 
angle  CD,  FH. 

Let  CD,  FH  meet  one  another  in  the 
point  K  from  which  draw  KL  perpcndi-  ^^ 
cular  to  DF ;  and  let  DC  meet  the  cir- 
cumference again  in  M,  and  let  FH  meet 
the  famc'in  E,  and  join  MG,  OF,  GH. 

Becaufe  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumferences 
MF,  DE  are  equal  *;  and  adding  or 
taking  away  the  common  part  ME,  the 
circumference  DM  is  equal  to  £F;  there- 
fore the  ftraight  line  DM  is  equal  to  the 
ftraight  line  EF,  and  the  angle  GMD  to 
the  angle  ^  GFE;  and  the  angles  GMC,  tej 
GFH  are  equal  to  one  another,  becaufe 
they  are  either  the  fame  with  the  angles 
GMD,  GFE,  or  adjacent  to  them,  and 
becaufe  the  angles  KDL,  LKD  ?ire  to- 
gether equal  «  to  a  right  angle,  that  is, 
by  the  hypothefis,  to  the  angles  KDL,  a  f< 
GCB5  the  angle  GCB  or  GCH  is  equal  ^ 
to  the  angle  (LKD,  that  is  to  the  angle)  LKF  or  GKH.  therefore 
the  points  C,  K,  H,  G  arc  in  the  circumference  of  a  circle  5  and 
the  •  angle  GCK  is  therefore  equal  to  the  angle  GHF ;  and  the 
angle  GMC  is  equal  to  GFH,  and  the  ftraight  line  GM  to  GF ; 
therefore  **  CG  is  equal  to  GH,  and  CM  to  HF.  and  becaufe  CG 
is  equal  to  GH,  the  angle  GCH  is  equal  to  GHC;  but  the  angle 
GCH  is  given,  therefore  GHC  is  given  5  and  confcqiiently  the 
angle  CGH  is  given,  and  CG  is  given  in  pofition,  and  the  point 
c,  32.  Dat.  G )  therefore  «  GH  is  given  in  pofition  5  and  CB  is  alfo  given  in 
pofition,  wherefore  the  point  H  is  given. 

And  becaufe  HF  is  equal  .to  CM,  the  redangle  DC,  FH  is 
f.^5,or^5.  equal  to  DC,  CM.  but  DC,  CM  is  given  f,  becaufe  the  point  C 


c.  32. 1. 
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is  given ;  ^ereforie  the  re£langle  DC,  FH  is  given. 
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DEFINITION    11. 

THIS  is  made  more  explicit  than  in  the  Greek  text,  to  pre- 
vent a  miftake  which  the  Author  of  the  fecond  Demonftra- 
tion  of  the  24th  Propolition  in  the  Greek  Edition  has  fallen  into, 
of  thinking  that  a  ratio  is  given  to  which  another  ratio  is  fhewn  to 
be  equal,  tho*  this  other  be  not  exhibited  in  given  magnitudes.  See 
the  Notes  on  that  Propolition  which  is  the  13th  in  this  Edition. 
befides  by  this  Definition,  as  it  is  now  given,  fome  Propofitions  are 
demonflrated,  which  in  the  Greek  are  not  fo  well  done  by  help  of 
Prop.  2. 

DEF.    IV. 

In  the  Greek  text  Def.  4.  is  thus  *^  Points,  lines,  fpaces  and 
**  angles  are  {aid  to  be  given  in  pofition  which  have  always  the  fame 
«  fituation."  but  this  is  imperfeft  and  ufclefs,  becaufe  there  arc 
innumerable  cafes  in  which  things  may  be  given  according  to  thi$ 
Definition,  and  yet  their  pofition  cannot  be  found,  for  inftance,  let 
the  triangle  ABC  be  given  in  pofition,  and  let  it  be  propofed  to 
draw  a  ftraight  line  BD  from  the  angle  at 
B  to  the  oppofite  fide  AC  which  (hall  cut 
off  the  angle  DBC  which  fhall  be  the  fe- 
venth  part  of  the  angle  ABC.  fuppofcthis 
is  done,  therefore  the  ftraight  line  BD  is   B  C? 

invariable  in  its  pofition,  that  is,  has  always  the  fame  fituation^  for 
any  other  ftraight  line  drawn  from  the  point  Bon  either  fide  of  BD 
cuts  off  an  angle  greater  or  lefier  than  the  feventh  part  of  the  angle 
ABC;  therefore,  according  to  this  Definition,  the  ftraight  line  BD 
is  given  in  pofition,  as  alfo  •  the  point  D  in  which  it  meets  the  »•  «8.  Bat* 
ftraight  line  AC  which  is  given  in  pofition.  but  from  the  things. 
here  givenj  neither  the  fl;raight  line  BD  nor  the  point  D  can  be 
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found  by  the  help  of  Euclid's  Elements  only,  by  which  every  thing 
in  his  Data  is  fuppofed  may  be  found,  this  Definition  is  therefore 
of  no  ufc.  we  have  amended  it  by  adding  <*  and  which  are  either 
**  actually  exhibited  or  can  be  found  j"  for  nothing  is  to  be  reckon- 
ed given,  which  cannot  be  found,  or  is  not  adiually  exhibited. 

The  Definition  of  an  angle  given  by  pofition  is  taken  out  of  the 
4th,  and  given  more  diftinftly  by  itfelf  in  the  Definition  marked  A. 

DEF-    XI.  XJI.  XIII.  XIV.  XV. 

The  nth  and  12th  are  omitted  becaufe  they  cannot  be  given  in 
Englifh  fo  as  to  have  any  tolerable  fenfe,  and  therefore  wherever 
the  terms  defined  occur,  the  wor4$  which  exprefs  tlieir  mea^ung 
are  made  ufe  of  in  their  place. 

The  13.  14.  15.  are  on^itted  as  being  of  no  ufe. 

It  is  to  be  obfervcd  in  general  of  the  Data  in  this  book,  that  they 
arc  to  be  undcrftood  to  be  given  Geometrically,  not  always  Arith- 
metically, that  is,  they  cannot  always  be  exhibited  in  numbers  j 
for  inftance,  if  the  fide  of  a  fquare  be  given,  the  ratio  of  it  to  its 
l>.  44.  Dat,  diameter  is  given  ^  geometrically,  but  not  in  numbers ;  and  the 
€.  »•  D»t.  diameter  is  given  S  but  tho'  the  number  of  any  equal  parts  in  the 
fide  be  given,  for  example  10,  the  number  of  them  in  the  diameter 
cannot  be  given,  and  the  like  holds  in  many  other  cafes. 

PROPOSITION    I, 

In  this  it  is  (hewn  that  A  is  to  B,  as  C  to  D,  from  this  that  A  h 
to  C,  as  B  to  D,  and  then  by  permutation^  bi(t  it  follows  directly, 
without  thefe  two  ft|ps,  from  7,  5. 

PROP.     JI. 

The  limitation  added  at  the  end  of  this  Propofition  between  the 
inverted  commas  is  quite  neceffary,  becaufe  withoi^t  it  the  Propo-r 
fition  cannot  always  be  demonftrated.  for  the  Author  having  faid  * 

».  I.  Def.  t*  becaufe  A  is  given,  a  magnitude  equal  tp  it  can  be  foi^nd  •,  kt 
<^  this  be  C  *,  and  becaufe  the  ratio  of  A  to  B  is  given,  a  ratio 

b.  i.  Def.  fc  which  is  the  fame  to  it  can  be.  found  ^'  adds,  «  let  it  be  found, 
«•  and  kt  it  be  the  ratio  of  C  to  A."  Now  from  the  fecond  Dcfinir 
tion  nothing  more  follows  than  that  fome  ratio,  fuppofe  the  ratio  of 
£  to  Z,  c^n  be  found,  which  is  the  fame  with  the  ratio  of  A  to  B^ 
^nd  \«rhen  the  Author  fuppofes  that  the  ratio  of  C  to  A^  which  i^ 

*  See  Dr.  Gregory's  Edition  9f  $hc  |^at?j. 
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alfo  the  fame  with  the  ratio  of  A  to  B,  can  be  found,  he  necefla- 
lily  fuppofes  that  to  the  three  magnitudes  E,  Z,  C  a  fourth  pro- 
portional A  may  be  found ;  but  this  cannot  always  be  done  by 
the  Elements  of  Euclid ;  from  which  it  is  plain  Euclid  mud  have 
underftood  the  Propofition  under  the  limitation  which  is  now 
added  to  his  text.  An  example  will 
make  this  clear }  let  A  be  a  given 
angle,  and  B  another  angle  to  which 
A  has  a  given  ratio,  for  inftance, 
the  ratio  of  the  given  ftraight  line 
E  to  the  given  one  Z,  then,  having 
found  .an  angle  C  equal  to  A,  how 
can  the  angle  A  be  found  to  which 
C  has  the  fame  ratio  that  E  has  to 

Z  ?  certainly  no  way,  until  it  be  (hewn  how  to  find  an  angle  to 
which  a  given  angle  has  a  given  ratio,  which  cannot  be  done  by 
Euclid's  Elements,  nor  probably  by  any  Geometry  loiown  in  his 
time.  Therefore  in  all  the  Propofitions  of  this  book  which  de« 
pend  upon  this  fecond,  the  above-mentioned  limitauon  mufl;  be 
underftood^  tho'  it  be  not  explicitly  meotionfifd. 

PROP.    V. 

The  order  of  the  Propofitions  in  the  Greek  text  between  Prop, 
4.  and  Prop.  25.  is  now  changed  into  another  which  is  more 
natural^  by  placing  thofe  which  are  more  (imple  before  thofe  which 
are  more  complex ;  and  by  placing  together  thofe  which  are  of 
the  fanae  kind,  fome  of  which  were  mixed  among  others  of  a  dif- 
ferent kihd«  thus  Prop.  i2.  in  the  Greek  is  now  made  the  5. 
and  thofe  which  were  the  %i.  and  23.  are  made  the  11.  and  12. 
as  they  are  more  limple  than  th6  Propofitions  concerning  mag- 
nitudes the  excefs  of  one  of  which  above  a  given  magnitude  has 
a  given  ratio  to  the  other,  after  which  thefe  two  were  placed ; 
and  the  24.  in  the  Greek  text  is>  for  the  fame  reafon,  made  the 

PROP.    VI.  VIL 

Thefe  are  unirerfally  true,  tho*  in  the  Greek  text  they  aro 
demonftrated  by  Prop,  2.  which  has  a  UmiutiQa;  they  are  there* 
fore  now  ihewn  without  it.  / 

Ff4 


4S<5  NOTES    ON 

PROP.    XII. 

In  the  23.  Prop,  in  the  Greek  text»  which  here  is  the  12..  the 
words  *^  fjoi'Tif  wi^  /^  are  wrong  tranilated  by  Claud.  Hardy  in 
his  Edition  of  £vclid!s  Data  printed  at  Paris  Ann.  1625,  which 
was  the  firft  Edition  of  the  Greek  text^  and  Dr.  Gregory  follows 
him  in  tranflating  them  by  the  words  "  etfi  non  eafdem/'  as  if  the 
Greek  had  been  e«*  ^  fti  7»f  «mJt»  as  in  Prop  9,  of  the  Greek  text, 
Euclid's  meaning  is  that  the  ratios  mentioned  in  the  Fropofition 
muft  not  be  the  fame^  for  if  they  were,  the  Fropofition  would  not 
be  true,  whatever  ratio  tlie  whol^  has  totlie  whole^  if  the.  ratios 
of  the  parts  of  (he  firft  to  the  parts  .of  the  Qther  be  the  fame  with 
this  ratio,  one  part  of  the  firft  may  be  double,  triple,  &c.  of  the 
other  part  of  it,  pr  have  any  other  ratio  to  it,  and  confequentl^F 
cannot  have  a  given  ratio  to  it.  wherefore  thefe  words  moil  be 
rendered  by  <<  non  autem  eafdem,"  but  not  the  Xait^  ratios^^  aa 
Zambertvis.hfis  tranflated  them  in  his  Edition* 

PROP.  xni.  * 

'  Some  very  Ignorant  Editor  has  given  a  fecond  Demonftratioh  ot 
this  Fropofition  in  the  Greek  text,  which  has  been  as  ignorantly 
Jcept  in  it  by  Claud.  Hardy  and  Dr.  Gregory,  and  has  been  retained 
hi  the  tranflations  of  Zambertus  and  others;  Carolijs  Renaldinus 
gives  it  only,  the  author  of  it  has  thought  that  a  ratio  'was  given 
if  another  ratio  could  be  {hewn  to  be  the  fanie  to  it,  tho*  this  laft 
ratio  be  not  found,  but  this  is  altogether  abfurd,  becaufe  from  it 
would  be  deduced  that  the  ratio  of  the  fides  of  any  two  fquaret 
is  given,  and  the  ratio  of  the  diameters  of  any  two  circles,  &c.  and 
it  is  to  be  obferved  that  the  moderns  frequently  take  given  ratios, 
and  ratios  that  are  always  the  fame  for  one  and  the  fame  thing, 
jind  Sir'  Ifaac  Newton  has  fallen  into  this  miftake  in  the  ?  7th  Lem* 
ma  of  his  Principia,  E4«  1 7 1 3t  and  in  other  places,  but  this  flioulc} 
be  carefully  ^voided,  as  it  m^y  l^ad  intp  other  errors. 

PROP.  XIV.  XV. 
Ei^olid  in  this  book  has  feveral  Propofitions  concerning  magni- 
tudes, the  excefs  of  one  of  which  a^ve  a  given  magnitude  has  si 
given  ratio  to  the  other;  but  he  has  given  none  concerning  magnin 
tudea  whereof  one  together  with  a  given^  magnitude  has  a  given  ra- 
tio, to  the  other;  tbo'  .tibd^e  btft  occur  as  frequently  in^the  folutipQ 
9f  Problems  as  the  fif  ft.  the  r^alon  of  wbicb  \h  \\kA  tb^  i^ft  ma^  b? 
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»n  demonftrated  by  help  of  the  firft ;  for  if  a  magnitude  together 
with  a  given  magnitude  has  a  given  ratio  to  another  magnitude;  the 

cxcefs  of  thi$  other  above  a  given  magnitude  (hall  have  a  given  ratio 

to  the  firft,  and  on  the  contrary;  as  we  have  demonftrated  in  Prop. 

14.  and  for  a  like  reafon  Prop.  15.  has  been  added  to  the  Data. 

one  example  will  make  the  thing  clear ;  fuppofe  it  were  to  be  de<* 

monftrated,  That  if  a  magnitude  A  together  with  a  given  magnitude 

has  a  given  ratio  to  another  magnitude  B,  that  the  two  magnitudes 

A  and  B,  together  with  a  given  magnitude  have  a  given  ratio  to  • 

that  other  magnitude  B;  which  is  the  fame  Propoiition  with  refpeft 

to  the  laft  kind  of  magnitudes  above-mentioned,  that  the  firft  part 

of  Prop.  i6.  m  this  Edition  is  in  refpe£t  of  the  firft  kind,  this  ia 

fliewn  thus;  from  the  hypothefis,  and  by  the  firft  part  of  Prop.  14. 

tfic  e^^cefs  of  B  above  a  given  magnitude  has  unto  A  a  given  ratio; 

and  therefore,  by  the  firft  part  of  Prop.  1 7.  the  excefs  of  B  above  a> 

given  magnitude  has  iiilto  B  and  A  together  a  given  ratio;  and  by 

(he  fecond  part  of  Prop.  14.  A  and  B  together  with  a  given  itiag« 

pitude  has  unto  B  a  given  ratio ;  which  is  the  thing  that  was  to^ 

be  demonftrated.  in  like  manner  the  other  Propofitions  concernip^ 

the  laft  kind  of  magnitudes  may  be  fhewn, 

PROP.    XVI.  XVII. 

■  ■  ^ 

In  the  third  part  of  Prop.  10.  in  the  Greek  text,  which  is  the 
1 6.  in  this  Edition,  after  the  ratiq  of  EC  to  CB  has  been  ftiewn  tp 
be  given;  fron\  t}>is,  by  inverfion  and  converfion,  the  ratio  of  BG 
to  BE  is  demonftrated  to  be. given;  .but,  without  thefe  two  fteps, 
the  conclufion  fhould  have  been  made  only  by  citing  the  6.  Pro-*, 
pofition.  and  in  like  manner,  in  ^e  firft  part  of  Prop.  1 1 .  in  the 
Greek,  which  in  this  Edition  is  the  17.  from  the  ratio  of  DB  to 
BC  t|eing  given,  the  ratio  of  DC  to  DB  is  fhewn  to  be  given,  by 
u^vcrfion  and  Compofitipn,  inftead  of  citing  Prop.  7.  and  the  fame 
fault  occurs  in  the  fecond  part  of  the  fame  Prop.  11., 

PROP,    XXI.  XXII. 

.  Thefe.  are  now  ^dded,  as  being  wanting  to  complete  the  fubjef); 
treated  of  in  the  four  preceding  Propofitions.  , 

.  PROP.    XXIII. 

This  which  is  Prop.  20.  in  die  Greek  text,  was  feparated  from 
pfop.  14.  15.  16,  in  that  te?;t^  ^^r  which  it  ihould  have  b^Q- 
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immediately  placed^  as  being  of  the  fame  kind,  it  is  now  put  into 
its  proper  place,  but  Prop.  2i.  in  the  Greek  is  left  out,  as  being 
the  fame  with  Prop.  14.  in  that  text,  whieh  is  here  Prop.  18. 

PROP.     XXIV. 

This,  which  is  Prop»  13.  in  the  Greek,  is  now  put  into  its 
proper  place,  having  been  disjoined  from  the  three  following  it 
in  diis  Edition,  which  are  of  ^e  fame  kind. 

PROP.    XXVIII. 

This  which  in  the  Greek  text  is  Pirop.  25.  and  federal  of  the 
{<dk>wing  Propofitions,  are  there  deduced  from  Def.  4.  which  is 
not  fufficient,  as  has  been  mentixmed  in  the  Note  on  that  Defini<> 
tion  'y  they  are  therefore  now  (hewn  more  explicitly. 

PROP.    XXXIV.  XXXVI. 

Each  of  thefe  has  a  Determination,  which  is  now  added,  which 
occafions  a  change  in  their  Demonftrations. 

PROP.    XXXVII.  XXXIX.  XL.  XLI. 

^The  35.  and  36.  Propofitions  in  the  Greek  text  are  joined  into 
one,  which  makes  the  39.  in  this  Edition,  becaufe  the  fame  Enuii«* 
tiation  and  Demonftration  feires  both,  and  for  the  fame  reafon 
Prop.  37.  38.  in  the  Greek  are  joined  into  one  which  here  19 
the  40. 

Prop.  37.  is  added  to  the  Data,  as  it  frequently  occurs  in  the 
folution  of  Probfems.  and  Prop.  41.1$  added  to  compkte  the  reft. 

PROP.    XLII. 

This  is  Prop.  39.  in  the  Greek  textj  where  the  whole  con- 
ftTu£lion  of  ¥rop.  22.  of  Book  i.  of  the  Elements  is  put  without 
need  into  the  Demoaftration,  but  is  now  only  cited. 

PROP.    XLV. 

This  is  Prop.  42.  in  the  Greek,  where  the  three  ftraight  lines 
made  ufe  of  in  the  conftru£tion  are  £iid,  but  not  ihewn,  to  be 
fuch  that  any  two  of  them  is  greater  than  the  third,  which  is  now 
done. 

PROP.    XLVII. 

This  is  Prop.  44.  in  the  Greek  text,  but  the  Demonftration  of 
it  is  changed  into  another  wherein  the  feveral  cafes  of  it  are  fiiew% 
which,  tho'  necefTary,  is  not  done  in  the  Greek. 

PROP.    XLVIII. 

There  are  two  cafes  in  this  Pr<^ofit]on,  arifing  from  the  two 
cafes  of  the  3d  part  of  Prcqp.  47.  <m  which  the  48.  dqpends*  and 
in  the  Compofition  tfaefc  (wo  c^$  arc  expHcitly  given. 


EUCLID'S    DATA.  45> 

PROP.    LIL 

The  Conftrudiion  and  Demonftration  of  this  which  is  Prop.  48. 
in  the  Greek,  are  made  fomething  ihorter  than  in  that  text. 

PROP-    LIII. 
Prop.  63.  in  the  Greek  text  is  omitted,  being  only  a  cafe  of  Prop. 
49.  in  that  text,  which  is  Prop.  53.  in  this  Edition. 

PROP.  LVIIL 
This  is  not  in  the  Greek  text,  but  its  Demonftration  is,  con-* 
tained  in  that  of  the  iirft  part  of  Prop.  54.  in  that  text  i  which 
Fropoiition  is  concerning  figures  that  are  given  in  fpeci^s ;  this 
58.  is  true  of  fimilar  figures,  tho*  they  be  not  given  in  fpecies,  and 
9i  it  frequently  occurs,  it  was  neceifary  to  add  it. 

PROP.    LIX.  LXI. 

•  This  is  the  54.  in  the  Greek;  and  the  77.  in  the  Greek,  being 
the  very  fame  with  it,  is  left  oat.  and  a  ihorter  DcnK>nftrati(Hi  ig 
given  of  Prop.  di. 

PROP.    LXII. 
This  which  is  moft  frequently  ufeful  is  not  in  die  Greek,  and 
is  neccffary  to  Prop.  87.  88.  in  this  Edition,  as  alfo,  tho*  not 
mentioned,  to  Prop.  86.  87.  in  the  former  Editions.   Prop.  65. 
in  the  Greek  text  is  made  a  Corollary  to  it. 

PA  OP.    LXIV. 

•  This  contains  both  Prop.  74.  and  73*  in  the  Greek  text ;  the 
firft  cafe  of  the  74.  is  a  repetition  of  Prop.  56.  from  which  it  is 
feparated  in  that  text  by  many  PTopofitions;  and  as  there  is  no  order 
in  thefe  Propofitions,  as  they  ftand  in  the  Grtek,  they  are  now  put 
into  the  order  which  feemed  moft  convenient  and  natural. 

The  Demonftration  of  the  firft  part  <rf  Prop.  73.  in  the  Greek 
'i^  grofsly  vitiated.  Dr.  Gregory  fays  that  the  {entences  he  has 
inclofed  betwixt  two  ftars  are  fuperfluous  and  ought  to  be  can-  » 
celled :  but  he  has  not  obferved  that  what  follows  thefti  is  abfurd, 
being  to  prove  that  the  ratio  [fee  his  figure]  of  Ar  to  TK  is  given» 
which  by  the  Hypothefis  at  the  beginning  of  the  Propofition  is 
.exprefsly  given  •,  fo  that  the  whole  of  this  part  was  to  be  altered, 
which  is  done  in  this  Prop.  64. 

PROP.    LXVII.  LXVIII. 
Prop.  70.  in  the  Greek  text  is  divided  into  thefe  two,  for  the 
fake  of  diftin£l:nefs}  and  the  Demonftration  of  the  67.  is  rendered 
^  ihorter  than  that  of  the  firft  part  of  Prop.  70.  in  the  Greek  by 
rpeans  pf  Prop.  23,  of  Book  6,  of  the  Elements, 
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PROP.    LXX. 

This  is  Prop.  62.  in  the  Greek  text;  Prop.  78.  in  that  text  is 
only  a  particular  cafe  of  it|  and  is  therefore  omitted. 

Dr.  Gregory  in  the  Demonftration  of  Prop.  62.  cites  the  49. 
Prop.  Dat.  to  prove  that  the  ratio  of  the  figure  A£B  to  the  paral- 
lelogram AH  is  giveii^  whereas  this  was  fhewn  a  few  lines  before; 
and  befides  the  49.  Prop,  is  not  applicable  to  thefe  two  figures, 
becaufe  AH  is  not  given  in  fpecies,  but  is,  by  the  ftep  for  which 
the  citation  is  brought,  proved  to  be  given  in  fpecies. 

PROP.    LXXIII. 

Prop.  83.  in  the  Greek  text  is  neither  well  enuntiated  nor  d&-. 
monftrated.  the  73.  whic}i  in  this  Edition  is  put  in  place  of  it,  is 
really  the  fame^  as  will  appear  by  confidering  [fee  Dr.  Gregory's 
^ition]  that  A,  B,  r>  £  in  the  Greek  text  are  four  proportionals] 
and  that  the  Propofition  is  to  fhew  that  A,  which  has  a  given  ratio 
to  £,  is  to  r,  as  B  is  to  the  ftraight  line  to  which  A  has  a  ^given 
ratio;  or,  by  inverfion,  that  F  is  to  A,  as  the  ftraight  line  to  which 
A  has  a  givei)  ratio  is  to  B;  that  is,  if  the  proportionals  be  placed 
in  this  order,  viz.  T,  £,  A,  B,  that  the  firft  F  is  to  A  to  which  the 
fecond  £  has  a  given  ratio,  as  the  ftraight  line  to  which  the  third 
A  has  a  given  ratio  is  to  the  fourth  B;  which  is  the  Eiiuntiation  of 
this  73.  and  was  thus  changed  that  it  might  be  made  like  to  that 
of  Prop.  72.  in  this  Edition,  which  is  the  82.  in  the  Greek  text, 
and  the  Demonftration  of  Prop.  73.  is  the  (ame  with  that  of  Prop. 
72.  only  making  ufe  of  Prop.  23.  inftead  of  Prop.  22.  of  Book 
5.  of  the  Elements. 

PROP.    Lxxvn. 

This  is  put  in  place  of  Prop.  79.  in  the  Greek  text  which  is  not 
a  Datum,  but  a  Theorem  premifed  as  a  Lemma  to  Prop.  80.  in  that 
text,  and  Prop.  79.  ih  made  Cor.  i.  to  Prop.  77.  in  this  Edition. 
CI.  Hardy  in  his  Edition  of  the  Data  takes  notice,  that,  in  Prop. 
80.  of  the  Greek  text,  the  parallel  KL  in  the  figure  of  Prop.  77. 
in  this  Ldicion  muft  meet  the  circumference,  but  does  not  demon* 
ftrate  it,  which  is  done  here  at  the  end  of  Cor.  3.  of  Prop.  77* 
in  the  conftruGion  for  finding  a  triangle  fimilar  to  ABC. 

PROP.    LXXVIII. 

The  Demonftration  of  this  which  is  Prop.  80.  in  the  Greek  is 
rendered  a  good  deal  iborter  by  kelp  of  Prop.  77, 
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PROP.    LXXIX.  LXXX.  LXXXI. 

Thcfe  ate  added  to  Euclid's  Data,  as  Propofitions  which  arc 
often  ufeful  in  the  folution  of  Problems. 

PROP.     LXXXII. 

This  which  is  Prop.  60.  in  the  Greek  text  is  placed  before  the 
83.  and  84.  which  in  the  Greek  are  the  58.  and  59.  becaufe  the 
Demonftration  of  thefe  two  in  this  Edition  is  deduced  from  that  of 
Prop.  82.  from  which  they  naturally  follow. 

PROP.     LXXXVIII.  XC. 

Dr.  Gregory  in  his  preface  to  Euclid's  Works  which  he  publifhed 
at  Oxford  in  1703,  after  having  told  that  he  had  fupplied  the  de-^ 
fe£is  of  the  Greek  text  of  the  Data  in  innumerable  places  from 
feveral  Manufcripts,  and  correfted  CI.  Hardy's  tranflation  by  Mr. 
Bernard's,  adds,  that  the  86.  Theorem  *«  or  Propofition,"  feemed 
to  be  remarkably  vitiated,  but  which  could  not  be  reftored  by  help 
of  the  Manufcripts;  then  he  gives  three  different  tranflations  of  it 
in  Latin,  according  to  which  he  thinks  it  may  be  read ;  the  two 
firft  have  no  diftin£t  meaning,  and  the  third  which  he  fays  is  the 
beft,  tho'  it  contains  a  true  Proportion  which  is  the  90.  in  this 
Edition,  has  no  connexion  in  the  lead  with  the  Greek  text,  and  it 
is  ftrange  that  Dr.  Gregory  di'd  not  obferve,  that  if  Prop.„86.  was 
changed  into  this,  the  Demonftration  of  the  86.  muft  be  cancelled, 
and  another  put  in  its  place,  but,  the  truth  is,  both  the  Enuntiation . 
and  the  Demonftration  of  Prop.  86.  are  quite  entire  and  right, 
only  Prop.  87.  which  is  more  fimple,  ought  to  have  been  placed 
before  it ;  and  the  deficiency  which  the  Doftor  juftly  obferves  to 
be  in  this  part  of  Euclid's  Data,  and  which  no  doubt  is  owing  to 
the  carelefihefs  and  ignorance  of  the  Greek  Editors  (hould  have 
been  fupplied,  not  by  changing  Prop.  86.  which  is  both  entire  and 
neceiTary,  but  by  adding  the  two  Propofitions  which  are  the  83. 
and  90.  in  this  Edition. 

PROP.    XCVIII.  C. 

Thefe  were  communicated  to  me  by  two  excellent  Geometers, 
the  firft  of  them  by  the  Right  Honourable  the  Earl  Stanhope,  and 
the  other  by  Dr.  Matthew  Stewart  5  to  which  I  have  added  the 
DemonftratioDs. 

Tho'  the  order  of  the  Propofitions  has  been  in  many  places 
changed  from  that  in  former  Editions,  yet  this  will  be  of  little 
difadvantage,  as  the  antient  Geometers  never  cite  the  Data,  and 
the  Modems  very  rarely. 
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AS  that  part  of  the  Compofition  of  a  Problem  which  iiiti 
Conftru£lion  may  not  be  fo  readily  deduced  from  the  Anft«* 
lyfis  by  begimiers ;  for  their  fake  the  following  Example  is  given 
in  which  the  derivation  of  the  feveral  parts  of  the  Conftruftion 
Irom  the  Analyfis  is  particularly  (hewn,  that  they  may  be  aiOfted 
to  do  the  like  in  other  Problems. 

PROBLEM. 

Having  given  the  magnitude  of  a  parallelogram,  the  atigle  of 
which  ABC  is  given,  and  alfo  the  excefs  of  the  fquare  of  its  fide 
BC  above  the  fquare  of  the  fide  AB  j  To  find  its  fides  and  defpribe 
it. 

The  Analyfis  of  this  is  the  fame  with  the  Dcmonftration  of  the 
87.  Prop,  of  the  Data,  and  the  Conftru£tion  that  is  given  of  the 
Problem  at  the  end  of  that  Propofition,  is  thus  derived  from  the 
Analyfis. 

Let  EFG  be  equal  to  the  given  angle  ABC,  and  becaufe  in  the 

Analyfis  it  is  faid  that  the  ratio  of  the  re£langle  AB,  BC  to  the  pa* 

rallelogram  AC  is  given  by  the  62.  Prop.  Dat.  therefore  from  a 

point  in  FE,  the  perpendicular  EG  is  drawn  to  FG,  as  the  nitio  of 

^  F£  to  EG  is  the  ratio  of  the  redangle  Mi,  BC  to  the  parallelogram 
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AC  by  what  is  ihewn  at  the  end  of  Prop.  62.  Next  the  magnitude 
of  AC  is  exhibited  by  making  the  re£tangle  EG,  GH  equal  to  it| 
and  the  given  excefs  of  the  fquare  of  BC  above  the  fquare  of  BAf 
to  which  excefs  the  reftangle  CB,  BD  is  equal,  is  exhibited  by  the 
redangle  HG,  GL.  then  in  the  Analyfis  the  re£tangle  AB,  BCis 
faid  to  be  given,  and  this  is  equal  to  the  ie£tangle  F£,  GH,  becaufe 
the  re£bngle  AB,  BC  is  to  the  parallelogram  AC9  as  (FE  to  EG| 
that  is  as  the  redangle)  FE,  GH  to  EG,  GH ;  and  the  parallelo- 
gram AC  is  equal  to  the  redangle  EG,  GH,  therefore  the  redangle 
AB,  BC  is  equal  to  FE,  GH.  and  confequently  the  ratio  of  the  refb* 
angle  CBj  BD,  Aat  is  of  the  reftangle  HG>  GL^  to  AB^  BQ  tbsc 
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18  of  the  ftraight  line  DB  to  BA,  is  the  fame  with  the  ratio  (of 
the  reaangle  GL,  GH  to  F£,  GH,  that  is)  of  the  ftraight  line 
GL  to  F£>  which  ratio  of  DB  to  B  A  is  the  next  thing  faid  to  be 
giren  in  the  Analyfis.  from  this  it  is  plain  that  the  fquare  of  F£ 
is  to  the  fquare  of  GL,  as  the  fquare  of  B  A  which  is  equal  to  the 
reAangk  BC,  CD  is  to  the  fquare  of  BD,  the  ratio  of  which  fpaces 
18  the  next  thing  faid  to  be  given,  and  from  this  it  follows  that 
four  times  the  fquare  of  F£  is  to  the  fquare  of  GL,  as  four  times 
the  redangle  BC,  CD  is  to  the  fquare  of  BD  ^  and,  by  Compo- 
(ition,  four  times  the  fquare  of  F£  together  with  the  fquare  of 
GL  is  to  the  fquare  of  GL,  as  four  times  the  reftangle  BC,  CD 
together  with  the  fquare  of  BD,  is  to  the  fquare  of  BD,  that  is 
[8.  6.]  as  the  fquare  of  the  ftraight  lines  BC,  CD  taken  together 
is  to  the  fquare  of  BD,  which  ratio  is  the  next  thing  faid  to  be 
giren  in  the'  Analyfis.  and  becaufe  four  times  the  fquare  of  FE 
and  the  fquare  of  GL  are  to  be  added  together,  therefore  in  the 
perpendicular  EG  there  is  taken  KG  equal  to  FE,  and  MG  equal 
to  the  double  of  it,  becaufe  thereby  the  fquares  of  MG,  GL,  that 
is,  joining  ML,  the  fquare  of  ML  is  equal  to  four  times  the  fquare 
of  FE  and  to  the  fquare  of  GL,  and  becaufe  the  fquare  of  ML  is 
to  the  fquare  of  GL,  as  the  fquare  of  the  ftraight  line  made  up  of 
BC  and  CD  is  to  the  fquare  of  BD,  therefore  [22,  6.]  ML  is  to 
LG,  as  BC  together  with'  CD  is  to  BD,  and,  by  Cbmpofition,  ML 
and  LG  together,  that  is,  producing  GL  to  N,  fo  that  ML  be  ^ 
equal  to  LN,  the  ftraight  line  NG  is  to  GL,  as  twice  BC  is  to 
BD ;  and  by  taking  GO  equal  to  the  half  of  NG,  GO  is  to  GL, 
as  BC  to  BD  the  ratio  of  which  is  faid  to  be  given  in  the  Ana- 
lyfis. and  from  this  it  follows,  that  the  reftangle  HG,  GO  is  to 
HG,  GL,  as  the  fquare  of  BC  is  to  the  reftangle  CB,  BD  which 
is  equal  to  the  reftangle  HG,  GL,  and  therefore  the  fquare  of  BC 
is  equal  to  the  rectangle  HG,  GO,  and  BC  is  confequently  found 
by  taking  a  mean  proportional  betwixt  HG  and  GO,  as  is  faid  in 
the  Cbnftruftion.  and  becaufe  it  was  ftiewn  that  GO  is  to  GL, 
as  BC  to  BD,  and  that  now  the  three  firft  are  found,  the  fourth 
BD  is  found  by  12.  6.  it  was  likewife  fliewn  that  LG  is  to  F£,  or 
GK,  as  DB  to  BA,-and  the  three  firft  are  now  found,  and  thete*- 
by  the  fourth  BA.  make  the  angle  ABC  equal  to  EFG,  and 
complete  the  parallelogram  of  which  the  fides  are  AB,  BC,  :^nd 
the  conftru£lion  is  finifhed ',  the  reft  of  the  Compofitioh  contains 
the  Demonftration. 


4^4  NOTES    on 

AS  the  Propofitions  from  the  13.  to  the  a 8.  may  be  thought 
by  beginners  to  be  lefs  ufeful  than  the  reft>  becaufe  they 
cannot  fo  readily  fee  how  they  are  to  be  made  ufe  of  in  the 
folution  of  Problems;  on  this  account  the  two  following  Problems 
are  added,  to  (hew  that  they  are  equally  ufeful  with  the  other 
Propofitions,  and  from  which  it  may  eafily  be  judged  that  many 
other  Problems  depend  upon  thefe  Propofitions. 

PROBLEM    I. 

TO  find  three  ftraight  lines  fuch,  that  the  ratio  of 
the  firft  to  the  fecond  is  given ;  and  if  a  given 
ftraight  line  be  taken  from  the  fecond,  the  ratio  of  the 
remainder  to  the  third  is  given ;  alfo  the  redangle  con* 
tained  by  the  firft  and  third  is  given. 

Let  AB  be  the  firft  ftraight  line,  CD  the  fecond,  and  EF  the 
third,  and  becaufe  the  ratio  of  AB  to  CD  is  given,  and  that  if  a 
given  ftraight  line  be  taken  from  CD,  the  ratio  of  the  remainder  to 
•'  *4-  ^*t.  £F  is  given ;  therefoie  ■  the  excefs  of  the  firft  AB  above  a  given 
ftraight  line  has  a  given  ratio  to  the  third  Ef.  Let  BH  be  that  gl* 
ven  ftraight  line,  therefore  AH  the  excefs  of    a  H        B 

AB  above  it  has  a  given  ratio  to  EF ;  and  i 

confequently  *>  the  re£langle  BA,  AH  has  a   o        p     D 
given  ratio  to  the  refl:angle  AB,  EF,  vtrhich  i 

laft  rediangle  is  given  by  the  Hypothefis ;    in      p 

c.  «.  Dat.   therefore  « the  reftangle  BA,  AH  is  given,     

and  BH  the  excefs  of  its  fides  is  given;    K      NML      0 

d.  8J.  Dat.  wherefore  the  fides  AB,  AH  are  given**,  and  '"''      ' 

becaufe  the  ratios  of  AB  to  CD,  and  of  AH  to  EF  are  given;  CD 
and  EF  are  ^  given. 

The  Compofition. 
Let  the  given  ratio  of  KL  to  KM  be  that  which  AB  is  required 
to  have  to  CD;  and  let  DG  be  the  given  ftraight  line  which  ie  to 
he  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KN  be  that 
•which  the  remainder  muft  have  to  EF;  alfo,  let  the  given  re&angle 
NK,  KO  be  that  to  which  the  rectangle  AB,  EF  is  required  te 
be  equal*  find  the  given  ftraight  line  BH  which  is  to  be  taken 
from  AB,  which  is  done,  as  plainly  appears  from  Prop.  24.  Dat. 
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by  making  as  KM  to  KL|  fo  GD  to  HB.  to  the  given  (traight  line 

BH  apply  ^  a  re&angle  equal  to  LK»  KO  exceeding  by  a  fquare,  ^*  >9-  ^*    . 

and  let  BA,  AH  be  its  fides,  then  is  AB  the  firft  of  the  ftraight 

lines  required  to  be  found,  and  by  making  as  LK  to  KM^  fo  AB 

to  DC,  DC  will  be  the  fecond.  and  laftly,  make  as  KM  to  KN, 

fo  CG  to  EF,  and  EF  is  the  third. 

For  as  AB  to  CD,  fo  is  HB  to  GD,  each  of  thefe  ratios  being 
the  fame  with  the  ratio  of  LK  to  KM 5  therefore  ^  AH  is  to  CG,  ^-  'P^  5-  > 
as  ( AB  to  CD,  that  is,  as)  LK  to  KM ;  and  as  CG  to  EF,  fo  is 
KM  to  KN;  wherefore,  ex  aequali,  as  AH  to  EF,  fo  is  LK  to  KN. 
and  as  the  rectangle  BA,  AH  to  the  redangle  B A,  EF,  fo  is  '  the  g*  x*  <^* 
reftangle  LK,  KO  to  the  redangle  KN,  KO.  and,  by  the  C6n- 
ftruftion,  the  redanglc  BA,  AH  is  equal  to  LK,  KO,  therefore  *  h.  14.  5. 
the  reftangle  AB,  EF  is  equal  to  the  given  refkangle  NK,  KO. 
and  AB  has  to  CD  the  given  ratio  of  KL  to  KM ;  and  from  CD 
the  given  ftraight  line  GD  being  taken,  the  remainder  CG  has  to 
EF  the  given  ratio  of  KM'to  KN.     Q^E.  D. 

PROB.    IL 

'T'O  find  three  ftraight  lines  fuch,  that  the  ratio  of 
•*"  the  firft  to  the  fecond  is  given  j  and  if  a  given 
ftraight  line  be  taken  froni  the  fecond,  the  ratio  of  the 
remainder  to  the  third  is  given;  alfo  the  fum  of  the 
fquares  of  the  firft  and  third  is  given.  , 

Let  AB  be  the  firft  ftraight  line,  BC  the  fecond,  and  BD  the 
third,  and  becaufe  the  ratio  of  AB  to  BC  is  given,  and  that  if  a 
given  ftraight  line  be  taken  from  BC,  the  ratio  of  the  remainder  to 
BD  is  given  j  therefore  *  the  excefs  of  the  firft  AB  above  a  given  »•  »4«  ^*t. 
ftraight  line  has  a  given  ratio  to  the  third  BD.  let  A£  be  that 
given  ftraight  line,  therefore  the  remainder  EB  has  a  given  ratio  to 
BD.  let  BD  be  placed  at  right  angles  to  EB,  and  join  DE,  then 
the  triangle  EBD  is  **  given  in  fpecies;  wherefore  rfie  angle  BED  b.  44.  Dat* 
is  given,  let  AE  which  is  given  in  magnitude  be  given  alfo  in  pofi- 
tion,  and  the  ftraight  line  ED  will  be  given  ^  in  pofition.  join  AD,  «•  3«*  ^at# 
and  becaufe  the  fum  of  the  fquares  of  AB,  BD,  that  is  <*,  the  fquare  ^'  47-  '• 
of  AD  is  given,  therefore  the  ftraight  line  AD  is  given  in  magni- 
tude 5  and  it  is  alfo  given  •  %n  pofition,  becaufe  from  the  given  «•  34*  ^*^» 
point  A  it  is  drawn  to  the  ftraight  line  ED  given  in  pofition.  there- 
fore the  point  D  in  which  the  two  ftraight  lines  AD,  ED  given  in 
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t  2£.  Dat  pofition  cut  one  another  is  given  f,  and  the  ftraight  line  DB  which 
g.  33  Dat  is  at  right  angles  to  AB  is  given  i  in  pofition,  and  AB  is  given  in 
pofition^  therefore  ^  the  point  B  is  given,  and  the  points  A,  D  are 
1.  29.  Dat.  given,  wherefore  »» the  ftraight  lines  AK,  BD  are  given,  and  the 
L  a.  Dat.   ratio  of  AB  to  BC  is  given,  and  therefore  *  BC  is  given. 

The  Compofition. 
Let  the  given  ratio  pf  FG  to  GH  be  that  which  AB  is  required 
to  have  to  BC,  and  let  HK  be  the  given  ftraight  line  which  is  to 
be  taken  from  BC,  and  let  the  ratio  which  the  remainder  is  re- 
quired to  have  to  BD  be  the  given  ratio  of  HG  to  GL,  and  place 
GL  at  right  angles  to  FH,  and  join  LF,  LH.    Next,  as  HG  is  to 


I  A.      i;    -R-Nld.        G    I       GL       H        K 

f  GF,  fo  make  HK  to  AE ;  produce  AE  to  N  fo  that  AN  be  the 

ftraight  line  to  the  fquare  of  which  the  fum  of  the  fquares  of  AB, 
BD  is  required  to  be  equal  •,  and  make  the  angle  NED  equal  to 
the  angle  GFL.  from  the  center  A  at  the  diftance  AN  defcribe  a 
circle,  and  let  its  circumference  meet  £D  in  D,  and  draw  DB 
perpendicular  to  AN,  and  DM  making  the  angle  BDM  equal  to 
the  angle  GLH.  laftly,  produce  BM  to  C  fo  that  MC  be  equal  to 
HK.  then  is  AB  the  firft,  BC  the  feeotid  and  BD  the  third  of  the 
ftraight  lines  that  were  to  be  found. 

For  the  triangles*  EBD,  FGL,  as  alfo  DBM,  LGH  being  equi- 

i  angular,  as  EB  to  BD,  fo  is  FG  to  GL ;  and  as  DB  to  BM,  fo  is 

LG  to  GH ;  therefore,  ex  aequali,  as  EB  to  BM,  fo  is  (FG  to 
k-  "•  S-  GH,  and  fo  is)  AE  to  HK  or  MC ;  wherefore  ^  AB  is  to  BC,  as 
AE  to  HK,  that. is,  as  FG  to  GH,  that  is,  in  the  given  ratjo.  and 
from  the  ftraight  line  BC  taking  MC  which  is  equal  to  the*  given 
ftraight  line  HK,  the  remainder  BM  has  to  BD  the  given  ratio  of 
d.  47. 1.  HG  to  GL.  and  the  fum  of  the  fquares  of  ^B,  BD  is  equal  **  to 
the  fquare  of  AD  or  AN  which  is  the  given  fpace.     Q^E-  D. 

I  believe  it  would  be  in  vain  to  try  to  deduce  the  preceding 
Conftru£tion  from  an  Algebraical  Solution  of  the  Problem. 
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PLANE    TRIGONOMETRY. 

LEMMA  I.    Fig.  i- 

LET  ABC  be  a  redilineal  angle,  if  about  the  point  B  as  a 
center,  and  with  any  diftance  BA,  a  circle  be  defcribed^ 
meeting  BA,  BC,  the  ilraight  lines  including  the  angle  ABC  in 
A,  C ;  the  angle  ABC  will  be  to  four  right  angles,  as  the  arch 
AC  to  the  whole  circumference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and  through  B 
draw  DE  perpendicular  to  AB,  meeting  the  circle  in  D,  £• 

By  33.  6.  Elem.  the>  angle  ABC  is  to  a  right  angle  ABD,  as 
the  arch  AC  to  the  arch  AD  *,  and  quadrupling  the  confequents, 
the  angle  ABC  will  be  to  four  right  angles,  as  the  arch  AC  to 
four  times  the  arch  AD,  or  to  the  whole  circumference. 

LEMMA  n.    Fig.  a. 

LET  ABC  be  a  plane  reftilineal  angle  as  before ;  about  B  as 
a  center  with  any  two  diftances  BD,  BA,  let  two  circles 
be  defcribed  meeting  BA,  BC  in  D,  E,  A,  C  j  the  arch  AC  will 
be  to  the  whole  circumference  of  which  it  is  an  arch,  as  the  arch 
DE  is  to  the  whole  circumference  of  which  it  is  an  arch. 

By  Lemma  i.  the  arch  AC  is  to  the  whole  circumference  of 
which  it  is  an  arch,  as  the  angle  ABC  is  to  four  right  angles  j 
and  by  the  fame  Lemma  1  •  the  arch  DE  is  to  the  whole  cir- 
cumference of  which  it  is  an  arch,  as  the  angle  ABC  is  to  four 
right  angles ;  therefore  the  arch  AC  is  to  the  whole  circumfe- 
rence of  which  it  is  an  arch,  as^the  arch*DE  to  the  whole  cir- 
cumference of  which  it  is  an  arch. 

DEFINITIONS.    Fig.  3. 

I. 

LET  ABC  be  a  plane  reftilineal  angle ;  if  about  B  as  a  center^ 
with  BA  any  diftance,  a  circle  ACF  be  defcribed  meeting 
B A,  BC,  in  A,  C ;  the  arch  AC  is  called  the  meafure  of  the 
.  angle  ABC. 

II. 
The  circumference  of  a  circle  is  fuppofed  to  be  divided  into  360 
equal  parts  called  degrees,  and  each  degree  into  60  equal 
parts  called  minutes,  and  each  minute  into  60  equal  parts 
called  feconds,  &c.  And  as  many  degrees,  minutes,  feconds, 
&c.  as  are  contained  in  any  arch,  of  fo  many  degrees^  ifli- 
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nuteSy  fecondst  Sec,  is  the  angle,  of  which  that  arch  is  the 

meafure,  faid  to  be. 
Cor.  Whatever  be  the  radius  of  the  circle  of  which  the  mea- 

fure  of  a  given  angle  is  an  arch>  that  arch  will  contain  the 

fame  number  of  degrees,  minutes,  feconds,  &c.  as  is  manifeft 

from  Lemma  2. 

IIL 
Let  AB  be  produced  till  it  meet  the  circle  again  in  F,  the  angle 

CBF,  which,  together  with  ABC,  is  equal  to  two  right  angles, 

is  called  the  Supplement  of  the  angk  ABC. 

IV. 
A  ftraight  line  CD  drawn  through  C,  one  of  the  extremities  of 

the  arch  AC,  perpendicular  upon  the  diameter  paffing  through 

the  other  extremity  A,  is  called  the  &ine  of  the  arch  AC,  or 

of  the  angle  ABC,  of  which  it  is  the  meafure. 
Cor.  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is  equal  to 

the  radius. 

V. 

The  fegment  DA  of  the  diameter  paffing  through  A,  one  extre- 
mity of  the  arch  AC  between  the  fine  CD,  and  that  extremity 
is  called  the  Verfed  Sine  of  the  arch  AC,  or  angle  ABC« 

VI. 

A  ftraight  line  AE  touching  the  circle  at  A,  one  extremity  of 
the  arch  AC,  and  meeting  the  diameter  BC  paffing  through 
the  other  extremity  C  in  E,  is  called  Utic  Tangent  of  the  arch 
AC,  or  of  the  angle  ABC 

VIL       • 

The  ftraight  line  BE  between  the  center  and  the  extremity  of  the 
tangent  A£,  is  called  the  Secant  of  the  arch  AC,  or  angle 
ABC. 

Cor.  to  Def.  4.  6.  7.  The  fine,  tangent,  and  fecant  of  any 
angle  ABC,  are  likewife  the  fine,  tangent,  and  fecant  of  its 
fupplement  CBF. 

It  is  manifeft  from  Def.  4.  that  CD  is  the  fine  of  the  angle  CBF. 
Let  CB  be  produced  till  it  meet  the  circle  again  in  G ;  and 
it  is  manifeft  that  AE  is  the  tangent,  and  BE  the  fecant,  of  the 
angle  ABG  or  EBF,  from  Def.  6.  7. 
Fi|r.  ^,  Cor.  to  Def.  4.  5.  6.  7.  The  fine,  verfed  fine,  tangent,  and 
fecant,  of  any  arch  which  is  the  meafure  of  any  given  angle 
ABC,  is  to  the  fine>  verfed  fine>  tangent^  and  fecant^  of  any 
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other  afch  which  is  the  meafure  of  the  fame  angle,  as  the 
radius  of  the  firft  is  to  the  radius  of  the  fecond. 

Let  AC,  MN  be  meafures  of  the  ^ngles  JtBCy  according  to^ 
Def.  I.  CD  the  fine,  DA  th^.  verfed  fine,  AE  the  tangent,  and 
BE  the  fecant  of  the  archJ^Q,  according  to  Def.  4,  5,  6.  7* 
and  NO  the  fine,  OM  the  verfed  fine,  MP  the  tangent,  and 
BP  the  (ecant  of  the  arch  MN,  according  to  the  fame  defini- 
tions. Since  CD,  NO,  AE,  MP  are  parallel,  CD  is  to  NO 
as  the  radius  Cfi  to  the  radius  NB,  and  A£,  to  MP  as  AB  to 
BM,  and  BC  or  BA  to  BO  as  BN  or  BM  to  BO;  and,  by 
convetfion,  DA  to  MO  as  AB  to  MB.  Hence  the  corollary 
*is  manifeft ;  therefore,  if  the  radius  be  fuppofed  to  be  divided 
into  any  given  number  of  equal  parts,  the  fine,  verfed  fine^ 
tangent,  and  fecant  of  any  given  angle,  will  each  contain  a 
given  number  of  thefe  parts ;  and,  by  trigonometrical  tables^ 
the  length  of  the  fine,  verfed  fine,  tangent,  and  fecant  of  any 
angle  may  be  found  in  parts  of  which  the  radius  contains  a 
given  number :  and,  vice  verfa,  a  number  cxprefliilg  the  length 
of  the  fine,  verfed  fine,  tangent,  and  fecant  being  given,  th^ 
angle  of  which  it  is  the  fine,  verfed  fine,  tangent,  and  fecant 
may  be  found. 

VIIl.  Fig.  3. 

The  difi^rence  of  an  angle  from  a  right  angle  is  called,  the  Com^ 
plement  of  that  angle.  Thus,  if  BH  be  drawn  perpendicular 
to  AB,  the  angle  CBH  will  be  the  complement  of  the  angle 
ABC,  or  of  CBF. 

IX. 

Let  HIC  be  the  tangent,  CL  or  DB,  which  is  eqUal  to  it,  the  fine, 
and  BK  the  fecant  of  CBH,  the  complement  of  ABC,  ac-« 
cording  to  Def.  4.  6.  7,  Hit  is  called  the  co^tangettt^  BD  the 
cO'jiney  and  BK  the  cthfecani  of  the  angle  ABC. 

Con.  I.  The  radius  is  a  ihean  proportional  between  the  tangent 
and  co-tangent. 

For,  fince  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will  be 
equal,  and  the  angles  KHB,  BAE  are  right;  therefore  the 
triangles  BAE,  KHB  are  fimilar,  and  therefore  AE  is  to  AB9 
as  BH  or  B  A  to  HK. 

Cor.  2.  The  radius  is  a  mean  proportional  between  the  confine 
and  fecant  of  any  angle  ABC. 

Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  as  BA  to  BE# 
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PROP.   I.     Fig.  5. 

IN  a  right  angled  plain  triangle,  if  the  hypothenufe 
be  made  radius,  the  (idcs- become  the  fines  of  the 
angles  oppofite  to  them;  aAd^^f  either  fide  be  made 
radius,  the  remaining  fide  is  the  tangent  of  the  angle 
oppofite  to  it,  and  tht  hypothenufe  the  fecant  of  the 
fame  angle. 

Let  ABC  be  a  right  angled  triangle;  if  the  hypothenufe  BG 
be  made  radius,  either  of  the  fides  AC  will  be  the  fine  of  the 
angle  ABC  oppofite  to  it ;  and  if  either  fide  B  A  be  made  radius, 
the  other  fide  AC  will  be  the  tangent  of  the  angle  ABC  oppofite 
to  it,  and  the  hypothenufe  BC  the  fecant  of  the  fame  angle. 

About  B  as  a  center,  with  BC,  BA  for  diftances,  let  two 
circles  CD,  EA  be  defcribed,  meeting  B^,  BC  in  D,  E:  fincc 
CAB  is  a  right  angle,  BC  being  radius,  AC  is  the  fine  of  die 
angle  ABC  by  def.  4.  and  BA  being  iradius,  AC  is  the  tangent^ 
and  BC  the  fecant  of  the  angle  ABC,  by  def.  6.  7. 

Cor.  I.  Of  the  hypothenufe  a  fide  and  an  angle  of  a  right 
angled  triangle,  any  two  being  given,  the  third  is  alfo  given. 

Cor.  2.  Of  the  two  fides  and  an  angle  of  ^  right  angled  tri- 
angle, any  two  being  given,  the  third  is  alfo  given. 

PROP.   11.     Fig.  6.  7. 

THE  fides  of  a  plane  triangle  are  to  one  another, 
as  the  fines  of  the  angles  oppofite  to  them. 

In  right  angled  triangles  this  prop,  is  manifeft  from  prop.  r. 
for  if  the  hypothenufe  be  made  radius,  the  fides  are  the  fines  of 
the  angles  oppdfite  to  them,  and  the  radius  is  the  fine  of  a  right 
angle  (cor.  to  def.  4.)  which  is  pppofite  to  the  hypothenufe. 

In  any  oblique  angled  triangle  ABC,  any  two  fides  AB,  AC 
will  be  to  one  another  as  the  fines  of  the  angles  ACB,.  ABC 
which  are  oppofite  to  them. 

From  C,  B  draw  CE,  BD  perpendicular  upon  the  oppofite 
fi4e8  AB,  AC  produced,  if  need  be.  Since  CEB,  CDB  are  right 
angles,  BC  being  radius,  CE  is  the  fine  of  the  angle  CBA,  and 
BD  the  fine  of  the  angle  ACB;  but  the  two  triangles  CAE, 
DAB  have  each  a  right  angle  at  D  and  £;  and  likewife  the 
common  angle  CAB^  therefore  they  are  fimilari  and  confequendy. 
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CA  is  to  AB,  as  C£  to  DB ;  that  is^  the  fides  are  as  the  fines 
of  the  angles  oppofite  to  them. 

Cor.  Hence  of  two  fides,  and  two  angles  oppofite  to  them,  in 
a  plain  triangle,  any  three  being  given,  the  fourth  is  alfo  given. 

PROP.   III.     Fig.  8. 

IN  a  plain  triangle,  the  fum  of  any  two  fides  is  to 
their  difference,  as  the  tangent  of  half  the  fum 
of  the  angles  at  the  bafe,  to  the  tangent  of  half  their 
difference. 

Let  ABC  be  a  plain  triangle,  the  fum  of  any  two  fides  AB, 
AC  will  be  to  theit  difference  as  the  tangent  of  half  the  fum  of 
the  angles  at  the  bafe  ABC,  ACB  to  the  tangent  of  half 'their 
<lifference. 

About  A  as  a  center,  with  AB  the  greater  fide  for  a  diftance, 
kt  a  circle  be  defcribed,  meeting  AC  produced  in  £,  F,  and  BC 
in  D  i  join  DA,  £B,  FB  ^  and  draw  FG  parallel  to  BC,  meeting 
EBinG. 

The  angle  EAB  (32.  1.)  is  equal  to  the  fum  of  the  angles 
at  the  bafe,  and  the  angle  £FB  at  the  circumference  is  equal  to 
the  half  of  EAB  at  the  center  (20.  3.)^  therefore  EFB  is  half 
the  fum  of  the  angles  at  the  bafe ;  but  the  angle  ACB  (32.  i.) 
is  equal  to  the  angles  CAD  and  ADC,  or  ABC  together  j  there- 
fore FAD  is  the  difference  of  the  angles  at  the  bafe,  and  FBD  at 
the  circumference,  or  BFG,  on  account  of  the  parallels  FG,  BD, 
is  the  half  of  that  difference^  but  fince  the  angle  EBF  in  a 
femicircle  is  a  right  angle  (i.  of  this)  FB  being  radius,  BE,  BG, 
are  the  tangents  of  the  angles  EF13,  BFG ;  but  it  is  manifeft  that 
EC  is  the  fum  of  the  fides  BA,  AC,  and  CF  their  difference; 
and  fince  BC,  FG  arc  parallel  (2.  6.)  EC  is  to  CF,  as  EB  to  BG; 
that  is,  the  fum  of  the  fides  is  to  their  difference,  as  the  tangent 
of  half  the  fum  of.  the  angles  at  the  bafe  to  the  tangent  of  half 
their  difference. 

PROP.   IV.     Fig.  18. 

IN  any  plane  triangle  BAG,  whofe  two  fides  are  BA, 
AC  and  bafe  BC,  the  lefs  of  the  two  fides,  which 
let  be  BA«  is  to  the  greater  AC  as  the  radius  is  to 
the  (ang^nt  of  an  angle;  and  the  radius  is  to  the 
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tangent  of  the  excefs  of  this  angle  above  half  a  right 
angle  as  the  tangent  of  half  the  fum  of  the  angles  B 
and  C  at  the  bafey  is  to  the  tangent  of  half  their  dif* 
ference^ 

At  the  point  A,  draw  the  ftraight  line  £AD  perpendicular  to 
B A  i  make  AE,  AF,  each  equal  to  AB,  and  AD  to  AG ;  join 

BE,  fiF,  BD,  and  from  D,  draw  DG  perpendicular  upon  BF, 
And  becaufe  B  A  is  at  right  angles  to  EF,  and  EA,  AB,  AF  arc 
equal,  each  of  the  angles  EBA,  ABF  is  half  a  right  angle,  and 
the  whole  £BF  is  a  right  angle ;  alfo  (4.  i.  £1.)  EB  is  equal  to 

BF.  And  fince  EBF,  FGD  are  right  angles,  EB  is  parallel  to 
CD,  and  the  triangles  EBF,  FGD  are  fimjlar  •,  therefore  EB  is 
to  BF  as  DG  to  GF,  and  EB  being  equal  to  BF,  FG  muft  be 
equal  to  GD.  And  becaufe  BAD  is  a  right  angle,  BA  the  lefs 
fide  is  to  AD  or  AC  the  greater,  as  the  radius  is  to  the  tangent 
of  the  angle  ABD ;  and  becaufe  BGD  is  a  right  angle,  BG  is  to 
GD  or  GF  as  the  radius  is  to  the  tangent  of  GBD^  which  is  the 
excefs  of  the  angle  ABD  above  ABF  half  a  right  angle.  But 
Ibecaufe  EB  is  parallel  to  GD,  BG  is  tp  GF  as  ED  is  to  DF,  that 
is,  fince  ED  is  the  fum  of  the  fides  BA,  AC  and  FD  their  dif- 
ference, (3.  of  this,)  as  the  tangent  of  half  the  fum  of  the  angles 
B,  C,  at  the  bafe  to  the  tangent  of  half  their  difference.  There- 
fore, in  any  plain  triangle,  &c.     (^E.  D. 

PROP.   V.     Fio.  9.  and  10. 

IN  any  triangle,  twice  the  reftangle  contained  by 
any  two  fides  is  to  the  difference  of  the  fum  of 
the  fquares  of  thefe  two  fides,  and  the  fquare  of  the 
bafe,  as  the  radius  is  to  the  co-fine  of  the  angle  in-' 
eluded  by  the  two  fides* 

Let  ABC  be  a  plain  triangle,  twice  the  reftangle  ABC  con* 
tained  by  any  two  fides  BA,  BC  is  to  the  difFerehce  of  the  fum 
pf  the  fquares  of  BA,  BC,  and  the  fquare  of  the  bafe  AC,  as 
the  radius  to  the  co-fine  of  the  angle  ABC, 

From  A,  draw  AD  perpendicular  upon  the  oppofite  fide  BC } 
then  (by  12.  and  13.  2.  El.)  the  difference  of  the  fum  of  the 
fquares  of  AB,  BC,  and  the  fquare  of  the  bafe  AC,  is  equal  to 
twice  the  re£langle  CBD  ^  but  twice  the  f e^angU  C^A:  is  %^ 
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twice  the  reCbangle  CBD^  that  is^  to  the  difierence  of  the  fum  of 
the  fquares  of  AB,  BC,  and  the  fquare  of  AC,  (i.  6.)  as  A B  to 
BD;  that  is,  by  prop.  i.  as  radius  to  the  fine  of  BAD,  which 
is  the  complement  of  the  angle  ABC^  that  is,  as  radius  to  the 
Co-fine  of  ABC. 

PROP.   VI.     Fig.  ii. 

IN  any  triangle  ABC,  whofe  two  fides  are  AB,  AC, 
and  bafe  BC ;  the  reftangle '  contained  by  half 
the  perimeter,  and  the  excefs  of  it  above  the  bafe  BC, 
is  to  the  reftangle  contained  by  the  ftraight  lines,  by 
which  the  half  of  the  perimeter  exceeds  the  other  twd 
fides  AB,  AC,  as  the  fquare  of  the  radius  is  to  the 
fquare  of  the  tangent  of  half  the  angle  BAC  oppofite 
to  the  bafe. 

Let  the  angles  BAC,  ABC  be  bifeded  by  the  ftraight  lines 

AG,  BO;  and,  producing  the  fide  AB,  let  the  exterior  angle 

CBH  be  bifeded  by  the  ftraight  line  BK,  meeting  AG  in  K ; 

and  from  the  points  G,  K,  let  there  be  drawn  perpendicular  upon 

the  fides  the  ftraight  lines  GD,  GE,  GF,  lOI,  KL,  KM.    Since 

therefore  (4»  4)  G  is  the  center  of  the  circle,  infcribed  in  the 

triangle  ABC,  GD,  GF,  GE  will  be  equal,  and  AD  wiU  be 

equal  to  AE,  BD  to  BF,  and  CE  to  CF.     In  like  manner  KH, 

KL,  KM  will  be  equal,  and  BH  will  be  equal  to  BM,  and  AH 

to   AL,   becaufe  the  angles  HBM,  HAL  are  bifefted  by  the 

ftraight  lines  BK,  KA :  and  becaufe  in  the  triangles  KCL,  KCM, 

the  fides  LK,  KM  are  equal,  KG  is  common  and  KLC^  KMC 

are  right  angles,  CL  will  be  equal  to  CM :  fince  therefore  BM 

is  equal  to  BH,  and  CM  to  CL  j  BC  will  be  equal  to  BH  and 

CL  together  i  and,  adding  AB  and  AC  together,  AB,  AC,  and 

BC  will  together  be  equal  to  AH  and  AL  together :  but  AH, 

AL  are  equal :   wherefore  each  of  them  is  equal  to  half  the 

perimeter  of  the  triangle  ABC :  but  fince  AD,  AE  are  equal, 

and  BD,  BF,  and  alfo  CE,  CF,  AB  together  with  FC,  will  be 

equal  to  half  the  perimeter  of  the  triangle  to  which  AH  or  AL 

was  fliewn  to  be  equal  5  taking  away  therefcftre  the  common  AB, 

the  remainder  FC  will  be  equal  to  the  remainder  BH :  in  the 

fame  manner  is  it  demonftrated,  that  BF  is  equal  to  CL :  and 

fince  the  points  Bj  D^  G,  F,  are  in  a  circle,  the  angle  DGF  will  be 
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equal  to  the  exterior  and  oppofite  angle  FBH,  (22.  3.)  \  where- 
fore their  halves  BGD,  HBK  will  be  equal  to  one  another;  the 
right  angled  triangles  BGD,  HBK  will  therefore  be  equiangular, 
and  GD  will  be  to  BD,  as  BH  to  HK)  and  the  re£langle  con- 
tained by  GD,  HK  will  be  equal  to  the  redangle  DBH  or  BFC: 
but  fince  AH  is  to  HK,  as  AD  to  DG,  the  reflangle  HAD 
(22.  6.)  will  be  to  the  reftangle  contained  by  HK,  DG,  or  the 
reftangle  BFC,  (as  the  fquare  of  AD  is  to  the  fquare  of  DGy 
that  is)  as  the  fquare  of  the  radius  to  the  fquare  of  the  tangent 
of  the  angle  DAG,  that  is,  the  half  of  BAG:  but  HA  is 
half  the  perimeter  of  the  triangle  ABC,  and  AD  is  the 
^xcefs  of  the  fame  above  HD,  that  is,  above  the  bafe  BC ;  but 
BF  or  CL  is  the  excefs  of  HA  or  AL  above  the  fide  AC,  and 
FC,  or  HB,  is  the  excefs  of  the  fame  HA  above  the  fide  AB; 
therefore  the  reftangle  contained  by  half  the  perimeter,  and  the 
excefs  of  the  fame  above  the  bafe,  viz.  the  reftangle  HAD,  is  to 
the  reSangle  contained  by  the  ftraight  lines  by  which  the  half  of 
the  perimeter  exceeds  the  other  two  fides,  that  is,  the  re£);angle 
£FC,  as  the  fquare  of  the  radius  is  to  the  fquare  of  the  tangent 
of  half  the  angle  BAC  oppofite  to  the  bafe,     Q;jE,  D. 

PROP,   VII.     Fig.  12.  13, 

IN  a  plain  triangle,  the  bafe  is  to  the  fum  of  the 
fides,  as  the  difference  of  the  fides  is  to  the  fum 
or  difference  of  the  fegments  of  the  bafe  made  by  the 
perpendicular  upon  it  from  the  vertex,  according  as 
the  fquare  of  the  greater  fide  is  greater  or  lefs  than  the 
fum  of  the  fquares  of  the  lefTer  fide  and  the  bafe. 

Let  ABCte  a  plane  triangle j  if  from  A  the  vertex  be  drawn  a 
flraight  line  AD  perpendicular  upon  the  bufe  BC,  the  bafe  BC 
will  be  to  the  fum  of  the  fides  BA,  AC,  as  the  difference  .of  the 
fam^  fides  is  to  the  fum  or  difference  of  the  fegments  CD,  BD, 
according  as  the  fquare  of  AC  the  greater  fide  is  greater  or  lefs 
than  the  fum  of  the  fquares  of  the  leffer*  fide  AB,  and  the  bafe 

BC. 

About  A  as  a  center,  with  AC  the  greater  fide  for  a  diftance, 
let  a  circle  be  defcribed  meeting  AB  produced  in  E,  F,  and  CB 
in  G :  it  is  manifeft  that  FB  is  the  fum,  and  BE  the  difference 
of  the  fides  i  and  fince  A  D  i?  perpendicular  to  GC,  QD,  QD 
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will  be  equal;  confequently  GB  will  be  equal  to  the  fum  or 

differehce  of  the  fegments  CD,  BD,  according  as  the  perpendi- 

^.^Ictilar  AD  meets  the  bafe,  or  the  bafc  produced;  that  is,  (by 

^  y  Conv.  12.  and  13;  2.)  according  as  the  fquare  of  AC  is  greater 

^  or  lefs  than  the  fum  of  the  fquares  of  AB,  BC :  but  (by  35.  3.) 

the  reftangle  CBG  is  equal  to  the  reftangle  EBF:  that  is,  (16.  6.) 

£C  is  to  BF,  as  BE  is  to  BG ;  that  is,  the  bafe  is  to-  the  fum  of 

the  fides,  as  the  difference  of  the  fides  is  to  the  fum  or  difierence 

of  the  fegments  of  the  bafe  made  by  the  perpendicular  from  th^ 

vertex,  according  as  the  fquare  of  the  greater  fide  is  greater  or 

lefs  than  the  fum  of  the  fquares  of  the  lefler  fide  and  the  bafe, 

(^E.  D. 

PROP.  VIII.     PROB.   Fig.  14. 

THE  fum  and  difference  of  two  magnitudes  being 
given,  to  find  them. 

Half  the  given  fum  added  to  half  the  given  difference,  will  be 
the  greater,  and  half  the  difference  fubtra£led  from  half  the  fum, 
will  be  the  lefs. 

For,  let  AB  be  the  given  fum,  AC  the  greater,  and  BC  the 
lefs.  Let  AD  be  half  the  given  fum ;  and  to  AD,  DB,  which 
are  equ2%  let  DC  be  added,  then  AC  will  be  equal  to  BD,  and 
DC  together ;  that  is,  to  BC,  and  twice  DC ;  confequently  twice 
DC  is  the  difference,  and  DC  half  that  difference ;  but  AC  the 
greater  is  equal  to  AD,  DC ;  that  is,  to  half  the  fum  added  to 
half  the  difference,  and  BC  the  lefs  is  equal  to  the  excefs  of  BD^ 
half  the  fum  above  DC  half  the  difference.     (^E.  D. 

SCHOLIUM, 

Of  the  fix  parts  of  a  plane  triangle  (the  three  fides  and  three 
angles)  any  three  being  given,  to  find  the  other  three  is  the  bufi- 
nefs  of  plane  trigonometry ;  and  the  feveral  cafes  of  that  problem 
may  be  refolved  by  means  of  the  preceding  propofitions,  as  in  the 
two  following,  with  the  tables  annexed.  In  thefe,  the  folution  is 
expreffed  by  a  fourth  proportional  to  three  given  lines;  but  if  the 
given  parts  be  expreffed  by  numbers  from  trigonometrical  tables, 
it  may  be  obtained  arithmetically  by  the  common  Rule  of  Three, 

Note*  In  the  Tables  the  fullowing  abbreviations  are  ufed.  R,  is  put  for  the 
Radius;  T,  for  Tangent ;  and  S,  for  Sine.  Degrees,  minutes,  feconds,  &c.  are 
tcritten  in  this  manner;  30^  25'  13",  6cc.  which  (ignifies  30  degrees,  25  minutes, 
1^  fe^onds,  Sec. 
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SOLUTION  of  the  Cases  of  Right  Angled  Triangles. 


I'iS;  '5* 


GENERAL  PROPOSITION. 

IN  a  right  angled  triangle,  of  the  three  (ides  and 
three  angles ,  any  two  being  given  belides  the  right 
angle,  the  other  three  may  be  found,,  except  when  the 
two  acute  angles  are  given,  in  which  cafe  the  ratios  of 
the  fides  are  only  given,  being  the  fame  with  the  ratios 
of  the  fines  of  the  angles  oppofite  to  them. 

It  is  manifeft  from  47.  i.  that  of  the  two  fides  and  hypothe- 
nufe  any  two  be  given  the  third  may  alfo  be  found.  It  is  alfo 
manifeft  from  32.  i.  that  if  one  of  the  acute  angles  of  a  right- 
angled  triangle  be  given,  the  other  is  alfo  given,  for  it  is  die 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is  alfo  given, 
being  the  fupplement  of  the  two  given  angles  to  two  right  angles. 

The  other  cafes  may  be  refolved  by  help  of  die  preceding  pro- 
pofitions,  as  in  the  following  table. 


Given. 


Sought. 


Two  fides,  AB 
AC. 


AB,  BC,  a  fide 
and  the  hypothe- 
nufe. 


AB,  B,  a  fide 
and  an  angle. 


The  angles 
B,C. 


The  angles 
B,  C. 


AB  and  B,  a 
fide  and  an  angle. 


BC  and  B,  die 
hypothenufe  and 
an  angle. 


The  other 
fide  AC. 


AB  :  AC  :  :  R  :  T,  B,  of 

which  C  is  the  complement. 


BC  :  BA  :  :  R  :  S,  C,  of 

which  B  is  the  complement. 


The  hypo- 
thenufe BC. 


The   fide 


AC. 


R  :  T,  B  :  :  BA  :  AC. 


S,  C  :  R  : :  BA  :  BC. 


R  :  S,  B  :  :  BC  :  CA. 


Tbefe  five  cafes  are  refolved  by  prop.  i. 
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SOLUTION  of  the  Cases  of  Oblique* Angled 

Tkiangles. 


GENERAL  PROPOSITION. 

T  N  an  oblique-angled  triangle^  of  the  three  fides  and 
-*•  three  angles,  any  three  being  given,  the  other  three 
may  be  found,  except  when  the  three  angles  are  given ; 
in  which  cafe  the  ratios  of  the  fides  are  only  given^ 
being  the  fame  with  the  ratios  of  the  fines  of  the  angles 
oppofite  to  them. 


Given. 


Sought. 


A,B,a]idthere^ 
fore  C,  and  the 
fide  AB. 


AB,AC,andB, 

two  fides  and  an 
angle  oppofite  to 
one  of  them* 


AB,  AC,  and 
A)  two  fides,  and 
the  included  angle 


BC,  AC. 


The  angles 
A  and  C» 


S,  C  :  S,  A  :  :  AB  :  BC, 
and  alfo  S,  C  ;  S,  B  :  :  AB  : 

AC.  (2.). 


The  angles 
BandC. 


AC  :  AB  :  :  S,  B  :  S,  C 

(2.)  This  cafe  admits  of  two 
folutions}  for  C  may  be 
greater  or  lefs  than  a  quad- 
rant. (Cor.  to  def.  4.) 


Fig,  i5.  ly. 


i^mmmimr^^mimmffi 


AB+AC  :  AB— AC  :  :  T, 
C+B  :  T,  C— B  :  (3.)  and 


the  fum  and  difference  of  the 
angles  C,  B,  being  given, 
each  of  them  is  given.  (7.) 
Otherwife.  Fig.  18. 
BA:AC::R:T,ABC,and 
alfo  R  :  T,  ABC— 450  :  T, 
B+C  :  T,  B— C  :  (4.)  there- 


fore B  and  G  are  givei)  as 
before.  (7.) 


mmmm 
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Given. 


Sought. 


AB,  BC,  CA, 

the  three  fides. 


A,  B,  C,  the 

three  angles. 


2  ACxCB  :  ACq^CBq 
—A  Bq:  :  R  :  CoS,  C.  If 
ACq+CBq  be  greater  than 
ABgr.     Fig.  i6. 

2  AC  X  CB  :  ABq—ACq 
—CBq  :  :  R  :  CoS,  C.     If 
AB^  be  greater  than  AC^+ 
CB^rFiG.  17.(4.) 
Othcrwife. 

Let  AB+BC+AC=2  P. 


PxP  —  AB:P  —  ACx 


P— BC  :  :  R^  :  Ty,{C,  and 
hence  C  is,  known.  (5.) 
Otherwife. 

Let  Ap  be  perpendicular 
to  BC.  I.  If  AB^  be  lefs 
than  AC^r+CB^.  Fig.  16. 
BC  :  BA  +  AC  :  :  BA  — 
AC  :  BD— DC,  and  BC  the 
fum  of  BD,  DC  is  given; 
therefore  each  of  them  is 
given.  (7.) 

2  If  AB^  be  greater  than 
ACq+CBq.  Fig.  17.  BC  : 
BA+AC  :  :  BA— AC  :  BD 
+DC;  and  BC  the  differ- 
ence of  BD,  DC  is  given, 
therefore  each  of  them  is 
given.  (7.) 

AndCA:CD:  :R:CoS, 
C.  (i.)  and  C  being  found, 
A  and  B  are  found  by  cafe 
2^  or  3. 
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SPHERICAL    ,TRIGONOMETRY. 

DEFINITIONS. 

I. 

THE  pole  of  a  circle  of  the  fpherc  is  a  point  in  the  fuper- 
ficies  of  the  fpherey  from  which  all  ftraight  lines  drawn 
to  the  circumference  of  the  circle  are  equal. 

11. 
A  great  circle  of  the  fphere  is  any  whofe  plane  pafles  through  the 
center  of  the  fphere,  and  whofe  center  therefore  is  the  fanie 
with  that  of  the  fphere. 

III. 
A  fpherical  triangle  is  a  figure  upon  the  fuperficies  of  a  fphere 
comprehended  by  three  arches  of  three  great  circles,  each  of 
which  is  lefs  than  a  femicircle. 

IV. 
A  fpherical  angle  is  that  which  on  the  fuperficies  of  a  fphere  is 
scontained  by  two  arches  of  great  circles,  and  is  the  fame  with 
the  inclination  of  the  planes  of  thefe  great  circles. 


G 


PROP.    I. 


RE  AT  circles  bifed  one  another. 


As  they  have  a  common  center  their  common  fedion  will  be 
a  diameter  of  each  which  will  bife£):  them. 

PROP.  II.     Fig.  i. 

4 

'T'HE  arch  of  a  great  circle  betwixt  the  pole  and 
-*-     circumference  of  another  is  a  quadrant. 

Let  ABC  be  a  great  circle  and  D  its  pole ;  if  a  great  circle 
DC  pafs  through  D,  and  meet  ABC  in  C,  the  arch  DC  will 
be  a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and  let  AC 
be  the  common  (e£lion  of  the  great  circlesi  which  will  pafs 
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through  E  the  center  oif  the  fphere:  join  DE,  DA,  DC  J  by 
def.  I.  DA»  DC  are  equal,  and  A£,  EC  are  alfo  equal,  and  0£ 
is  common  \  therefore  (8.  i.)  the  angles  DEA,  DEC  are  equal  9 
wherefore  the  arches  DA,  DC  are  equal,  and  confequestly  each 
of  them  is  a  quadrant*     (^E.  D. 

PROP.   III.     FiC.  2. 

IF  a  great  circle  be  defcribed  meeting  two  great 
circles  AB,  AC  pailing  through  its  pole  A  in  B,  C^ 
the  angle  at  the  center  of  the  fphere  upon  the  circum* 
ference  BC,  is  the  fame  with  the  fpherical  angle  BAC, 
and  the  arch  BC  is  called  the  meafure  of  the  fpherical 
angle  BAG. 

Let  the  planes  of  the  great  circles  AB,  AC  interfefi  one  ano- 
ther in  the  ftraight  line  AD  paifing  through  D  their  common 
center ;  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
die  angles  ADB,  ADC  right  angles;  dierefore  (6.  def.  11.)  the 
angle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB, 
AC ;  that  is,  (def.  4.)  the  fpherical  angle  BAC.     Q^E.  D. 

Cor.  If  through  the  point  A,  two  quadrants  AB,  AC,  be 
drawn,  the  point  A  will  be  the  pole  of  the'great  circle  BC,  paf- 
fing  through  their  extremities  B,  C. 

Join  AC,  and  draw  AE  a  ftraight  line  to  any  other  point  E 
in  BC ;  join  DE :  fince  AC,  AB  are  quadrants,  the  angles  ADB, 
ADC  are  right  angles,  and  AD  will  be  perpendicular  to  the 
plane  of  BC:  therefore  the  angle  ADE  is  a  right  angle,  and  AO, 
DC  are  equal  to  AD,  DE  each  to  each ;  therefore  AE,  AC  are 
equal,  and  A  is  the  pole  of  BC,  by  def.  I.     Q;^E.  D. 

PROP.  IV.    Fig.  3. 

T  N  ifofceles  fpherical  triangles,  the  angles  at  the  bafe 
-*•  are  equal. 

Let  ABC  be  an  ifofceks  triangle,  and  AC,  CB  the  equal  fides ; 
the  angles  BAC,  ABC,  at  the  bafe  AB,  are  equal. 

Let  D  be  the  center  of  the  fphere,  and  join  DA,  DB,  DC ; 
in  DA  take  any  point  £,  from  which  draw,  in  the  plane  ADC, 


SPHERICAL  TRIGONOMETRY.  1$ 

tKe  ftraight  line  £F  at  right  angles  to  ED  meeting  CD  in  F,  and 
draw,  in  the  plane  ADB,  EG  at  right  angles  to  the  fame  ED ; 
therefore  the  rectilineal  angle  FEG  is  (6.  def.  1 1.)  the  inclination 
of  the  planes  ADC,  ADB^  and  therefore  is  the  fame  with  the 
fpherical  angle  BAC :  from  F  draw  FH  perpendicular  to  DB, 
and  from  H  draw,  in  the  plane  ADB,  the  ftraight  line  HG  at 
right  angles  to  HD  meeting  EG  in  G,  and  join  GF.  Becaufe 
D£  is  at  right  angles  to  £F  and  EG,  it  is  perpendicular  to  the 
plane  FEG,  (4.  11.)  and  therefore  the  plane  FEG  is  perpendi<- 
cular  to  the  plane  ADB,  in  which  D£  is :  (18.  1 1.)  in  the  fame 
manner  the  plane  FHG  is  perpendicular  to  the  plane  ADB ;  and 
therefore  GF  the  common  feflion  of  the  planes  FEG,  FHG  is 
perpendicular  to  the  plane  ADB;  (19.  11.)  and  becaufe  the 
angle  FHG  is  the  inclination  of  the  planes  BDC,  BD  A,  it  is  the 
fame  with  the  fpherical  angle  ABC ;  and  the  fides  AC,  CB  of  the 
fpherical  triangle  being  equal,  the  angles  EDF,  HDF,  which 
ftand  upon  them  at  the  center  of  the  fphere,  are  equal ;  and  in 
the  triangles  EDF,  HDF  the  fide  DF  is  common,  and  the  angles 
DEF,  DHF  are  right  angles ;  therefore  EF,  FH  are  equal  j  and 
in  the  triangles  FEG,  FHG  the  fide  GF  is  common  and  the  fides 
EG,  GH  will  be  equal  by  the*  47,  I.  and  therefore  the  angle 
FEG  is  equal  to  FHG;  (8.  i.)  that  is,  the  fpherical  angle  BAC 
is  equal  to  the  fpherical  angle  ABC. 

PROP.  V.     Fig.  3. 
T  F,  in  a  fpherical  triangle  ABC,  two  of  the  angles 
■*•   BAC,  ABC  be  equal,  the  fides  BC,  AG  oppofite 
to  them,  are  equal. 

Read  the  conftruftion  and  demonftration  of  the  preceding  pro- 
pofition,  unto  the  words,  "  and  the  fides  AC,  CB,"  Sec.  and  the 
reft  of  the  demonftration  will  be  as  follows,  viz. 

And  the  fpherical  angles  BAC,  ABC  being  equal,  the  reflilineal 
angles  FEG,  FHG,  which  are  the  fame  with  them,  are  equal ; 
and  in  the  triangles  FGE,  FGH  the  angles  at  G  are  right  angles* 
and  the  fide  FG  oppofite  to  two  of  the  equal  angles  is  common  ; 
therefore  (a6.  i.)  EF  is  equal  toFH;  and  in  the  right-angled 
triangles  DEF,  DHF  the  fide  DF  is  common;  wherefore  (47.  i.) 
ED  is  jequal  to  DH,  and  the  angles  EDF,  HDF  are  therefore 
equal,  (4.  i.)  and  confequentJy  the  fides  AC,  BC  of  the  fpherical ' 
triangle  are  equal. 
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PROP.  VI.     Fig.  4. 

ANY  two  fides  of  a  fpherical  triangle  are  greater 
-^^  than  the  third. 

Let  ABC  be  a  fpheiical  triangki  any  two  fides  AB^  BC  will 
be  greater  than  the  other  fide  AC. 

'  Let  D  be  the  center  of  the  fphere ;  join  DA,  DB,  DC. 

The  folid  angle  at  D  is  contained  by  three  plane  angles  ADB, 
ADC,  BDC  ;,and  by  ao.  1 1.  any  two  of  them  ADB,  BDC  are 
greater  than  the  third  ADC^  that  is,  any  two  fides  AB,  BC  of 
the  fpherical  triangle  ABC,  are  greater  than  the  third  AC. 

PROP.   VIL     Fig.  4. 

np  H  E  three  fides  of  a  fpherical  triangle  are  lefs 
-■-     than  a  circle. 

Let  ABC  be  a  fpherical  triangle  as  before,  the  three  fides  AB, 
BC,  AC  are  lefs  than  a  circle. 

Let  D  be  the  center  of  the  fphere :  the  folid  angle  at  D  is 
contained  by  three  plane  angles  BDA,  BDC,  ADC,  which  to- 
gether ^re  lefs  than  four  right  angles,  (21.  11.)  therefore  the  fides 
AB,  BC,  AC  together,  will  be  lefs  than  four  quadrants;  that  is^ 
lefs  than  a  circle. 
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PROP.   Vffl.     Fig.  5. 

N  a  fpherical  triangle  the  greater  angle  is  oppofite 
to  the  greater  fide ;  and  convcrfely. 


Let  ABC  be  a  fpherical  triangle,  the  greater  angle  A  is  op- 
pofed  to  the  greater  fide  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and  then 
BD,  DA  will  be  equal,  (5.  of  this)  and  therefore  AD,  DC  are 
equal  to  BC ;  but  AD,  DC  are  greater  than  AC,  (6.  of  this,) 
therefore  BC  is  greater  than  AC,  that  is,  the  greater  angle  A  is 
Oppofite  to  the  greater  fide  BC.  The  converfe  is  demonftr^ted  as 
prop.  19.  X.  EI.     Q^E.  D. 
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PROP.   IX.     Fig.  6. 

IN  any  fpherical  triangle  ABC,  if  the  fum  of  the  fides 
AB,  BC  be  greater,  equal,  or  lefs  than  a  femi* 
Circle,  the  internal  angle  at  the  bafe  AC  will  be  greater, 
equal,  or  lefs  than  the  external  and  oppofue  BCD ;  and 
therefore  the  fum  of  the  angles  A  and  ACB  will  be 
greater^  equal,  or  lefs  than  two  right  angles* 

Let  AC,  AB  produced  meet  in  O. 

I.  If  AB,  BC  be  equal  to  a  femicircle,  tliat  is,  to  AD,  BC, 
BD  will  be  equal,  that  is,  (4.  of  this)  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

i.  If  AB,  BC  together  be  greater  than  a  femicircle,  that  is, 
greater  than  ABD,  BC  will  be  greater  than  BD ;  and  therefore 
(8.  of  this)  the  angle  D,  that  is,  the  angle  A,  Is  greater  than  the 
angle  BCD.  ^ 

3.  In  the  fame  manner  is  it  (hewn,  that  if  AB,  BC  together 
be  lefs  than  a  femicircle,  the  angle  A  is  lefs  than  the  angle  BCD* 
And  (ince  the  angles  BCD,  BC  A  are  equal  to  two  right  angles^ 
if  the  angle  A  be  greater'  than  BCD,-  A  and  ACB  together  will 
be  greater  than  two  right  angles.  If  A  be  equal  to  BCD,  A 
and  ACB  together  will  be  equal  to  two  right  angles;  and  if  A  be 
lefs  than  BCD,  A  and  ACB  will  be  lefs  than  two  right  angles* 
Q^E.  D. 

PROP.   X.     Fig.  7. 

IF  the  angular  points  A,  B,,C  of  the  fphetical  triangle 
ABC  be  the  poles  of  three  great  circles,  thefe  great 
circles  by  their  interfeftions  will  form  another  triangle 
FDE,  which  is  called  fupplemental  to  the  former ;  that 
is,  the  fides  FD,  D£,  £F  are  the  fupplements  of  the 
meafures  of  the  oppofite  angles  C^  B,  A,  of  the  triangle 
ABC,  and  the  meafures  of  the  angles  F,  D,  £  of  the 
triangle  FDE,  will  be  the  fupplements  of  the  fides  AC, 
BC,  BA,  in  the  triangle  ABC. 

Let  AB  produced  meet  DE,  EF  in  G,  M,  and  AC  meet  FD, 
FE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H. 
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^Since  A  is  the  pole  of  FE,  and  the  circle  AC  paffes  through  A, 
EF  will  pafs  through  the  pole  of  AC,  (13.  15.  i.  Th.)  and 
Cnce  AC  paffes  through  C,  the  pole  of  FD,  FD  ^urill  pafs  through 
the  pole  of  AC ;  therefore  the  pole  of  AC  is  in  the  point  F,  in 
which  the  arches  DF,  EF  interfeft  each  other.  In  the  fame 
manner,  D  is  the  pole  of  BC,  and  E  the  pole  ^f  AB. 

And  fince  F,  E  are  the  poles  of  AL|  AM,  FL  and  EM  are 
quadrants,  and  JfL,  EM  together,  that  is  FE  and  ML  together, 
are  equal  to  a  femicircle.  But  iince  A  is  the  pole  of  ML,  ML 
is  the  meafure  of  the  angle  BAC|  confequently,  FE  is  the  fup- 
plement  of  the  meafure  of  the  angle  BAG.  In  the  fame  man- 
ner, £D,  DF  are  the  fupplements  of  the  meafures  of  the  anglea 
ABC,  BCA. 

Since  likewife  CN,  BH  are  quadrants,  CN,  BH  together,  that 
is,  NH,  {iC  together,  are  equal  to  a  femicircle  j  and  fince  D  is 
the  pole  of  NH,  NH  is  the  meafure  of  the  angle  FDE,  there- 
fore the  meafure  of  the  angle  FDE  is  the  fupplement  of  the  fide 
BC.  In  the  fame  manner,  it  is  (hewn  that  the  meafures  of  the 
angles  DEf^,  EFD  are  the  fupplements  of  the  fides  ABi  AC^  in 
the  triangle  ABC.     Q^E.  D. . 

PROP.'XI.     Fig.  7. 

THE  three  angles  of  a  fpherical  triangle  are  greater 
than  two  right  angles,  and  lefs  than  fix  right 
singles. 

The  meafures  of  the  angles  A,  B,  C,  In  the  triangle  ABC,  to- 
gether with  the  three  fides  of  the  fupplemental  triangle  DEF,  are 
(10.  of  this)  equal  to  three  femicircles ;  but  the  three  fides  of  the 
triangle  FDE,  are  (7.  of  this)  lefs  than  two  femicircles ;  there- 
fore the  meafures  of  the  angles  A,  B,  C  are  greater  than  a  femi- 
circle 5  and  hence  the  angles  A,  B,  C  are  greater  than  two  right 
angles. 

•  All  the  external  and.  internal  angles  of  any  triangle  are  equal 
to  fix  right  angles  *,  therefore,  all  the  inter&l  angles  are  lefs  than 
fix  right  angles. 

PROP.  XU.     Fig.  8. 
F  from  any  point  C,  which  is  not  the  pole  of  the 
great  circle  ABD,  there  be  drawn  arches  of  great 
circles  CA,  CD,  CE,  CF,  &c*  the  gteateft  of  thefe  is 
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CA,  which  paffcs  through  H  the  pole  of  ABD,  ind  CB 
the  remainder  of  ACB  is  the  lead,  and  of  any  others 
CD,  CE/CF,  &c.  CD,  \(^hich  is  nearer  to  CA,  is  greater 
than  C£,  which  is  more  temote^ 

Let  the  common  feftion  of  the  planes  of  the  great  circles  ACBj 
ADBbe  AB;  arid  from  C,  draw  CG  perpendicular  to  AB,  which 
will  alfo  be  perpendicular  to  the  plane  ADB ;  (4.  def.  11.)  joia 
GD,  GE,  GF,  CD,  CE,  CF,  CA,  CB. 

Of  all  the  (Iraight  lines  drawn  from  G  td  the  circumference 
ADB,  GA  is  the  great-eft,  and  GB  the  leaft;  (7.  3.)  and  GD 
which  is  nearer  to  G A  is  greater  thin  GE,  which  is  more  re- 
mote. The  triangles  CGA,  CGD  are  right-angled  at  G,  and 
they  have  the  common  fide  CG }  therefore  the  fquares  of  CG, 
GA  together,  that  is,  the  fquare  of  CA,  is  greater  than  the 
fquares  of  CG,  GD  together,  that  is,  the  fquare  of  CD ;  and 
CA  is  greater  than  CD,  and  therefoce  the  arch  CA  is  greater 
than  CD.,  In  the  fame  manner,  (ince  GD  is  greater  than  GE^ 
and  GE  than  GF,  &c.  it  is  fhewn  that  CD  is  greater  than  CE, 
and  C£  than  CF>  &c.  and  confequently,  the  arch  CD  greater 
than  the  arch  CE,  and  the  ^rch  C£  greater  than  the  arch  CF,  &c. 
And  fince  GA  is  the  greateft,  and  GB  th^  leaft  of  all  the  ftraight 
lines  drawn  from  G  to  the  circumference  ADB,  it  is  manifeft 
that  CA  is  the  greateft,  and  CB  the  leaft  of  all  the  ftraight  lines 
drawn  from  C  to  that  circumference ;  and  therefore  the  arch  CA 
U  tlie  greateft,  and  CB  the  leaft  of  all  the  circles  drawn  through 
C,  meeting  ADB.     (^E.  D. 

PROP.   XIIL     Fig.  9. 

IN  a  right-angled  fpherical  triangle  the  fides  are  of  the 
fame  afFedion  with  the  oppoiite  angles;  that  is,  if 
the  fides  be  greater  or  lefs  than  quadrants,  the  oppoiite 
angles  will  be  greater  or  lefs  than  right  angles. 

liCt  ABC  be  a  fpherical  triangle  right^^angled  at  A,  any  fide 
AB,  will  be  of  the  fame  affc£bion  with  the  oppofite  angle  ACB* 

Cafe  I.  Let  AB  be  lefs  than  a  quadrant,  let  AE  be  a  qua- 
drant, and  let  EC  be  a  great  circle  pafling  through  £,  C.  Since 
A  is  a  right  angle,  and  A£  a  quadrant,  E  is  the  pole  of  the 
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gte'at  circle  AC,  and  ECA  a  right  angle ;  but  EGA  is  greater 
than  BCA,  therefore  BCA  is  lefs  than  a  right  angle.  Q^E.  D. 
^»g-  10'  V  Cafe  2.  Let  AB  be  greater  than  a  quadrant,  make  AE  a  qua- 
drant, and  let  a  great  circle  pafs  through  C,  E.  ECA  h  a  right 
angle  as  before,  and  BCA  is  greater  than  ECA,  that  is,  greater 
than  a  right  angle.     Q^E.  D. 

PROP.    XIV. 

T  F  the  two  fides  of  a  rlghNangled  fpherical  triangl^  be 
•■■  of  the  fame  aflPeftion,  the  hypothenufe  will  be  lefs 
than  a  quadrant ;  and  if  they  be  of  different  affeftion, 
the  hypothenufe  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right-angled  fpherical  triangle,  if  the  two  fides 
AB,  AC  be  of  the  fame  or  of  different  affe£tion,  the  hypothe* 
nufe  BC  will  be  lefs  or  greater  than  a  quadrant. 

J'jg-  P*  Cafe  I.  Let  AB,  AC  be  each  lefs  than  a  quadrant.     Let  AE, 

AG  be  quadrants;  G  will  be  the  pole  of  AB,  and  E  the  pole 
of  AC,  and  EC  a  quadrant ;  but,  by  prop.  1 2.  CE  is  greater 
than  CB,  fmce  CB  is  farther  off  from  CGD  than  CE.  In  the 
fame  manner,  it  is  Ihewn  that  CB,  in  the  triangle  CBD,  where 
trie  two  fides  CD,  BD  are  each  greater  than  a  quadrant,  is  lefs 
than  CE,  that  is,  lefs  than  a  quadrant.     Q^E.  D. 

rig- 10.  Cafe  2.    Let  AC  be  lefs,  and  AB  greater  than  a  quadrant; 

then  the  hypothenufe  BC  will  be  greater  than  a, quadrant;  for 
let  AE  be  a  quadrant,  then  E  is  the  pole  of  AC,  and  EC  will  be 
a  quadrant.     But  CB  is  greater  than  CE  by  prop.  12.  'fince  AC 

paffes  through  the  pole  of  ABD.     Q^Ei  D. 

» 

PROP.    XV. 

TF  the  hypothenufe  of  a  right-angled  triangle  be 
-r-  greater  or  lefs  than  a  quadrant,  the  fides  will  be  of 
different  or  the  fame  affection. 

•  This  is  the  converfe  of  the  precedingi  and  demonftratcd  in 
the  fame  manner. 
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PROP.    XVI. 

N  any  fpherical  triangle  ABC,  if  the  perpendicular 

AD  from  A  upon   the  bafe  BC  fall  within   the 

triangle,  the  angles  B  and  C  at  the  bafe  will  be  of  thfe 

fame  affeftion ;  and  if  the  perpendicular  fall  without  the 

triangle,  the  angles  B  and  C  will  be  of  different  affection. 

1.  Let  AD  fall  within  the  triangle;  then  (13.  of  this)  fi nee  Fig.  n. 
ADB,  ADC  are  right-angled  fpherical  triangles,  the  angles  B,  C 
mud  each  be  of  the  fame  affe£lion  as  AD. 

2.  Let  AD  fall  without  the  triangle,  then  (13.  o£^this)  the  Fig.  la. 
angle  B  is  of  the  fame  affeftion  as  AD ;  and  by  the  fame,  the 
angle  ACD  is  of  the  fame  afFeftion  as  AD ;  therefore  the  angle 
ACB  and  AD  are  of  different  affeftion,  and  the  angles  B  and 
ACB  of  different  affeftipn. 

Cor.  Hence  if  the  angles  B  and  C  be  of  the  fame  affeftion,, 
the  perpendicular  will  fall  within  the  bafe;  for,  if  it  did  not, 
(i6.of  this,)  B  and  C  would  be  of  different  affeftion.  And  if 
the  angles  B  and  C  be  of  oppofite  affeftion,  the  perpendicular 
will  fall  without  the  triangle;  for,  if  it  did  pot,  (16.  of  this,)  the 
angles  B  and  C  would  be  of  the  fame  afFeftion,  contrary  to  the 
fuppofition. 

PROP.   XVIL     Fig.  13, 

IN  right-angled  fpherical  triangles,  the  fine  of  either 
of  the  fides  about  the.  right  angle,  is  to  the  radius 
of  the  fphere,  as  the  tangent  of  the  remaining  fide  is 
to  the  tangent  of  the  angle  oppofite  to  that  fide. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A ;  and  let 
AB  be  eithei;  of  the  fides,  the  fine  of  the  fide  AB  will  be  to  the 
radius,  as  the  tangent  of  the  other  fide  AC  to  the  tangent  of 
the  angle  ABC,  oppofite  to  AC.  Let*D  be  the  center  of  the 
fphere;  join  AD,  BD,' CD,  and  let  AE  be  drawn  perpendicular 
to  BD,  which  therefore  will  be  the  fine  of  the  arch  AB,  and 
'  from  the  point  E,  let  there  be  drawn  in  the  plane  BDC  the 
ftraight  line  EF  at  right  angles  to  BD,  meeting  DC  in  F,  and 
kt  AF  be  joined.    Since  therefore  the  ftraight  line  DE.  ia  at 
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right  angles  to  both  EA  and  EF,  it  will  alfo  be  at  right  angles 
to  the  plane  AEF,  (4.  11.)  wherefore  the  plane  ABD,  which 
paiTes  through  DE,  is  perpendicular  to  the  plane  AEF,  (18.  ii,) 
and  the  plane  AEF  perpendicular  to  ABD:  the  plane  ACD  or 
AFD  is  alfo  perpendicular  to  the  fame  ABD:  therefore  the 
common  feftioft,  viz.  the  ftraight  line  AF,  is  at  right  angles  to 
the  plane  ABD :  (19.  1 1.)  and  FAE,  FAD  are  right  angles  \  (3, 
•  def.  II.)  therefore  AF  is  the  tangent  of  the  arch  AC  |  and  in  the 
re£tilineal  triangle  AfeF,  having  a  right  angle  at  A,  AE  will  be 
to  the  radius  as  AF  to  the  tangent  of  the  angle  AEF,  (i.  PI, 
Tr.;)  but  AE  is  the  fine  of  the  arqh  AB,  and  AF  the  tangent 
of  the  arch  AC,  and  the  angle  AEF  is  the  inclination  of  the 
planes  CfcD,  ABD,  (6.  def.  n.)  or  the  fphericai  angle  ABC; 
therefore  the  fine  of  the  arch  AB  is  to  the  radius  as  the  tangent 
of  the  arch  AC,  to  the  tangent  of  the  oppofite  angle  ABC. 

CoR.  I .  If  therefore  of  the  two  fides,  and  an  angle  oppofite 
to  one  of  them,  any  two  be  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propofition  the  fine  of  the  fidq 
AB  is  to  the  radius-,  as  the  tangent  pf  the  other  fide  AC  to  the 
tangent  of  xh6  angle  ABC  oppofite  to  that  fide;  and  as  theradiu$ 
is  to  the  cp-tangem  of  the  angle  ABC,  fo  is  the  tangent  of  the 
fame  angle  ABC  to  the  radius,  (Cor.  2.  def.  PI.  Tr.)  by  equality, 
the  fine  of  fhe  fide  AB  is  to  the  co-tangent  of  the  angle  ABtJ 
j^djacent  to  it,  a^  the  tangept  pf  the  other  fide  AC  to  the  radiv8, 

PROP,  xyiii.    Fio.  13. 

IN  right-angled  fpheripal  triangles  the  fjne  of  the  hypo9 
tbenufe  h  to  the  radius,  as  the  fine  of  either  fide  i^ 
to  the  fine  of  th^  angle  oppofue  tP  tt?it  fide, 

Let  the  triangle  ABC  be  right-angled  at  A,  and  let  AC  b^ 
cither  of  the  fides  j  the  fine  of  the  hypothenufe  BC  yirill  be  to  di^ 
radius  as  the  fine  of  the  arch  AC  is  to  the  fine  pf  the  angle. 
ABC. 

Let  D  be  the  center  of  the  fphere,  and  let  CG  be  draWT) 
perpendicular  to  DB,  which  will  therefore  be  the  fine  of  the 
hypothenufe  BC ;  and  from  the  poin^  G  let  there  be  drffwn  in 
^he  plane  ABD  the  ftraight  line  GH  perpendicular  to  DB,  aiid  le| 
QH  he  joined :  CH  will  be  at  ri^fat  angles  ^  the  f  lane  ^BP|  ^ 
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was  fhewn  in  the  preceding  proportion  of  the  ftraight  line  FA  ! 
wherefore  CUD,  CHG  arc  right  angles^  and  GH  is  the  fine  of 
the  arch  AC ;  and  in  the  triangle  CHOj  having  the  right  angle 
CHGj  CG  is  to  the  radius  as  CH  to  the  fine  of  the  angle  CGH  : 
(i.  PL  Tr.)  but  fince  CG,  HG  are  at  right  angles  to  DGB, 
which  is  the  common  fe£lion  of  the  planes  CBD,  ABD,  the  angle 
CGH  w^ill  be  equal  to  the  inclination  of  thefe  planes;  (6.  def« 
it«)  that  is,  to  the  fpherical  angle  ABC.  The  fine>  there fore^ 
of  the  hypothenufe  CB  is  to  the  radius  as  the  fine  of  the  fide 
AC  is  to  the  fine  of  the  oppofite  angle  ABC."    Q^E.  D* 

Cor.  Of  thefe  three^  viz.  the  hypothenufe,  a  fide,  and  the 
angle  oppofite  to  that  fide,  any  two  being  given,  the  third  is  alfo 
given  by  prop.  2. 

PROP.  XIX.     Fig.  14. 

IN  right-angled  fpherical  triangles^  the  co-fine  of  the 
hypothenufe  is  to  the  radius  as  the  co-tangent  of 
either  of  the  angles  is  to  the  tangent  of  the  remaining 
angle. 

Let  ABC  be  a  fpherical  triangle,  having  a  right  angle  at  A,  the 
co-fine  of  the  hypothenufe  BC  will  be  to  the  radius  as  the  co« 
tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 

Defcribe  the  circle  DE,  of  which  B  is  the  pole,  and  let  it 
meet  AC  in  F,  and  the  circle  BC  in  E',  ^nd  fince  the  circle  BD 
pafiTes  through  the  pole  B  of  the  circle  DF,  DF  will  alfo  pafa 
through  the  pole  of  BD.  (13.  i8-  I.  Theod.  fph.)  And  fince 
AC  is  perpendicular  to  BD,  AC  will  alfo  pafs  through  the  pole 
of  BDi  wherefore  the  pole  of  the  circle  BD  will  be  found  in 
the  point  where  the  circles  AC,  DE  meet,  that  is,  in  the  point  F: 
the  arches  FA,  FD  are  therefore  quadrants,  and  likewife  the 
arches  BD,  BE :  in  'the  triangle  CEF,  right-angled  at  the  point 
E,  CE  is  the  complement  of  the  hypothenufe  BC  of  the  triangle 
ABC,  EF  is  the  complement  of  the  arch  ED,  which  is  the  mea- 
fare  of  the  angle  ABC,  and  FC  the  hypothenufe  of  the  triangle 
CEF,  is  the  complement  of  AC,  and  the  arch  AD,  which  is  the 
meafure  of  the  angle  CFE,  is  the  complement  of  AB. 

^ut  ( 1 7.  of  this)  in  the  triangle  CEF,  the  fine  of  the  fide  CE 
is  to  the  radius,  as  the  tangent  of  the  other  fide  is  to  the  tangent 
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of  the  angle  ECF  oppofite  to  it,  that  is,  in  the  triangle  ABC,  the 
co-fine  of  the  hypothenufe  BC  is  to  the  radius,  as  the  co-tangent 
of  the  angle  ABC  is  to  the  tangent  of  the  angle  ACB.   Q^E.  D, 

Cor.  I.  Of  thefe  three,  viz.  the  hypothenufe  and  the  two 
angles,  any  two  being  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propofition  the  co-fine  of  the  hy^ 
pothenufe  BC  is  to  the  radius  as  the  co-tangent  of  the  angle  ABC 
to  the  tangent  of  the  angle  ACB.  But  as  die  radius  is  to  the 
co-tangent  of  the  angle  ACB,  fo  is  the  tangent  of  the  fame  to 
the  radius ;  (Cor.  2.  def.  PI.  Tr.)  and,  ex  aequo,  the  co-fine  of 
the  hypothenufe  BC  is  to  the  co-tangent  of  the  angle  ACB,  a$ 
the  co-tangent  of,  the  ^ngle  ABC  to  the  radius. 

PROP.  XX.     Fig.  14, 

IN  right-angled  fpherical  triangles,  the  co-fine  of  ai} 
angle  is  to  the  radius,  as  the  tangent  of  the  fide 
adjacent  to  that  angle  is  to  the  tangent  of  the  hypo- 
thenufe. 

The  fame  conftj-uftion  remaining ;  in  the  triangle  CEF.  (17, 
of  this)  the  fine  of  the  fide  EF  is  to  the  radius,  as  the  tangent  of 
the  other  fide  CE  is  to  the  tangent  of  the  angle  CFE  oppofite  to 
it  i  that  is,  in  the  triangle  ABQ,  the  co-fine  of  the  angle  ABC  is 
to  the  radiu?  as  (the  co-tangent  of  the  hypothenufe  BC  to  the 
co-tangent  of  the  fide  AB,  adjacent  to  ABC,  or  as)  the  tangent 
of  the  fide  AB  to  the  tangent  of  the  hypothenufe,  fince  the  tan- 
gents of  two  arches  are  reciprocally  proportional  to  their  co- 
tangents.    (Cor.  I.  def.  PI.  Tr.) 

Cor.  And  fince  by  this  propofition  the  co-fine  of  the  angle 
ABC  is  tQ  the  radius,  as  the  tangent  of  the  fide  AB  is  to  the 
tangent  of  the  hypothenufe  BC5  and  as  the  ladius  is  to  the  co- 
tangent of  BC,  fo  is  the  tangent  of  BC  to  the  radius;  by  equality^ 
the  co-fine  of  the  angle  ABC  will  be  to  the  co-tangent  of  the 
hypothenufe  BC,  as  the  tatigent  of  the  fide  AB,  adjacent  to  th§ 
^ngle  ABC^  to  the  radius. 
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PROP.   XXI.    Fig.  14. 

I 

IN  right-angled  fpherical  triangles,  the  co-fine  of  either 
of  the  fides  is  to  the  radius,  as  the  co-fine  of  the 
hypothenufe  is  to  the  co-fine  of  the  other  fide* 

The  fame  conftruftion  remaining ;  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius,  as  the  fine  of  the 
fide  C£  to  the  fine  of  the  oppofite  angle  CF£)  (i8.  of  this) 
that  is,  in  the  triangle  ABC  the  co-fine  of  the  fide  G A  is  to  the 
radius  as  the  coi-fine  of  the  hypothenufe  BC  to  the  cd^^fine  of 
the  other  fide  BA.     Q^E.  D. 

PROP.   XXII.     Fig.  14. 

IN  right-angled  fpherical  triangles,  the  co-fine  of 
either  of  the  fides  is  to  the  radius,  as  the  co  fine 
of  the  angle  oppofiie  to  that  fide  is  to  the  fine  of  the 
other  angle. 

The  faipe  conftru£ilon  remaining  5  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius  as  the  fine  of  the  fide 
EF  is  to  the  fine  of  the  angle  ECF  oppofite  to  it ;  that  is,  in  the 
triangle  ABC,  the  co-fine  of  the  fide  C  A  is  to  the  radius,  as  the 
co-fine  of  the  angle  ABC  oppofite  to  it,  is  to  the  fine  6f  the  other 
^ngle.     Q^E.  D. 
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of  the  angle  ECF  oppofite  to  it,  that  is,  in  the  triangle  ABC,  the 
co-fine  of  the  hypothenufe  BC  is  to  the  radius,  as  the  co-tangent 
of  the  angle  ABC  is  to  the  tangent  of  the  angle  ACB.   Q^E.  D; 

CoR.  I.  Of  thefe  three,  viz.  the  hypothenufe  and  the  two 
angles,  any  two  being  given,  the  third  will  alfo  be  given. 

Cor.  2.  And  fince  by  this  propofition  the  co-fine  of  the  hy^ 
polhenufe  BC  is  to  the  radius  as  the  co-tangent  of  the  angle  ABC 
to  the  tangent  of  the  angle  ACB;  But  as  the  radius  is  to  the 
co-tangent  of  the  angle  ACB,  fo  is  the  tangent  of  the  fame  to 
the  radius ;  (Cor.  2.  def.  PL  Tr.)  and,  ex  aequo,  the  co-fine  of 
the  hypothenufe  BC  is  to  the  co-tangent  of  the  angle  ACB,  a$ 
the  co-tangent  of  the  jingle  ABC  to  the  radius. 

PROP.  XX.     Fig.  14. 

IN  right-angled  fpherical  triangles,  the  co-fine  of  aij 
angle  is  to  the  radius,  as  the  tangent  of  the  fide 
adjacent  to  that  angle  is  to  the  tangent  of  the  hypo- 
thenufe. 

The  fame  conftyuftion  remaining ;  in  the  triangle  CEF.  (17, 
of  this)  the  fine  of  the  fide  EF  is  to  the  radius,  as  the  tangent  of 
the  other  fide  CE  is  to  the  tangent  of  the  angle  CFE  oppofite  to 
it  i  that  is,  in  the  triangle  ABQ,  the  co-fine  of  the  angle  ABC  is 
to  the  radium  as  (the  co-tangent  of  the  hypothenufe  BC  to  the 
co-tangent  of  the  fide  AB,  adjacent  to  ABC,  or  as)  the  tangent 
of  the  fide  AB  to  the  tangent  of  the  hypothenufe,  fince  the  tan- 
gents of  two  arches  are  reciprocally  proportional  to  their  co- 
tangents.    (Cor.  I.  def.  PI.  Tr.) 

Cor.  And  fince  by  this  propofition  the  co-fine  of  the  angle 
ABC  is  tp  the  radius,  as  the  tangent  of  the  fide  A B  is  to  the 
tangent  of  the  hypothenufe  BC5  and  as  the  ladius  is  to  the  co- 
tangent of  BC,  fo  is  the  tangent  of  BC  to  the  radius;  by  equality, 
the  co-fine  of  the  angle  ABC  will  be  to  the  co-tangent  of  the 
hypothenufe  BC,  as  the  tatigent  of  the  fide  AB,  adjacent  to  th§ 
^ngle  ABC^  to  the  radius. 
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PROP.   XXI.    Fig.  14. 

IN  right-angled  fpherical  triangles,  the  co-fine  of  either 
of  the  fides  is  to  the  radius,  as  the  co-fine  of  the 
hypothenufe  is  to  the  co-fine  of  the  other  fide. 

The  fame  conftru£lion  remaining ;  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius,  as  the  fine  of  the 
fide  C£  to  the  fine  of  the  oppofite  angle  CF£)  (i8.  of  this) 
that  is,  in  the  triangle  ABC  the  co-fine  of  the  fide  G A  is  to  the 
radius  as  the  co-fine  of  the  hypothenufe  BC  to  the  cd^^fine  of 
the  other  fide  BA.     Q^E.  D. 

PROP.   XXII.     Fig.  14. 

IN   right-angled  fpherical   triangles,    the  co-fine  of 
either  of  the  fides  is  to  the  radius,  as  the  co  fine 

« 

of  the  angle  oppofiie  to  that  fide  is  to  the  fine  of  the 
other  angle. 

The  fame  conftruftion  remaining  5  in  the  triangle  CEF,  the 
fine  of  the  hypothenufe  CF  is  to  the  radius  as  the  fine  of  the  fide 
EF  is  to  the  fine  of  the  angle  ECF  oppofite  to  it ;  that  is,  in  the 
triangle  ABC,  the  co-fine  of  the  fide  CA  is  to  the  radius,  as  the 
co-fine  of  the  angle  ABC  oppofite  to  it,  is  to  the  fine  6f  the  other 
^ngle.     Q^E.  D, 


^6  SPHERICAL  TRIGONOMETRY. 


OF   THE   CIRCULAR   PARTS. 

Fig.  15.  yN  any  right-angled  fpherical  tttangle  ABC,  the  complement 
X  of  the  hypothenufe,  the  complements  of  the  angles,  ami  the 
two  fides,  are  called  The  circular  paris  of  thi  trianghy  as  if  it 
were  following  each  other  in  a  circular  order,  from  whatever 
part  we  begin ;  thus,  if  we  begb  at  the  complement  of  the  hy- 
pothenufe,  and  proceed  towards  the  fide  BA,  the  parts  following 
in  order  will  be  the  complement  of  the  hypothenufe,  the  com* 
plement  of  the  angle  B,  the  fide  BA,  the  fide  AC,  (for  the  right 
single  at  A  is  not  reckoned  among  the  parts,}  and,  laftly,  the 
complement  of  the  angle  C.  And  thus  at  whatever  part  we  bcgin^ 
if  any  three  of  thefe  five  be  taken,  they  either  will  be  all  con- 
tiguous or  adjacent,  or  one  of  them  will  not  be  contiguous  to 
either  of  the  other  two :  in  the  firft  cafe,  the  part  which  is  be- 
tween the  other  two  is  called  the  MiddUpart,  and  the  other  two 
are  called  Adjacent  epftremes*  In  the  fecond  cafe,  the  part 
which  is  not  contiguous  to  either  of  the  other  two  is  called  the 
Middle  party  and  the  other  two  Oppoftte  extremes.  For  ex- 
ample, if  the  three  parts  be  the  complement  of  the  hypothenufiS 
BC,  the  complement  of  the  angle  B,  and  the  fide  BA*,  fince  thefe 
three  are  contiguous  to  each  other,  the  complement  of  the  angle 
B  will  be  the  middle  part,  and  the  complement  of  the  hypothenufe 
BC  and  the  fide  BA  will  be  adjacent  extremes :  but  if  the  com- 
plement of  the  hypothenufe  BC,  and  the  fides  BA>  AG  be 
.  taken ;  fince  the  complement  of  the  hypothenufe  is  not  adjacent 
to  either  of  the  fides,  viz.  on  account  of  the  complements  of  the 
two  angle?  B  and  C  interveening  between  it  and  the  fides,  the 
complement  of  the  hypothenufe  BC  will  be  the  middle  part,  and 
the  fidesy  BA,  AC  oppoCte  extremes.  The  moft  acute  and  inge- 
nious Baron  Napier,  the  inventor  of  Logarithms,  contrived  the 
two  following  rules  concerning  thefe  parts,  by  means  of  which 
all  the  cafes  of  right-angled  fpherical  triangles  are  refolved  with 
the  greateft  eafe, 

RULE    I. 

The  re£):angle  contained  by  the  radius  and  the  fine  of  the  mid- 
dle part,  is  equal  to  the  re^angle  contained  by  the  tangents  of 
the  adjacent  parta» 
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RULE    IL 

The  re£tangle  contained  by  the  radius,  and  the  fine  of  the  middle 

part  is  equal  to  the  rectangle  contained  by  the  co-fines  of  the 

Dppofite  parts. 

Thefe  rules  are  dempnftrated  in  the  following  manner. 

Firft,  Let  either  of  the  (ide^y  as  BA|  be  the  middle  part,  and  Fig..i(. 
therefore  the'  complement  of  the  angle  B,  and  the  fide  AC  will 
be  adjacent  extremes.     And  by  Cor*  %.  prop.  17.  of  this,  S^ 
BA  is  to  the  Co.-T,  B,  as  T,  AC  is  to  the  radius,  aihd  therefore 
RXS,  BAssCo^T,  BxT,  AC. 

The  {sunt  fide  BA  being  the  middle  part,  the  complement  of 
the  hypothenufe,  and  the  complement  of  the  angle  C,  are  oppofite 
extremes ;  and  by  prpp.  18.  S,  BC  is  to  the  radius,  as  S,  BA  to 
S,  C  i  therefore  R  xS,  BA=iS,  BCxS,  C. 

Secondly,  Let  the  complement  of  one  of  the  angles,  as  B,  b« 
the  nuddle  part,  and  the  complement  of  the  hypothenufe,  and  th<r 
(ide  BA  will  be  adjacent  extremes :  and  by  Cor.  prop.  20.  Co-S, 
B  is  to  Co-T,  BC,  as  T,  BA  is  to  the  radius,  and  therefore 
R  X  Co-S,  B;=Co^T,  BC X T,  B A. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle  part, 
^nd  the  complement  of  the  angle  C,  and  the  fide  AC  will  be 
oppofite  extremes:  and  by  prop.  22.  Co-S,  AC  is  to  the  ra- 
dius, as  Co^,  B  is  to  S,  C:  and  therefore  RxCo-S,  B;;;:;Co-S| 
ACxS,C. 

Thirdly,  Let  the  complement  of  the  hypothenufe  be  the  mid- 
dle part,  and  the  complements  of  the  angles  B,  C,  will  be  adjacent 
extremes  f  but  by  cor.  2.  prop.  19.  Co-S,  BC  is  to  Co-T,  C  as 
Co-T,  B  to  the  radius:  therefor^  RxCo^,  BC=;Co.I^ 
BxCo.T,C. 

Again,  Let  the  complement  of  th$  hypothenufe  be  the  middle 
.part,  and  the  fides  AB,  AC  will  be  oppofite  extremes :  but  by 
prop.  21.  Co-S,  AC  is  to  the  radius,  as  Co-S,  BC  to  Co-S, 
B  A  J  therefore  R  X  Co-S,  BC = Co-S,  B A  x  Co-S,  AQ.   (^E.  D, 
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Kg. ««.    SOLUTION  of  the  Sixteen  CASES  of  Right- 

Angled  Spherical  Triangles. 

QENERAL    PROPOSITION. 

IN  a  right-angled  fpherical  triangle,  of  the  three  fides, 
and  three  angles,  any  two  being  given  befides  the 
right  angle,  the  other  three  may  be  found. 

In  the  following  table  the  folutions  are  derived  from  thS  preceding 
propofitions.  It  is  obvious  that  the  fame  folutions  may  be  de- 
rived from  Baron  Napier's  two  rules  above  dembnibrated,  which, 
as  they  are  eafily  remembered,  are  commonly  ufed  in  pra£Uce. 


Cafe 


.5 


wmrm 


Given  Sought 


AC,  C 


AC,B 


B,  C 


BA,AC 


BA,BC 


B 


AC 


BC 


BA,AC 


AC 


B 


BA,B 


AC 


R  :  CoS,  AC  :  :  S,  C  :  CoS,  B.    And  B  is 
of  the  fame  fpecies  with  CA,  by  22*  and  13. 


CoS,  AC  :  R  :  :  CoS,  B  :  S,  C.  By  22. 


S,  C  :  CoS,  B  :  :  R  :  CoS,  AC.  By  22.  and 

AC  is  of  the  fame  fpecies  with  B.  13. 


R  :  CoS,  B A  : :  CoS,  AC  :  CoS,  BC  2 1 .  and 
if  both  BA,  AC  be  greater  or  lefs  than  a 
quadrant,  BC  will  be  leis  than  a  quadrant. 
But  if  they  be  of  different  affedtion,  BC 
will  be  greater  than  a  quadrant.  14. 


CoS,  BA  :  R  :  :  CoS,  BC  :  CoS,  AC  21. 
and  if  BC  be  greater  or  lefs  than  a  qua- 
drant, BA,  AC  will  be  of  different  or  the 
fame  a0e£lion  By  15, 


S,  BA  :  R  :  :  T,  CA  :  T,  B,  17.  and  B  is 
of  the  fame  affeftion  with  AC.  13. 


R:S,BA::T,B:T,AC.  17.  And  AC  is 
of  the  fame  affection  with  B.  13. 
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Cafe 

Given 

Sought 

\ 

8 

AC,B 

BA 

T,  B  :  R  :  -..T,  CA  :  S,  BA.  17. 

9 

BC,C 

AC 

R  :  CoS,  C  :  :  T,  BC  :  T,  CA.  20.  If  BC 
be  lefs  or  greater  than  a  quadrant^  C  and 
B  will  be  of  the  fame  or  different  zffeGtion. 

15-  13- 

lo 

AC,  C 

BC 

CoS,  C  :  R  :  :  T,  AC  :  T,  BC.  20.  And  BC 
is  lefs  or  greater  than  a  quadrant,  accord- 
ing as  C  and  AC  or  C  and  B  are  of  the 
fame  or  different  affe£lions.  14.  i. 

II 

BC,CA 

C 

T,  BC  :  R  :  :  T,  CA  :  CoS,  C.  20.  If  BC 
be  lefs  or  greater  than  a  quadrant,  CA 
and  AB,  and  therefore  CA  and  C,  are  of 
the  fame  or  different  afFeftion.  15. 

12 

BC,B 

AC 

R  :  S,  BC  :  :  S,  B  :  S,  AC.  18.  And  AC  is 

of  the  fame  afFeftion  with  B- 

13 

AC,  B 

BC 

S,  B  :  S,  AC  :  :  R  :  S,  BC.  18. 

14 

BC,AC 

B 

S,  BC  :  R  :  :  S,  AC  :  S,  B.  18.     And  B 

is  of  the  fame  affeftion  with  AC. 

«s 

B,C 

• 

BC 

T,  C  :  R  :  :  CoT,  B  :  CoS,  BC.  19.  And 
according  as  the  angles  B  and  C  arc  of  dif- 
ferent or  the  fame  affeftion,  BC  will  be 
greater  or  lefs  than  a  quadrant.  14. 

16 

BC,  C 

B 

R  :  CoS,  BC  :  :  T,  C  :  CoT,  B.  19.  If  BC 
be  lefs  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  fame  or  different  afFediion.  1 5 . 

«« 


r 


.t 


s^ 


r 


/ 


i' 


The  fecond,  eighth,  and  thirteenth  cafes,  which  are  commonly 
called  ambiguous,  admit  of  two  folutions :  for  in  thefe  it  is  not' 
determined  whether  the  fide  or  meafure  of  the  angle  fought  be 
greater  or  lefs  than  a  quadrant. 
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PROP.  XXIII.     Fig.  i6. 

N  fpherical  triangles,  whether  right-angled,  or  obliqtie<» 
angled,  the  fines  of  the  fides  are  proportional  to  the 
fines  of  the  angles  oppofite  to  them. 

Firft,  Let  ABC  be  a  right-angled  triangle,  having  a  right  angle 
at  A ;  dicrefore  by  prop.  i5.  the  fine  of  the  hypothenufe  BC  is 
to  the  radius  (or  the  fine  of  the  right  angle  at  A)  as  the  ^xic  of 
the  fide  AC  to  the  fine  of  the  angle  B«  And,  in  like  nianner, 
the  fine  of  BC  is  to  the  fine  of  the  angle  A,  as  the  fine  of  AB 
to  the  fine  of  the  angle  C;  wherefore  (ii.  5.)  the  fine  of  the 
fide  AC  is  to  the  fine  of  the  angle  B,  as  the  fine  of  AB  to  the 
fine  of  the  angle  C. 

Secondly,  Let  PCD  be  an  oblique-angled  triangle,  the  fine  of 
either  of  the  fides  BC,  will  be  to  the  fine  of  either  of  the  other 
two  CD,  as  the  fine  of  the  angle  D  oppofite  to  BC  is  to  the  fine 
of  the  angle  B  oppofite  to  the  fide  CD*  Through  the  point  C, 
Fig.  17. 18.  let  there  be  drawn  an  a'ch  cf  a  great  circle  CA  perpendicular  upon 
BD;  and  in  the  right-angled  triangle  ABC  (18.  of  this)  the  fine 
of  BC  is  to  the  radius,  as  the  fine  of  AC  to  the  fine  of  the  angle 
B;  and  in  the  triangle  ADC  (by  18.  of  this)  and,  by  inverfion, 
the  radius  1$  to  the  fine  of  DC  as  the  fine  of  the  angle  D  to  the 
fine  of  AC :  therefore,  ex  aequo  perturbate,  the  fine  of  BC  is 
to  the  fine  of  DC,  as  the  fine  of  the  angle  D  to  the  fine  of  the 
angle  B.    (^E.  D. 

PROP.  XXIV.    Fig.  17.  18. 

• 

IN  oblique-angled  fpherical  triangles,  having  drawn 
a  perpendicular  arch  from  any  of  the  angles  upon 
the  oppofite  fide,  the  co-fines  of  the  angles  at  the  bafe 
are  proportional  to  the  fines  of  the  vertical  angles. 

Let  BCD  be  a  triangle,  and  die  arch  CA  perpendicular  to  the 
bafe  BD;  the  co-fine  of  the  angle  B  will  be  to  the  co-fioe  of 
the  angle  D,  as  the  fine  of  Ae  angle  BCA  to  the  fine  of  the  angle 
BCA. 

For  by  22.  the  co-fine  of  the  angle  B  is  to  the  fine  of  the 
angle  £C A  as  (the  co-fine  of  the  fide  AC  is  to  th«  radius }  that 
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is,  by  prop.  22.  as)  the  co-fine  of  the  angle  D  to  the  fine  of  the 
angle  DCA ;  and,  by  permutation,  the  confine  of  the  angle  B  is 
to  the  co-fine  of  the  angle  D,  as  the  fine  of  the  angle  BCA  tp 
the  fine  of  the  angle  DCA.    (^E.  D. 

PROP.  XXV.     Fig.  17.  i8. 

THE  fame  things  remaining,  the  co-fines  of  the  fides 
BC,  CD,  are  proportional  to  the  co-fines  of  the 
bafes  BA,  AD. 

'   For  by  21.  the  co-fine  of  BC  is  to  the  co-fine  of  BA,  as  (the 
co-fine  of  AC  to  die  radius;  that  is,  by  2i.  as)  the  co-fine  of 
CD  is  to  the  co-fine  of  AD:  wherefore,  by  permutation,  the       % 
co-fines  of  the  fides  BC,  CD  are  proportional  to  the  co-fines  of 
the  bafes  BA,  AD.    Q^E.  D. 

PROP.  XXVI.     Fig.  17.  18. 

THE  fame  conftruflion  remaining,  the  fines  of  the 
bafes  BA,  AD  are  reciprocally  proportional  to  the 
tangents  of  the  angles  B  and  D  at  the  bafe. 

For  by  17.  the  fine  of  BA  is  to  the  radius,  as  the  tangent  of 
AC  to  the  tangent  of  the  angle  B;  and  by  17.  and  inverfion, 
the  radius  is  to  the  fine  of  AD,  as  the  tangent  of  D  to  the  tan- 
gent of  AC :  therefore,  ex  aequo  perturbate,  the  fine  of  BA  is  to 
the  fine  of  AD,  as  the  tangent  of  D  to  the  tangent  of  B. 

PROP.  XXVII.     Fig.  ^'].  18. 

THE  co.fincs  of  the  vertiwl  angles  are  reciprocally 
proportional  to  the  tangents  of  the  fides. 

For  by  prop.  20.  the  co-fine  of  the  angle  BCA,  is  to  the 
radius  as  the  tangent  of  CA  is  to  the  tangent  of  BC  \  and  by  the 
fame  prop.  20.  and  by  inverfion,  the  radius  is  to  the  co-fine  of 
the  angle  DCA,  as  the  tangent  of  DC  to  the  tangent  of  CA: 
therefore,  ex  aequo  perturbate,  the  confine  of  the  angle  BCA  ia 
to  the  co-fine  of  the  angle  DCA,  as  the  tangent  of  DC  is  to  the 
tangent  of  BC.    (^E.  D. 
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LEMMA.    Fig.  19.  20. 

TN  fight-angled  plane  triangles,  the  hypothcnufe  is  to 
-^  the  radius,  as  the  excefs  of  the  hypothenufe  above 
either  of  the  fides  to  the  verfed  fine  of  the  acute  angle 
adjacent  to  that  fide,  or  as  the  fum  of  the  hypothenufe, 
and  either  of  the  fides  to  the  verfed  fine  of  the  exterior 
angle  of  the  triangle. 

Let  the  triangle  ABC  have  a  right  angle  at  B;  AC  will  be  to 
the  radius  ajs  the  excefs  of  AC  above  AB,  to  the  verfed  fine  of 
the  angle 'A  adjacent  to  AB;  or  as  the  fum  of  AC,  AB  to  the 
verfed  fine  of  the  citerior  angle  CAK. 

With  any  radius  DE,  let  a  circle  be  defcribed,  and  from  D  the 
center  let  DF  be  drawn  to  the  circumference,  making  the  angle 
EDF  equal  to  the  angle  BAC,  and  from  the  ^oint  F,  let  FG  be 
drawn  perpendicular  to  DE :  let  AH,  AK  be  made  equal  to  AC, 
and  DL  to  DE :  DG  therefore  is  the  co-fine  of  the  angle  EDF 
'^  or  B  AC,  and  GE  its  verfed  fine :  and  becaufe  of  the  equiangular 
triangles  ACB,  DFG,  AC  or  AH  is  to  DF  or  DE,  as  AB  to 
DG:  therefore  (19.  5.)  AC  is  to  the  radius  DE  as  BH  to  GE, 
the  verfed  fine  of  the  angle  EDF  or  BAC :  and  fince  AH  is  to 
DE,  as  AB  to  DG,  (12.  5.)  AH  or  AC  will  be  to  the  radius 
DE  as  KB  to  LG,  the  verfed  fine  of  the  angle  LDF  or  K  AC. 
Q^E.  D. 

PROP.   XXVin.     Fig.  21.  22. 

TNany  fpherical  triangle,  the  reftangle  contained  by 
-^  the  fines  of  two  fides,  is  to  the  fquare  of  the  fadius, 
as  the  excefs  of  the  verfed  fines  of  the  third  fide  or  bafe, 
and  the  arch,  which  is  the  excefs  of  the  fides,  is  to  the 
verfed  fine  of  the  angle  oppofite  to  the  bafe. 

Let  ABC  be  a  fpherical  triangle,  the  redlangle  contained  by 
the  fines  of  AB,  BC  will  be  to  the  fquare  of  the  radius,  as  the  ex- 
cefs  of  the  verfed  fines  of  the  bafe  AC,  and  of  the  arch,  which  is 
Uie  excefs  of  AB,  BC  to  the  verfed  fine  of  the  angle  ABC  oppofite 
to  the  bafe. 

Let  D  be  the  center  of  the  fph^re,  and  let  AD,  BD,  CD  be 
,  joined,  and  let  the  fines  AE,  CF,  CG  of  the  arches  AB,  BC,  AG 
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be  drawn ;  let  the  fide  BC  be  greater  thail  B A^  and"  let  BH  be 
made  equal  to  BC :  AH  will  therefore  be  the  excefs  of  the  fides 
BCy  BA;'let  UK  be  drawn  perpendicular  to  AD,  and  fince  AG 
is  the  verfed  fine  of  the  bafe  AC»  and  AK  the  verfed  fine  of  the 
arch  AH,  KG  is  the  excefs  of  the  verfed  fines  of  the  bafe  AC, 
and  of  the  arch  AH,  which  is  the  excefs  of  the  fides  BC,  BA : 
let  GL  likewife  be  drawn  parallel  to  KH,  and  let  it  meet  FH  in  L, 
let  CL,  DH  be  joined,  and  let  AD,  FH  meet  each  other  in  M.  . 
Since  therefore  in  the  triangles  CDF,  HDF,  DC,  DH  are 
equal,  DF  is^  common,  and  the  angle  FDC  equal  to  the  angle 
FDH,.  becaufc  of  the  equal  arcjhes  BC,  BH,  the  bafe  HF  will  be 
equal  to  the  bafe  FC,  and  the  angle  HFD  equal  to  the  right 
angle  CFD :  the  ftraight  line  DF  therefore  (4.  11.)  is  at  right 
angles  to  the  plane  CFH :  wherefore  the  plane  CFH  is  at  right 
angles  to  the  plane  BDH,  which  pafles  through  DF.  (18.  11.) 
In  like  manner,  fince  DG  is  at  right  angles  to  both  GC  and  GL, 
DG  will  be  perpendicular  to  the  plane  CGL;  therefore  the  plane 
CGL  is  at  right  angles  to  the  plane  BDH,  which  pafTes  through. 
DG ;  and  it  was  fliewn,  that  the  plane  CFH  or  CFL,  was  per- 
pendicular to  the  fame  plane  BDH;  thereK>re  the  common  fe^ioH'^ 
of  the  planes  CFL,  CGL,  viz.  the  ftraight  line  GL,  is  perpen- 
dicular to  the  plane  BDA,  (19.  11)  and  therefore  CLF  id  a  right 
angle  :  in  the  triangle  CFL  having  the  right,  angle  CLF,  by  the 
Lemma,  CF  is  to  the  radius  as  LH,  the  excefs,  viz.  of  CF  or  FH 
above  FL,  is  to  the  verfed  fine  of  the  angle  CFL ;  but  the  angle 
CFL  is  the  inclination  of  the  planes  BCD,  BAD,  fince  FC,  FL 
are  drawn  in  them  at  right  angles  to  the  common  feftion  BF : 
the  fpherical  angle  ABC  i$  therefore  the  fame  with  the  angle 
CFL ;  and  therefore,  CF  is  to  the  radius  as  LH  to  the  verfed 
fine  of  the  fpherical  angle  ABC ;  and  fince  the  triangle  AED  is 
equiangular  (to  the  triangle  MFD,  and  therefore),  to  the  triangle 
MGL,  AE  will  be  to  the  radius  of  the  fphere  AD,  (as  MG  to 
ML ;  that  is,  becaufe  of  the  parallels,  as)  GK  to  LH  :  the  ratio 
therefore  which  is  compounded  of  the  ratios  of  AE  to  the  radius, 
,^nd  of  CF  to  the  fame  radius  j  that  is,  (23.  6.)  the  ratio  of  the 
Teftangle  contained  by  AE,  CF  to  the  fquare  of  the  radius,  is  the 
fame  with  the  ratio  compounded  of  the  ratio  of  GK  to  LH,  and 
the  ratio  of  LH  to  the  verfed  fine  of  the  angle  ABC;  that  is,  the 
fame  with  the  ratio  of  GK  to  the  verfed  fine  of  the  angle  *ABC  ;  ' 
therefore,  the  redangle  contained  by  AE,  CF,  the  fines  of  the  > 
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fides  AB,  BC,  h  to  the  fquare  of  tKe  radius  as  GK,  the  etcefs 
of  the  verfed  fines  AG,  AK,  of  the  bafe  AC,  and  the  arch  AH, 
which  is  the  excefs  of  the  fides  to  the  verfed  fine  of  the  angle 
ABC  oppofite  to  the  bafe  AG.     Q^E.  D. 

\  PROP.  XXIX.     Fig.  23. 

THE  reftangle  contained  by  half  of  the  radius^  and 
the  excefs  of  the  verfed  fines  of  two  arches,  is 
equal  to  the  reftatigle  contained  by  the  fines  of  half 
the  fum,  and  half  the  difference  of  the  fame  arches. 

;  Let  AB,  AC  be  any  two  arches,  and  let  AD  be  made  equal 
to  AC  the  lefs )  the  arch  DB  therefore  is  the  fum,  and  the  arch 
CB  the  difference  of  AC,  AB  j  through  E  the  center  of  the  circle, 
let  there  be  drawn  a  diameter  DEF,  and  A£  joined,  and  CD 
likewife  perpendicular  to  it  in  G  ^  and  let  BH  be  perpendicular 
to  A£,  and  AH  will  be  the  verfed  fine  of  the  arch  AB,  and  AG 
the  verfed  fine  of  AC,  and  HG  the  excefs  of  thefe  verfed  fines : 
let  BD,  BC,  BF  be  joined,  and  FC  alfo  meeting  BH  in  K. 

Since  therefore  BH,  CG  are  parallel,  the  alternate  angles  BKC, 
KCG  will  be  equal ;  but  KCG  is  in  a  femicirclc,  and  therefore  a 
right  angle ;  therefore  BKC  is  a  right  angle ;  and  in  the  triangles 
DFB,  CBK,  the  angles  FDB,  BCK  in  the  fame  fegment  are  equal, 
and  FBD,  BKC  are  right  angles ;  the  triangles  DFB,  CBK  are 
therefore  equiangular ;  wherefore  DF  is  to  DB,  as  BC  to  CK,  or 
HG ;  attd  therefore  the  reftangle  contained  by  the  diameter  DF, 
and  HG  is  equal  to  that  contained  by  DB,  BC ;  wherefore  the 
rcdangle  contained  by  a  fourth  part  of  the  diameter,  and  HG,  is 
equal  to  that  contained  by  the  halves  of  DB,  BC :  but  half  the 
chord  DB  is  the  fine  of  half  the  arch  DAB,  that  is,  half  the  fum  of 
the  arches  AB,  AC ;  and  half  the  chord  of  BC  is  the  fine  of  half 
.  the  arch  BC,  which  is  the  difference  of  AB,  AC.  Whence  the 
l^ropofition  is  manifeft. 

r 

PROP.   XXX-     Fig.  19.  24. 

THE  rectangle  contained  by  half  of  the  radius,  and 
the  verfed  fine  of  any  arch,  is  equal  to  the  fquare 
of  the  fine  of  half  the  fame  arch. 
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Let  AB  be  an  arch  of  a  circle,  C  its  center,  and  AC,  CB,  6  A 
being  joined;  let  AB  be  bifefted  in  D,  and  let  CD  be  joined,  which 
will  be  perpendicular  to  BA,  and  bife£l  it  in  E.  (4.  i.)  BE  or  AE 
therefore  is  the  fine  of  the  arch  DB  or  AD,  the  half  of  AB :  let 
BF  be  perpendicular  to  AC,  and  AF  will  be  the  verfed  fine  of 
the  arch  BA  *,  but,  becaufe  of  the  (imilaT  triangles  C A£,  BAF, 
CA  is  to  A£  as*  AB,  that  is,  twice  AE  to  AF;  and  by  halving  the 
antecedents,  half  of  the  radius  CA  is  to  AE  the  fi»e)Of  "the  arcli 
AD*  as  the  fame  AE  to  AF.  the  verged  fine  of  (tiC'^rch  AS. 
Wherefore  by  16.  6.  the  propofition  is  manifeft.  •   -    ^ 

PROP.  XXXI.     Fia  stj.  >  .   i 

TN  a  fpherical  triangle,  the  redan gle  contained  by 
^  the  fiaes  of  the  two  fides,  is  ^  the  fi)U^  x^f  th^ 
iradius^  as  the  redangle  contained  by  the  ltn6  of  the 
arch  which  is  half  the  (urn  of  the  bafe,  and  the  exoefs 
of  the  fideSt  and  the  fxtit  of  the  arch,  which  is  half  the 
difference  of  the  fame  to  the  fquare  of  the  fine  of  half 
the  angle  oppofite  to  the  bafe. 

Let  ABC  be  a  fpherical  triangle,  of  which  the  two  fides  iare 
AB,  BC,  and  bafe  AC,  and  let  the  lefs  fide  BA  be  produced,  fo 
that  BD  fcall  be  equal  to  BC :  AD  therefore  is  the  excefs  of  BC, 
BA^  and  it  is  to  be  {hewn,  that  the  re£langle  contained  by  the 
&ies  of  BC,  &A  is  to  the  fquare  of  the  radius,  as  the  re£^angle 
contained  by  the  fine  of  half  the  fiim  of  AC,  AD,  and  the  fine  of 
half  the  difference  of  the  fame  AC,  AD  to  the  f(Juare  o{  the  fine 
of  half  the  angle  ABC  oppofite  to  the  bafe  AC.  ' 

Since  by  prop.  28.  the  re£langle  contained  by  the  fines  q£  the 
fides  BC,  BA  is  to  the  fquare  of  the  radius,  as  the  excefs  of  the 
verfed  fines  of  the  bafe  AC  and  AD,  to  the  verfed  -fine  of  the 
afigle  B^  that  is,  (i*  6.)  as  the  re£langle  contained  by  half  the 
radius,  and  that  excefs,  to  the  redangle  contained  by  half  the 
radius,  and  the  verfed  fine  of  B ;  therefoTe  (29.  30,  of  this,)  the 
refkangle  contained  by  the  fines  of  the  fides  BQ,  BA  is  to  the 
fquare  of  the  radius,  as  the  rediangle  contained  by  the  fine  of  the 
arch,  which  is  half  the  fum  of  AC,  AD,  and  the  fine  of  the 
arch  which  is  half  the  difference  of  the  fame  AC,  AD  is  to  the 
fquare  0/  the  fine  of  half  the  angle  ABC.    (^E.  D. 
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SPHERICAL  TRIGONOMETRY. 


SOLUTION   OF  THE  TWELVE  CASES  OF  OBLiqyE<ANGL£B 

SPHERICAL  TRIANGLES. 


GENERAL  PROPOSITION. 

TN  anf 'Oblique-angled  fpherical  triangle,  of  the  three 
■*•  fides  and  three  angles,  any  three  being  given,  the 
other  three  may  be  found. 

Fij[,a5.*7.         Given.  Sought. 


I' 


B,P,and 
BC,  two  an* 

gles  and 
fide  oppofite 
one  Q^  them. 


B,  C,  and 
BC  two  an- 
gles and  the 
fide  between 
them. 


C. 


D. 


BC,  CD, 
and  B.' 


BC,    DB 

and  B. 


BD. 


CD. 


CoS,  BC  :  R  :  :  Co-T,  B  :  T,  BCA,  ijj. 
Likewiie  by  24.  CoS,  B  :  S,  BCA  :':  CoS, 
D  :  8,  DC  A ;  wherefore  BCD  is  the  fum 
or  difference  of  the  angles  DC  A,  BCA  ac- 
cording as  the  perpendicular  CA  falls  with-^ 
in  or  without  the  triangle. BCD;  that  isy 
(16.  of  thisj)  according  as  the  ahgles  B,'D 
are  of  the  fame  or  different  affe£iion. 


CoS,  BC  :  R  : :  Co-T,  B  :  T,  BCA.  19. 
and  alfo  by  24.  S,  BCA  :S,  DCA  : :  CoS, 
B  :  CoS,  D }  and  according  as  the  angle 
BCA  is  lefs  or  greater  than  BCD,  the  per- 
pendicular CA  falls  within  or  without  the 
triangle  BCD;  and  therefore  (16.  of  this,) 
the  angles  B,  D  will  be  of  the  fame  or  dif- 
ferent affefkion.  * 


R  :  C9S,  B  : :  T,  BC  :  T,  BA.  20.  and 
CoS,  BC  :  CoS,  BA  :  :  CoS,  DC  :  CoS, 
DA.  ^5.  and  BD  is  the  fum  or  difference 
pf  BA,  DA^ 


K  :  CoS,  B  :  :  T,  BC  :  T,  BA.  20.  and 
CoS,  BA  :  CoS,  BC  :  :  CoS,  DA  :  CoS, 
DC.  25.  and  according  as  DA,  AC  are  of 
the  fame  or  different  affe£iion,  DC  will  be 
lefs  or  greater  than  a  quadrant.  14. 
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ST 


Given.  Sought. 


5      B,  D  and 
BC. 


DB. 


R  :  CoS,  B  :  :  T,  iiC  :  T,  BA.  20.  and 
T,  D  :  T,  B  :  :  S,  BA  :  S,  DA.  26.  and 
BD  is  the  fum  or  di6Ferehce  of  BA,  DA. 


BC,   BD 

and  B. 


D. 


R  :  CoS,  B  ;  :  T,  BC  :  T,  BA.  20.  and 
S,  D A  :  S,  BA  :  :  T,  B  :  T,  D  J  and  ac- 
cording as  BD  i$  greater  or  lefs  than  BA, 
the  angles  B,  D  are  of  the  fame  or  differ- 
ent affection.  16. 


BC,  DC 

and  B. 


C. 


CoS,  BC  :  R  : :  Co-T,  B  ;  T,  PCA.  19. 
and  T,  DC  :  T,  BC  :  :  CoS,  BCA  :  CoS, 
PCA.  27.  the  fum  or  difference  of  the 
angles  BCA,  DCA  is  equal  to  the  angle 
BCD. 


8 


B,  C  and 
BC. 


DC. 


CoS,  BC  :  R  :  :  Co-T,  B  :  T,  BCA.  19. 
alfo  by  27.  CoS,  DCA  :  CoS,  BCA  :  :  T, 
BC  :  T,  DC.  27.  if  DCA  and  B  be  of 
\he  fame  affedlion;  that  is,  (13. J  if  AD 
and  CA  be  fimilar,  DC  will  be  lefs  than  a 
quadrant,  14.  and  if  AD,  CA  be  not  of 
the  fame  afi*edion,  DQ  is  greater  than  a 
quadrant.   14, 


BC,  DC 

and  B. 


D. 


S,  CD  :  S,  B  :  :  S,  BC  ;  S,  D. 


10 


B,  D  and 
BC. 


DC. 


S,  D  :  S,  BC  :  :  S,  B  :  S,  DC. 


II 


BC,  BA; 
AC. 

Fig.  25. 


B. 


S,  ABxS,  BC  :  Ry  :  :  S,  AC+AD 

2 
XS,  AC^AD  ;  S^  ABC.    See  Fig.  25. 

2  2 

AD  being  the  difference  of  the  Cdes  BC, 
BA. 


if 


;8 
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Given.  Sought. 


12 


A)    By    C. 

Fig.  7. 


See  Fig.  7. 

In  the  triangle  DEF,  DE,  EF,  FD  are 

refpe^kiveiy  the  iu{]3>lements  of  the  meafures 

Thetof  the  given  angles  B,  A,  C  in  the  triangle 

fides.  BAC;  the  fides  of  the  triangle  DEF  are 

therefore  given,  and  by  the  preceding  cafe 

the  angles  D,  £,  F  may  be  found,  and  the 

fides  BC|  BA,  AC  are  the  Supplements  of 

the  meafures  of  thefe  angles. 


The  3d,  5th,  7th,  9th,  loth,  cafes,  which  are  commonly  c^led 
ambiguous,  admit  of  two  folutions,  either  of  which  will  anfwer 
the  conditions  required^  for,  in  thefe  cafes,  the  meafttre  of  the 
angle  or  fide  fought,  may  be  either  greater  or  lefs  than  a  qua* 
drant,  and  the  two  folutions  will  be  fupplements  to  each  other, 
(cor.  to  def.  4.  6.  PL  Tr-) 

If  from  any  of  the  angles  of  an  oblique-angled  fpherical  tri* 
angle,  a  perpendicular  arch  be  drawn  upon  the  oppofite  fide, 
moft  of  the  cafes  of  oblique-angled  triangles  may?,  be  rcfolved 
by  means  of  Napier's  Rules. 


FINIS. 
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